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For i =1,...,n we observe
{X1,...,X,} a sequence of independent variables (vectors)

Do they all follow one stochastic model?

Change in a stochastic model at unknown time point(s).
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Hy : Xij = e, i=1,...,n,
Ar: 3k € {1,...,n—1} such that
X = e, i=1,...k
Xi=u+ e, i=k—+1,...,n,

>0, {e}areiid, Ee =0, Ee? =1,E > < 00, § > 0.



In our talk we suppose that Var X; = o2 is known. In that case we
may study instead of {X;} the variables X;/o and suppose that
Var X; = 1. If o2 is unknown it may be replaced by its estimator

2 = S0, (X — X/



Introduce Xpew (i) = Xo(n — i+ 1).

H()Z)(,':e','7 i:l,...,n,
Ar: 3k € {1,...,n—1} such that
Xi =+ e, i=1,...,k
Xi = e, i=k—+1,...,n,
—~ Y .. 1 k
= X, test statistic ﬁZizl Xi

over-all max-type test statistic... maxi<x<p ﬁ Zf‘zl X;,

trimmed max-type test statistic... max(g yj<x<pn ﬁ Zf-‘zl Xi,



Under Hp:

Maximum of zero mean unit variance, but dependent variables

cov( 2 Y21y Xis &5 iy Xi) = 1]k for | < k.

1 <k v
maxi<k<n 7% Y Xi— oo as,

D .
MaXx[g nj<k<n ﬁ Zf;l X; = random variable

as n — o0.



Trimmed max-type test statistic

D w
max[ﬁ n]gkgn ﬁ Zf'(:l X,' — maxBStSl %

MaX[s n<k<n \/%/nﬁ > X

{W(t), t >0} ... Wiener process

{W(t)/\/t, t >0} ... zero mean, unit variance
non-differentiable Gaussian process



Ho: Xi = p+ e, i=1,...,n,
Ay :dk € {1,...,n—1} such that

X,-:,u1—|—e,-, i=1,...,k

Xi = s + €, i=k—+1,...,n,
P # .

k(n—k) - - B(t
max k(n = k) (X1(k) — Xa(k)) B max _ Bl

[6 n]<k<[(1-5) n] n p<t<(1-8) \/t(1 — t)
{B(t),0<t<1} ... Brownian bridge
{ If((ltzt)’ 0<t<1} ... zero mean, unit variance

non-differentiable Gaussian process



Ho : Xi = p+ej, i=1...,n,
Az, 3k € {1,...,n—1} such that
Xi=p+e, i=1...k
Xi=p,+e, i=k+1...,n,

y # W, {€j} are i.i.d. random vectors with p components,
Ee; =0, Vare; = |p, E]e,-l,-\2+5 < 00.

k(n—k) o _ _— _
[Br]<k<[(1-B)] N (X1 (k) = Xa(k)) " (Xa(k) — Xa(k))
D B2(t) + -+ BX(t)
— max
B<t<(1-B) t(1—t)




{Bi(t),0 <t <1},...{Bp(t),0<t <1} ... independent
Brownian bridges

{Bi(t)//t(l—1t),0<t<1},..., {Bp(t)/\/t(1—1),0<t <1}

independent standardized Brownian bridges

2 32
{tl(gllgtt)) et t(f—itt))} ... x> process
2 2
maxg<¢<1-3 % _

Maxg<i<1_3 Maxg<g< Bl 050+ sin 0
pB<t<1-p 0<0<27 \/t(l——t \/(1—_

B2(t)+--+B2(t
MmaXp<t<1-p KN )t(l—t) 2 -

Bi(t) e B
Maxg<e<1-p Maxs, 1 G 1 Tt Vi@ P

where S,_1 is the unit sphere in RP space.
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Introduce Xpew (1) = Xow(n — i+ 1).

Hy : X; = e, i=1,...,n,
As: 3k € {1,...,n—1} such that
X,-:b(k—i)/n—i—e,-, i=1,...,k
Xi = e, i=k—+1,...,n,
SL(S)X b f(t—s) dW
MaXx(s nj<k<n 7% (k),-)z 7 MaXp<i<1 filize ) 533/3 -
i=1\"n"
{M 0<t<1} ... azero mean unit variance

t3/3
differentiable Gaussian process






Hy : Xi = e, i=1,...,n,
Ay: 3k € {1,...,n—1} such that
Xi=a+b(i/n)+ e, i=1,...,k
Xi = e, i=k—+1,...,n

N (zflx->2+<2 (/) (k+ )/(2n>)><>2 !
Brck<n \ vk VI (/) - ( 1)/(2n))*

max @ + fos—t/2)dW(s)

p<t<1\ \/t V312

Gaussian random field

maxg<t<1 MaXg<g<or % cosf + f"“%\/%w(s) sinf



Standardized Gaussian fields

Non-differentiable locally statlonar}/ processes
maXxXg<t<i \}) maXg<t<1-p NATEDN

Differentiable locally stationary processes
Jo (t=s) dW(s)
3/3

maXg<t<1

Random field with locally stationary structure
maxg< <1-g Maxs, Xi(t)ur + -+ + Xp(t)up.



THEORY OF EXTREMES

APPROXIMATION OF SURVIVAL FUNCTION

OVER A HIGH LEVEL




Stationary Gaussian processes

r(t,s) = EX(t)X(s), r(t,s)<1fort#s.
r(t,t+h)=1—C|h|*+o(|h]*), h—0, 1<a<?2
r(t,t+h)y=1—C|hl+o(|h]), h—0,
r(t,t+h)=1—Dh?>+o(h?), h—0,

P(maxogtgr X(t) > U) ~ T Cu? (1 — (D(u)),
P(maxo<t<7 X(t) > u) ~ T VD V2ru (1 — &(u)),

as u — oQ.

1.
2.
1.
2.



Stationary Gaussian processes
r(t,t+h)=1— C|h|*+ o(|h|*), h—D0,

Locally stationary Gaussian process
r(t,t+h)=1— C(t)|h|*+ o(|h|*), h — 0, uniformly on
compacts in t for some C(t) > 0.

O<a<?2
X(t) =", r(t,;5) = EX(t) X(s) = /£, t <5,
r(t t+h) =1— ¢|hl + o(|h]).

X(t) = ‘f((lfjt), r(t,s) = EX()X(s) = /(55 t <5,

r(t,t+h) =1 — gt Al + o(|h]).



w W(eY
maxg<r<1 —j{) = Maxosy<log § “ezl = Maxo<y<iog s U(Y).

{U(y)} - Ornstein-Uhlenbeck process



2
{ t(]_;“i)(t)aﬁgtgl_ﬁ}v

(t) Bo(t) _
{X(t,0) = (1 5 Cos sf + e t)smﬁ,ﬁgtgl B,0<6<
27}

r(6,6;t+ b0 +0) = 1 — 5= h— 3 0 + o(|h| + ¢?),



Generalization of Theory of extremes of stationary Gaussian
processes - Cramér - Leadbetter

to
1. Non-stationary (locally stationary processes) Gaussian processes

2. Homogeneous (stationary) Gaussian fields

3. Locally homogeneous (fields with locally stationary structure)
Gaussian fields



{X(t)} ...a Gaussian stationary process with p(7) <1, 7 >0
r(t,t+7)=p(r)=1—|7|* + o(|7|¥) for T — O,

then

P(maxo<t<p X(t) > u) ~ Ho pu?/*(1 = &(u)), u— oo,
Hi =1, Hy =

s

{X(t1,1,0)} ...a stationary Gaussian field with a correlation
function p(h, k,v) < 1, (h,k,) #0

p(h k) =1 — |h| = |k| =% + o(|h] + [K| + ¥?)

then for u — oo

P(max(s, 5, 0ea X(t) > u) ~ Hy 12 mes(A) v (1 — d(u)).

H112—1 1. U5:U2+2+1.

1
vl



Tail behavior of standardized
Gaussian fields with locally stationary

structure
(X(t), t = (t1,.... 1)}, <R(t,z) = corr(X(t),X(z)) < 1, t # z).
Ce ... matrix-valued function in £ (continuous, non-degenerate

on the closure of A)

(1—¢)|lz—t]| £1— R(Cez,Cet) < (L+¢)|lz —t]],

for [z — & <6, |t —&| < 9, where

|lz—t|| = [z1—ta|++ -+ |2 —tm| - (Zmr1 = tms1) >+ (2~ 1)

Then (Piterbarg)
P(maxeea X(€) > u) =

—75 S |detCe| 7t dg 2T P=m) (1 — & (u)) (14 0o(1))  as

u— 00,

where ®(-)distr.fce of N(0,1).



P(maxeea X(€) > u) ~
—7z [ |detCe| 71 d€ uPmH(P=m) (1 — B(u)) ~

_1 _
—my75 [ a |detCe| 7t dg u2mHpmm)=1 1 exp /2

3



{X(t)} ...a stationary Gaussian process with a correlation function
prp(t)<1l,t>0and p(t)=1—[t|* +o(]t]*) O0<a<?2

then

P(maxo<r<k X(t) > u) ~ Hy Ku?/*(1 — &(u)), u— o0

_ Ho(T) _ _ _
Ho = lim —=—=, Ho(T) = Eexp (O?t:;xTx(t)), Hy=1,H, =1/ /7.

We define a process x,(t) = u(X(u=2/t) — u) + w.

For u — >

{xul®), te 0, 71 x(0) = u— 2} P fy(e), e e o, 11}

E (xu(t) [ X(0) = u— =) = ~t]"(1 + o(1)),
Var (xu(t) = xu(s) | X(0) = u— =) = 2|t = s|*(1 + o(1)))



Step 1

P<0§t§mraz<f2/a X(#) > u) ~ Ha(T)(1 - d’(U)>, u— oo.

Step 2
Consider 0 <t<p

Ap=(kTu™? (k1) Tu™2), N,=2L"

Np (maxX(t)>u —2ZZP maxX )>u,rgaxX(t)>u)§

teAg

P(omtax X(t) > u) < (N, + 1)P( max X(t) > u)

P(max X(t) > u) ~ pHy u?*(1=®(u)), Ho = lim Ho(T)/T

0<t<p T—o0



x(t1, t2,0) =x(t1,0,0) + x(0, t2,0) + x(0,0,0)
x1(t1) + x2(t2) + x3(6),

P( max X(tl, t2,9) > U) ~ H1’172(T1, TQ, T3) (1 — CD(u))
0<t;<Tyu2
0<tr<Toru 2
0<<T3ut

Hi12(T1, T2, T3) = Eexp <0<”t13>< x(t1, f279)>
0<t§<T2
0<0<T3

E ( t . ) -
exp | max x1(t1) + o nax x2(t2) +O<W;§XT3X3( 3)

E(exp( max Xl(tl))>-E(exp(

0<t;: <
E(exp( max X1(9))>
= H1(T1) . H2(T2) - H3(T3)

0<max Xl(tz))>



Field with a locally stationary structure
There exists C¢ continuous in £ and non-degenerate everywhere on

the closure of A such that

1=e)z-t)| <1—r(Cez, Cet) < (1+e)(z—t)
for [z — €| <0, [t —&| <.
First it holds

r(t,t+h) =1—[|D-h[| + o(|[hl]),

then

P(rtneanX(t) > u) = P(rtneaI)N((Dt) > u> =

P(Srggﬁf((s) > u) ~ H det(D) mes(A) u9(1 — d(u))



For any O(&;) ...small neighborhood of £, and for any smalle
there exists fields X" (t), X (t) with the correlation functions

rf(tt+h) =1 [|(1+e)Cg thl| + of|Ih]]),
rr(tt+h) =1—[|(1—e)Cg thl| + o(|lh]]),
such that

P(maxteo(go) X (t) > U) < P(maxteo(go) X(t) > U) <
P(maxeco(e,) XM (t) > u). Indeed

P( max X (t) > u) ~H(1—¢)? det(Cgol) mes(0(&p)) u9(1 — ®(u)),

te0(&o)

P( max XI(t)>u) ~H(1+¢)? det(Cgol) mes(0(&p)) u?(1 — ®(u)).

te0(&o)

P( max X(t) > u) ~H det(C 1) - mes(0(&p)) - v (1 — d(u))

teO(&)
/ C.ld¢



AppIiCations
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{W(t)/Vt,5<t<1},
R(t,t—l—h):l—%h—l—o(h),

W > u) ~ —Llog Bu? (1 — d(u)).
%e‘”z/?
27

P(maxg<¢<i

1
P(maxg<¢<1 % > u) ~ —3logBu

t)/\/t(l—1t),8<t<1-3},

R(t,t+h)=1— 2t(lt)h+o(h)

1 —u?)2
> u) ~—3log (B/(1—B))u =e .
P(maxg<¢<i—p /—t(l_t) e "
—52 2 ~ — 1 — u —ﬂ_e .
P( maxg<t<1-4 t(1£tt)) >u ) log (ﬁ/( NG

1—®(u) ~ (1/u) * ¢(u) for u — oco.
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{fo(t s)d
R(t,tf/W(S) i
- _< t< 1}
87/72+
o(h2
);

( 733
aX
B<t< L
<1 ot
s) dW
m =73 (¢) > )
u
~ (
P lo
glg)vﬁ
V3
. 1e
T v
/2

1
VT 13 1 d N
t- \/g
-u.l
E__L_
27Tex -
D u?)2 _
(_
lo
gh) 2 le
T v
/2



{JBWEEO 5oy <1 gy,

t(1—1t)

(X(t,0) = 2L _cosg4+ B _ging p<t<1-8,0<6<

\t(1—t)
27}

R(t,0;t+ h, 0+ ¢) =1

P X
(ngglxﬁ (t,0) > u)
0<0<27

T 2t(1-t)

t(1—t)

1

~

— dt df u?
V2

h— 3¢+ o(|h| + ¢?),

e—u2/2 B
= —log
V2m 1-8







P(BT?Q(I O<rr;:i>§ﬂX(t) cosf + Y(t)sinf > u)

where
x(0) =2
JE(s = t/2) dW(s)
Y(t) = V12 Ve :

1
At 4+ h) = 1= =[] + of ).
3
ro(t,t+h)=1— o |h| + o(|hl),
r1,2(t, t+ h) = f172(t)’h’ + O(‘h‘)a r271(t, t+ h) = f271(t)‘h‘ + O(’h’)

1 3
r(t,0; t+h6+¢)=1-— <2_t cos29+z sin29) |

2
HAa(t) + (1)) cosd sind Hl — 2+ o(|h] + 7).



1 27r1 3
/5/0 Zc0529+ﬂsin29d9dt:(—|0g5)277

S

2 2\
5@?2(1 + (YD) > u > N

( max max X(t)cosf + Y(t)sinf > u> ~
<t<10<6<2m

o

\/—% (—log 8) 27 \% 63 (1— ®(u)) ~ (— log ) u? exp(—?/2)



Over-all maximum test statistic

S X
Maxi<k<n \/i

P(maxl/,,gtgl % >u)—»1—e®" as n— oo

where

_ (1/2) log log log n—(1/2) log 2w —(1/2) log 24x
= /2loglogn+ 3log Tog 7

S X
‘ Maxi<k<n I\/IE

op(1/+/Toglog n)

=

k

KX e
P(maxlgkgn Z’\;l; >up)—>1—e¢ as n— oo




The way how to get u,

P(maxBStSl % > u) ~ —% Iogﬁu#e‘”z/?

1 1 1 —u?/2 —x
—§|Og(ﬁ)un\/—2—we n ~ €



For the following test statistics the limit distribution under Hy may
be obtained similarly:

L (zf_l X,-> "L ( S ((i/n) — (k+1)/(20) X, >2.
1<k<n
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