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1) Given a triangle ABC. Consider A = (2,−4, 9), B = (−1,−4, 5), C = (6,−4, 6).

a) Compute the magnitude of its internal angles α (by the vertex A) and β (by the vertex B).
(3 points)

b) Write down the equation of the straight-line perpendicular to the plane ABC passing through the
point B. (3 points)

c) Find the coordinates of the centre S of the circle, circumscribed to the triangle ABC. (4 points)

2) Given vectors u1 = (2,−1, 3), u2 = (4, 1, 5), u3 = (−1, 2, λ).

a) Determine all the values of λ ∈ R for which the vectors are linearly dependent. (4 points)

b) For each λ from 2a) find out a basis of L(u1, u2, u3) (the linear hull). (4 points)

c) Decide if, for λ = 3, vector v = (−7,−7,−12) ∈ L(u1, u2, u3) and in positive case, compute the
coefficients of the corresponding linear combination. (3 points)

3) Given function f(x) = 2 arcsin
1− x2

1 + x2
. Determine

a) the domain of definition of f and the longest intervals, where the function is increasing.
(5 points)

b) the longest intervals, where the function f is convex (i.e. concave upwards). (5 points)
(Hint: Improve the 1st derivative to the simplest form. Use a symmetry of the function).

c) all asymptotes of the graph of f (vertical and slope). (4 points)

4) A window is in the form of a rectangle and a semi-circle above. Given the perimeter P of the window.

a) Express the radius r (a positive real number) of the semi-circle for the amount of light admitted to
be extremal. (6 points)

b) Decide and verify if the extreme in 4a) is maximum or minimum. (4 points)

c) What is the relationship between width and height of the window in dimensions from 4a).
(5 points)

Good Luck !


