
10. CVIČENÍ M1A

ALEŠ NEKVINDA

Soustavy lineárńıch rovnic

Buď dána matice A a vektor b pravé strany

A =


a11 a12 a13 . . . a1n

a21 a22 a23 . . . a2n

a31 a32 a33 . . . a3n

...
am1 am2 am3 . . . amn

 , b =


b1
b2
b3
...
bm

 .

Hledáme vektor

x =


x1

x2

x3

...
xn


tak, aby Ax = b, tj.

a11 a12 a13 . . . a1n

a21 a22 a23 . . . a2n

a31 a32 a33 . . . a3n

...
am1 am2 am3 . . . amn




x1

x2

x3

...
xn

 =


b1
b2
b3
...
bm

 .

Po maticovém vynásobeńı máme soustavu

a11x1 + a12x2 + a13x3 + · · ·+ a1nxn = b1

a21x1 + a22x2 + a23x3 + · · ·+ a2nxn = b2

a31x1 + a32x2 + a33x3 + · · ·+ a3nxn = b3

...

am1x1 + am2x2 + am3x3 + · · ·+ amnxn = bm

kterou zaṕı̌seme do rozš́ı̌rené matice
a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

...
am1 am2 . . . amn

∣∣∣∣∣∣∣∣∣
b1
b2
...
bm

 .

Řeš́ıme ji Gaussovou eliminaćı.

Př́ıklady
1



2 ALEŠ NEKVINDA

Řešte následuj́ıćı soustavy rovnic (i s parametrem).

3x1 −x2 +2x3 = 9,
2x1 +3x2 +x3 = 2,
x1 −4x2 +5x3 = 11,

5x1 −x2 +2x3 = 1,
3x1 +5x2 −x3 = 2,
2x1 −6x2 +3x3 = 4,

x1 +x2 +2x3 = 6,
3x1 +7x2 −4x3 = 16,
x1 +5x2 −8x3 = 4,

6x1 −9x2 +7x3 +10x4 = 3,
2x1 −3x2 −3x3 −4x4 = 1,
2x1 −3x2 +13x3 +18x4 = 1,

x1 −2x2 +3x3 −4x4 = 5,
3x1 +x2 −2x3 +x4 = −3,
9x1 −4x2 +5x3 −x4 = 9,

3x1 −2x2 +x3 +x4 = 4,
x1 +x2 −3x3 −x4 = 7,

11x1 −4x2 −3x3 +x4 = 10,

x1 +2x2 −3x3 +x4 = −5,
2x1 +3x2 −x3 +2x4 = 0,
7x1 −x2 +4x3 −3x4 = 15,
x1 +x2 −2x3 −x4 = −3,

x1 +2x2 x3 = 3,
2x1 +x2 +x3 = 0,
−x1 +x2 +λx3 = 1,

Domáćı cvičeńı
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x1 +2x2 −x3 +5x5 = 9,
2x1 +4x2 +x3 −2x4 +3x5 = 1,
x1 +2x2 −3x3 +5x4 +x5 = 4,

3x1 +6x2 −6x3 +2x4 +2x5 = 9,

(1)

(
− 17

11
− 2t, t,−79

44
,− 7

22
,−7

4

)
, t ∈ R

x1 +x2 −x3 −x4 = 0,
2x1 −x2 +x3 +2x4 = 1,
x1 +2x2 −x3 +x4 = 5,
−x1 +x2 +x3 −x4 = 4,

(2)

(0, 3, 2, 1)

x1 −x2 −3x4 = −1,
7x1 −2x2 +2x3 −10x4 = −2,
7x1 −x2 +x3 −9x4 = −4,
2x1 −2x3 −4x4 = −6,
6x1 −x2 +2x3 −7x4 = −1,

(3)

(
− 6

7
+

8

7
t,

1

7
− 13

7
t,

15

7
− 6

7
t, t
)
, t ∈ R

x1 +x2 +x5 = −2,
x1 +x2 +x3 = 2,

+x2 +x3 +x4 = 1,
+x3 +x4 +x5 = −1,

+x4 +x5 = −2,

(4)

(2,−1, 1, 1,−3),

x1 −x2 +x4 −3x4 = 1,
−x1 −2x2 +2x3 −x4 = −2,
2x1 −3x2 +x3 −4x4 = 2,
−2x1 +6x2 −4x3 +8x4 = 2,

(5)

Soustava nemá řešeńı

λx1 +x2 x3 = 1,
x1 +λx2 +x3 = λ,
x1 +x2 = λx3 = λ2,

(6)

λ = −2 ⇒ Soustava nemá řešeńı

λ = 1 ⇒ (1− t− s, t, s), t, s ∈ R

λ /∈ {−2, 1} ⇒
(
− λ+ 1

λ+ 2
,

1

λ+ 2
,

(λ+ 1)2

λ+ 2

)
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Řešeńı domáćıho cvičeńı

(1) Řešte soustavu

x1 + 2x2 −x3 +5x5 = 9,

2x1 + 4x2 +x3 − 2x4 +3x5 = 1,

x1 + 2x2 −3x3 + 5x4 +x5 = 4,

3x1 + 6x2 −6x3 + 2x4 +2x5 = 9.
1 2 −1 0 5
2 4 1 −2 3
1 2 −3 5 1
3 6 −6 2 2

∣∣∣∣∣∣∣∣
9
1
4
9

 ∼


1 2 −1 0 5
0 0 3 −2 −7
0 0 −2 5 −4
0 0 −3 2 −13

∣∣∣∣∣∣∣∣
9
−17
−5
−18

 ∼
x1 x4 x3 x5 x2
1 0 −1 5 2
0 −2 3 −7 0
0 5 −2 −4 0
0 2 −3 −13 0

∣∣∣∣∣∣∣∣
9
−17
−5
−18

 ∼


1 0 −1 5 2
0 −2 3 −7 0
0 0 11 −43 0
0 0 0 −20 0

∣∣∣∣∣∣∣∣
9
−17
−95
−35


Volme x2 = t a dostaneme x3 = − 79

44 , x4 = − 7
22 , x5 = − 7

4 a x1 = − 17
11 − 2t.

Tedy řešeńı je (
− 17

11
− 2t, t,−79

44
,− 7

22
,−7

4

)
, t ∈ R.

(2) Řešte soustavu

x1 +x2 −x3 −x4 = 0,
2x1 −x2 +x3 +2x4 = 1,
x1 +2x2 −x3 +x4 = 5,
−x1 +x2 +x3 −x4 = 4,

1 1 −1 −1
2 −1 1 2
1 2 −1 1
−1 1 1 −1

∣∣∣∣∣∣∣∣
0
1
5
4

 ∼


1 1 −1 −1
0 −3 3 4
0 1 0 2
0 2 0 −2

∣∣∣∣∣∣∣∣
0
1
5
4




1 1 −1 −1
0 −3 3 4
0 0 3 10
0 0 6 2

∣∣∣∣∣∣∣∣
0
1
16
14

 ∼


1 1 −1 −1
0 −3 3 4
0 0 3 10
0 0 0 −18

∣∣∣∣∣∣∣∣
0
1
16
−18


Tedy řešeńı je

(0, 3, 2, 1).

(3) Řešte soustavu

x1 −x2 −3x4 = −1,
7x1 −2x2 +2x3 −10x4 = −2,
7x1 −x2 +x3 −9x4 = −4,
2x1 −2x3 −4x4 = −6,
6x1 −x2 +2x3 −7x4 = −1,



10. CVIČENÍ M1A 5
1 −1 0 −3
7 −2 2 −10
7 −1 1 −9
2 0 −2 −4
6 −1 2 −7

∣∣∣∣∣∣∣∣∣∣
−1
−2
−4
−6
−1

 ∼


1 −1 0 −3
0 5 2 11
0 6 1 12
0 2 −2 2
0 5 2 11

∣∣∣∣∣∣∣∣∣∣
−1
5
3
−4
5




1 −1 0 −3
0 5 2 11
0 0 −7 −6
0 0 −14 −12
0 0 0 0

∣∣∣∣∣∣∣∣∣∣
−1
5
−15
−30

0

 ∼


1 −1 0 −3
0 5 2 11
0 0 −7 −6
0 0 0 0
0 0 0 0

∣∣∣∣∣∣∣∣∣∣
−1
5
−15

0
0


 1 −1 0 −3

0 5 2 11
0 0 −7 −6

∣∣∣∣∣∣
−1
5
−15


Tedy řešeńı je (

− 6

7
+

8

7
t,

1

7
− 13

7
t,

15

7
− 6

7
t, t
)
, t ∈ R.

(4) Řešte soustavu

x1 +x2 +x5 = −2,
x1 +x2 +x3 = 2,

+x2 +x3 +x4 = 1,
+x3 +x4 +x5 = −1,

+x4 +x5 = −2,


1 1 0 0 1
1 1 1 0 0
0 1 1 1 0
0 0 1 1 1
0 0 0 1 1

∣∣∣∣∣∣∣∣∣∣
−2
2
1
−1
−2

 ∼


1 1 0 0 1
0 0 1 0 −1
0 1 1 1 0
0 0 1 1 1
0 0 0 1 1

∣∣∣∣∣∣∣∣∣∣
−2
4
1
−1
−2




1 1 0 0 1
0 1 1 1 0
0 0 1 0 −1
0 0 1 1 1
0 0 0 1 1

∣∣∣∣∣∣∣∣∣∣
−2
1
4
−1
−2

 ∼


1 1 0 0 1
0 1 1 1 0
0 0 1 0 −1
0 0 0 1 2
0 0 0 1 1

∣∣∣∣∣∣∣∣∣∣
−2
1
4
−5
−2




1 1 0 0 1
0 1 1 1 0
0 0 1 0 −1
0 0 0 1 2
0 0 0 0 −1

∣∣∣∣∣∣∣∣∣∣
−2
1
4
−5
3


Tedy řešeńı je

(2,−1, 1, 1,−3).
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(5) Řešte soustavu

x1 −x2 +x4 −3x4 = 1,
−x1 −2x2 +2x3 −x4 = −2,
2x1 −3x2 +x3 −4x4 = 2,
−2x1 +6x2 −4x3 +8x4 = 2

1 −1 1 −3
−1 −2 2 −1
2 −3 1 −4
−2 6 −4 8

∣∣∣∣∣∣∣∣
1
−2
2
2

 ∼


1 −1 1 −3
0 −3 3 −4
0 −1 −1 2
0 4 −2 2

∣∣∣∣∣∣∣∣
1
−1
0
4




1 −1 1 −3
0 −3 3 −4
0 0 6 −10
0 0 6 −10

∣∣∣∣∣∣∣∣
1
−1
−1
8

 ∼


1 −1 1 −3
0 −3 3 −4
0 0 6 −10
0 0 0 0

∣∣∣∣∣∣∣∣
1
−1
−1
9


Soustava tedy nemá řešeńı.

(6) Řešte soustavu

λx1 +x2 x3 = 1,
x1 +λx2 +x3 = λ,
x1 +x2 = λx3 = λ2, λ 1 1

1 λ 1
1 1 λ

∣∣∣∣∣∣
1
λ
λ2

 ∼
 1 1 λ

1 λ 1
λ 1 1

∣∣∣∣∣∣
λ2

λ
1


 1 1 λ

0 λ− 1 1− λ
0 1− λ 1− λ2

∣∣∣∣∣∣
λ2

λ− λ2

1− λ3


 1 1 λ

0 λ− 1 1− λ
0 0 2− λ− λ2

∣∣∣∣∣∣
λ2

λ− λ2

1 + λ− λ2 − λ3


 1 1 λ

0 λ− 1 1− λ
0 0 (2 + λ)(1− λ)

∣∣∣∣∣∣
λ2

λ(1− λ)
(1 + λ)2(1− λ)


Nechť λ /∈ {−2, 1}. Pak

(2 + λ)(1− λ)x3 = (1 + λ)2(1− λ) ⇒ x3 =
(λ+ 1)2

λ+ 2
.

Dále

(λ− 1)x2 + (1− λ)
(λ+ 1)2

λ+ 2
= λ(1− λ) ⇒ x2 =

1

λ+ 2
a

x1 +
1

λ+ 2
+ λ

(λ+ 1)2

λ+ 2
= λ2 ⇒ x1 = −λ+ 1

λ+ 2
.

Soustava má jediné řešeńı(
− λ+ 1

λ+ 2
,

1

λ+ 2
,

(λ+ 1)2

λ+ 2

)
.
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Nechť λ = −2. Pak soustava přejde na tvar 1 1 −2
0 −3 3
0 0 0

∣∣∣∣∣∣
4
−6
3


Tedy soustava nemá řešeńı.

Nechť λ = 1. Pak soustava přejde na tvar 1 1 1
0 0 0
0 0 0

∣∣∣∣∣∣
1
0
0

 ∼ ( 1 1 1
∣∣ 1

)
a soustava má nekonečně mnoho řešeńı

(1− t− s, t, s), t, s ∈ R.


