2. CVICENI

ALES NEKVINDA

Variace konstant

€T
1 €

V'Y= oo
1 xT xT 1 xT xT —x xr —x
yzﬁ(x—ln(e +1))e —i(e —1In(e®” +1))e™ + 1" + cge
1

y'+dy =

cos2x

1
Y= ZcosQ:clncos?:r + 5xsin2x + ¢1 cos2x + cosin 2x

2
x 2r+ 2
y"+2y/+y—7g
T

y = o +cre”® +coxe™”

Specidlni prava strana
1
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y" — 4y + 3y =32% — 8z

3
y=a%— 3 + 16" + e’

y// o 4y/ +3y = 2€2z

3
y = —2e%* — 3 + c1e® 4 c9e3”

y" — 4y + 3y = 6e”
3
y = —3ze” — 3 + 167 + c9e3®
y' — 4y + 4y = 4z + 27
y=x+ 1+ 2" + 1% + coze?®
y// _ 4y/ + 4y _ 262x

2 2x

y = 22e® + 1% + cpwe®®

y' — 4y + 4y =sinx

y= 55 sinx + %cosx—i— c16%% 4 coxe®®
y" +9y =32 +6
22
Y= 3—1— ﬁ—kclcos?)x—kczsinSm

Yy +9y =4(z+ 1)sinz

1 1
y= 5(1‘-1— 1)sinz — gcosx—i—cl cos 3x + ¢ sin 3x

y" 4+ 9y = 6sin 3z + 3 cos 3z

Y= Exsin?)x — xcos3x + ¢1 cos 3x + co sin 3x

Pocatecni uloha

Y —y =2z, y(1) =2, ¥ (1) =2
y=4e""1 -2z
Y+ 4y +4y =37, y(0) =0, y(0) =0

32—21
y—2xe

Domaéci cviceni
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6+ a?

y//+y .

T
1
y=—5 ftcicosx + cosinx
T
Yy’ — Ty +6y=sinz
y= X cosx + S sinz + ¢1e® 4 c9e5*
74 74
y' =Ty +6y =e"
1
y= —gajez + c16% 4 c0e®®
y// _ 22// +y= eQa:
y = e* + 16 + cpwe®
y//_2y/+y:ex
1
Y= 593261 + c1e” + caze®
Yy’ + 4y = x +sin 22

1 .
Yy=—-x sin x + c1 €os 2x + co sin 2x

1 13
"o x 2z — ! _ 2
Yy =we® e, y(0) = 55 y(0) = ¢
1
y e 7(3e2* (1 — 2x)% + 16e3* — 16)

TR

Reseni doméciho cvi¢eni

(1) y" +y =S

$4
Charakteristicka rovnice je

N +1=0,
0£v0—4 -2i [i
)\12:f: =

Tedy

Yp = €1 COSXT + Co sinx.

Variace konstant:

yp = c1(x) cosx + co(x) sinx.
Pak zndmym zpusobem (viz prednéska) najdeme

¢ (z) cosz + cy(x)sinz = 0,

6 2
—cj(x)sinz + cy(z) cosw = Lf.
x
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Tedy
6 2
c(x)=— +433 sinz,
x
6 2
chy(x) = Lf cos T.
x

Daéle per partes mame (je to trikové)

6 + 22 6 1
e (z )——/ —;496 sinxdm:—/x4 smxdw—/ﬁsin:vdx,
= / smar;dac—/yc_2 sin xdx
= {—Slnx—/—cosxdx} /x_Z sin zdx

=9z 3sing — 2/,@_3 cosxdr — /x‘z sin zdx

_outsing— 2{ % coso— [ T (= _ o2
=2z °sinx — 2 5 COST 2( sin z)dz x” “sinzdz

=2z 3sinx + 22 cosx+/x_2 sinacd:zc—/a:_2 sin zdx

=22 3sinz + 2 2 cosz.

Analogicky
6 4 2* 6 1
02(96):/ o cosxdx:/ﬁcosxdm—i—/?cosxdm

:6/35_4 Cos:vdx+/x_2 cos xdx

-3 -3
:6{%cosx—/x—3(—smx dx /x cos xdx

:—2x_3cos:v—2/ 3smxdm—/m 2 cos zdx

x 2 x 2
—2x 3 cosz — 2{ — sinz — — cos xdx} — /x*Q cos xdx

=22 3cosx +ax %sinx + /x_2 cosxdr — /m_2 cos xdx

— 922 3 cosz + 2 %sinz.
Partikularni feSeni je pak

Yp = (22 3sinz + 272 cosx) cosz + (—22 3 cosx + % sinx) sinx

“Bsinzcosz +z 2cos’r — 2z 3 coszsing + x 2 sin’ x

-2

=2z
r7%(cos’ z +sin’z) = x

Obecné feseni je potom

y=— +c1cosxT + cosinx.
x
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(2) ¢y =Ty + 6y =sinzx.
Charakteristicka rovnice je
AN —7TA+6=0,

71\/49—24_715_{6
2 21

>\12 =

Tedy
yn = c1e” + c9e5%,
Odhadem pomoci pravé strany mame
Yp = acosx + bsinz,
Yy, = —asinz + beosz,
Yy, = —acosx — bsinz.
Dosazenim dostaneme
—acosz —bsinax — 7(—asinz + bcosx) + 6(acosz + bsinz) = sinx
(5a — 7b) cosx + (Ta + 5b) sinz = sin .

Maéme soustavu

5a —7b =0,
Ta+5b=1.
Pak
7 5
a = ﬁ, b = ﬂ
Tedy
Yp = ﬂcosx—i— 7—451113:
a obecné feseni je
_ 5 . T 6x
Yy = 74cosgc—i— 7451nx+c1e + coe™.
(3) ¥ — Ty + 6y = €.
Charakteristicka rovnice je
AN —TA+6=0,
T+£v49-24 T+£5 6
Mz = 2 T2 1

Tedy
yn = c1e” + c9e5%,
Odhadem pomoci pravé strany mame (uvédomme si, ze k = 1)
yp = axe”,
Yy, = —asinz + bcos,

Yy, = —acosx — bsinz.
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Dosazenim dostaneme
—acosz —bsinz — 7(—asinz + becosz) + 6(acosz + bsinz) =sinx
(5a — 7b) cosx + (Ta + 5b) sinz = sin .

Mame soustavu

5a —7b =0,
Ta + 5b = 1.
Pak
7 5
a = ﬁ’ b— ﬁ
Tedy

7 5 .
Yp = ﬂcosx—i— 7—451113:

a obecn’e feseni je
7 5 . x 6
Yy = ﬁcosx—l— ﬂsmx—kcle + coe .
(4) y" =2y +y = e
Charakteristicka rovnice je
A —2X\4+1=0,

2+ V44
==

Tedy
yn = c1€° + coxe”.

Odhadem pomoci pravé strany mame

o 2x
Yp = ae -,
Y, = 2ae%®
Yy = 4qe®®.

Dosazenim dostaneme
4ae*® — 4ae® + qe®® =
a=1.
Pak
Yp =¢
a obecn’e TeSeni je
y = e* 4 c1e” + cpze®.
(5) v’ =2 +y=ec"
Charakteristicka rovnice je
M —2)2+1=0,

2444

A2 = 5

1
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Tedy
yn = c1€” + coxe”.
Odhadem pomoci pravé strany méame (k = 2)
yp = ar’e”,
Yy, = a(2x + 2°)e”,
yy = a(2+ 4z + 2°)e”.
Dosazenim dostaneme

a(2+ 4z + xz)e"’” — 2a(2z + x2)e”” 4 axle® = o7,

Pak
2a + dax + azx? — dax — 2a2® + ax® =1,
204 =1,
1
a=—.
2

a obecné TeSeni je
1 2 . x T x
Yy = 595 e” 4 c1e” + coxe”.
y" + 4y = x + sin 2z.
Charakteristicka rovnice je
A +4=0,

0£+v—16 21
/\12 = @ 1= )
2 -2

Tedy
Yp = €1 COS 2X + co sin 2.

Prava strana je souctem dvou funkci. Odhadem pomoci pravé strany z méame

Yp = ax + b,
y, = a,
y, = 0.
Dosazenim dostaneme
4(ax 4+ b) = .
Pak
1
a= 7 b=0
a
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Odhadem pomoci pravé strany sin 2z mame (k = 1)
Yp = z(acos 2z + bsin 2x),
Yy, = acos 2z + bsin 2z + 2x(—asin 2z 4 bcos 2x),
Yy, = —2asin 2z + 2bcos 2z + 2(—asin 2z + bcos 2x) 4 4x(—a cos 2z — bsin 2z).

Dosazenim dostaneme

— 2asin 2z + 2bcos 2x + 2(—asin 2z + b cos 2x) + 4 (—a cos 2z — bsin 2x)
+ 4x(acos 2z + bsin 2x) = sin 2z.
Pak
(2b + 2b — dax + 4azx) cos 2z + (—2a — 2a — 4bx 4 4bx) sin 2z = sin 2z,

4b cos 2z — 4asin 2x = sin 2x.

Tedy

1
a 4,

Yop = —— COS 2.
4
Partikularni feseni je

1 1 1
Yp = 13; — 1 cos 2x = 13}(1 — COS2JU) = 11‘(1 — (COS23} — sin® Jf))
1
= Za:(l — cos® x + sin

Obecné feseni je

2 2 2

1 1
)= Z:c(sin21: +sin®z) = 7% sin” x.

1
Y= 51’ sin x + ¢1 €os 2x + co sin 2x.

(7) y" —y = ze” + e, y(0) = 15, ¥'(0) = 3.
Charakteristicka rovnice je

A —1=0,

Tedy

yp = c1e” + coe™ ",

Prava strana je souc¢tem dvou funkci. Odhadem pomoci pravé strany re® mame
(k=1)

yp = x(azx + b)e” = (az” + br)e”,

Yy, = (2a+ b+ az® + bx)e”,

Yy = (2az + 2a+ b+ az® + (2a + b)x + b)e”.
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Dosazenim dostaneme
(2ax + 2a + b+ ax® + (2a 4 b)x + b)e® — (azx? + br)e® = xe”,
20z + 2a + b+ az® + 2ax + bx + b — az® — bz =
2ar + 2a + b+ 2ax + b =z,
dax +2(a+b) = .

Pak
1 1
= —, b = ——
Ty 1
a
Yip = Zw(w —1)e”.
Odhadem pomoci pravé strany e mame
Yp = ae217
Y, = 2ae®,
Yy = 4dae*”.
Dosazenim dostaneme
4ae?® — qe?* = 27,
3ae’® = e%®
Pak
1
a=—.
3
Tedy
1
Yop = 5621-
Obecné feseni je
1 2z 1 x T —T
y=ge +Z:E(a?—1)e + c1e” + cqe™ ",
/ 2 2x 1 T 1 2 T T —x
y=3e + 1(230 —1)e” + Z(sc —x)e” + c1e” — cqe
Dosadime pocateéni podminky a mame
1 1 et
— =—+4c +c
6 3 1
13 2 1
6 3 ataTe
Tedy
13
c1+c2 T
48
19
Cl —Cp = —
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Z toho mame

ALES NEKVINDA

1
C1 167
1
02 — _g.
1 1 1 1
y= ge% + Zm(w —1)e” + 1—6693 - ge_w

1
= 4—8e_w(1663$ + 12(2? — x)e®® + 3e** — 16)

1 .
= 4—8e_x(16e3"L + 3(42? — 4x + 1)e*” — 16)
1

= 4—86_’”(3(215 —1)%e** 4 16e3* — 16).



