
4. CVIČENÍ

ALEŠ NEKVINDA

Př́ıklady na Fubiniho větu ve dvojném integrálu

∫∫
M

(2x+ y)dxdy, M = {[x, y];x ≥ 0, y ≥ 0, x+ y ≤ 3}∫∫
M

xydxdy, M = {[x, y];x ≥ 0, y ≥ 0,
√
x+
√
y ≤ 1}∫∫

M

xy2dxdy, M = {[x, y];x ≥ 0, x2 + 4y2 ≤ 1}∫∫
M

y2
√

1− x2dxdy, M = {[x, y]; y ≥ 0, x2 + y2 ≤ 1}∫∫
M

2x

x2 + y2
dxdy, M = {[x, y];x ≥ 0, y ≤ 1,

√
x ≤ y}∫∫

M

xydxdy, M = {[x, y];x ≥ 0,−x ≤ y ≤ 2x− x2}

Př́ıklad

Spočtěte ∫∫
M

2x

x2 + y2
dxdy,

kde

M = {[x, y];x ≥ 0, y ≤ 1,
√
x ≤ y}.

1.postup:∫∫
M

2x

x2 + y2
dxdy =

∫ 1

0

∫ y2

0

2x

x2 + y2
dxdy =

∫ 1

0

[ln(x2 + y2)]y
2

0 dy

=

∫ 1

0

(ln(y4 + y2)− ln y2)dy =

∫ 1

0

ln(y2 + 1)dy

= [y ln(y2 + 1)]10 −
∫ 1

0

y
2y

y2 + 1
dy = ln 2− 2

∫ 1

0

y2

y2 + 1
dy

= ln 2− 2

∫ 1

0

(
1− 1

y2 + 1

)
dy = ln 2− 2[y − arctg y]10

= ln 2− 2(1− π/4) = ln 2 + π/2− 2.

1
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2.postup:∫∫
M

2x

x2 + y2
dxdy =

∫ 1

0

∫ 1

√
x

2x

x2 + y2
dydx =

∫ 1

0

[
2x

1

x
arctg

y

x

]1
√
x
dx

= 2

∫ 1

0

(
arctg

1

x
− arctg

1√
x

)
dx

= 2
[
x
(

arctg
1

x
− arctg

1√
x

)]1
0
− 2

∫ 1

0

x
( 1

1 + 1
x2

(
− 1

x2

)
− 1

1 + 1
x

(
− 1

2
x−3/2

))
dx

= 2

∫ 1

0

( x

1 + x2
− 1

2

√
x

1 + x

)
= [ln(1 + x2)]10 −

∫ 1

0

2t2

1 + t2
dt

= ln 2− 2

∫ 1

0

(
1− 1

1 + t2

)
dt = ln 2− 2[t− arctg t]10

= ln 2− 2(1− π/4) = ln 2 + π/2− 2.

Domáćı cvičeńı

∫∫
M

(x2 + y2)dxdy, M = {[x, y]; |x|+ |y| ≤ 1} 2

3

(1)

∫∫
M

(x+ y2)dxdy, M = {[x, y];x2 ≤ y ≤
√
x} 33

140

(2)

∫∫
M

x2

y2
dxdy, M = {[x, y]; 1 ≤ x ≤ 2, 1 ≤ xy, y ≤ x} 9

4

(3)

∫∫
M

x2e−ydxdy, M = {[x, y]; 0 ≤ x ≤ 2, 0 ≤ y ≤ x3} 1

3
(7 + e−8)

(4)

∫∫
M

√
4x2 − y2dxdy, M je trojúhelńık s vrcholy [0, 0], [1, 0], [1, 1]

3
√

3 + 2π

72

(5)


