
5. CVIČENÍ

ALEŠ NEKVINDA

Př́ıklady na Fubiniho větu v trojném integrálu

∫∫∫
M

( 1

x
+

1

y
+

1

z

)
dxdydz, M = {[x, y, z]; 1 ≤ x ≤ 3, 1 ≤ y ≤ 3, 1 ≤ z ≤ 3}∫∫∫

M

x2y3zdxdydz, M = {[x, y, z]; 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, x2 + y2 + z2 ≤ 2}∫∫∫
M

dxdyd

1 + x+ y
, M = {[x, y, z];x ≥ 0, y ≥ 0, z ≥ 0, x+ y + z ≤ 1}∫∫∫

M

xzdxdydz, M = {[x, y, z];x2 + y2 ≤ x, 0 ≤ z ≤
√
x2 + y2}∫∫∫

M

y2ezdxdydz, M =
{

[x, y, z];
x2

9
+
y2

4
≤ 1, 0 ≤ z ≤ 1

}
∫∫∫

M

zdxdydz, M = {[x, y, z];x2 + y2 + z2 ≤ 4, x2 + z2 ≤ 3z}∫∫∫
M

dxdydz, M =
{

[x, y, z];
x2

a2
+
y2

b2
+
z2

c2
≤ 1
}
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∫∫∫
M

xy2
√
zdxdydz, M = {[x, y, z];−2 ≤ x ≤ 1, 1 ≤ y ≤ 3, 2 ≤ z ≤ 4}

(1)

− 52

3
(4−

√
2)

∫∫∫
M

(2x+ 3y − z)dxdydz, M = {[x, y, z]; 0 ≤ x, 0 ≤ y, x+ y ≤ 1, 0 ≤ z ≤ 2}

(2)

2

3∫∫∫
M

x3yz

(1 + z2)2
dxdydz, M = {[x, y, z]; 0 ≤ x, 0 ≤ y,

√
x2 + y2 ≤ z ≤ 2}

(3)

1

16
ln 5− 1

60∫∫∫
M

z2dxdydz, M = {[x, y, z];x2 + y2 + z2 ≤ a2, x2 + y2 + z2 ≤ 2az}

(4)

59

480
πa5

Řešeńı domáćıho cvičeńı

(1)
∫∫∫

M
xy2
√
zdxdydz, M = {[x, y, z];−2 ≤ x ≤ 1, 1 ≤ y ≤ 3, 2 ≤ z ≤ 4}.

∫∫∫
M

xy2
√
zdxdydz =

∫ 1

−2

∫ 3

1

∫ 4

2

xy2
√
zdzdydx =

2

3

∫ 1

−2

∫ 3

1

xy2[z3/2]42dydx

=
2

3

∫ 1

−2

∫ 3

1

xy2(43/2 − 23/2)dydx =
2

3

∫ 1

−2

∫ 3

1

xy2(8− 2
√

2)dydx

=
2(8− 2

√
2)

3

1

3

∫ 1

−2

x[y3]31dx =
2(8− 2

√
2)

3

1

3

∫ 1

−2

26xdx

=
2(8− 2

√
2)

3

1

3
4[x2]1−2 =

2(8− 2
√

2)

3

1

3
13 (1− 4) = −52

3
(4−

√
2).
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(2)
∫∫∫

M
(2x+ 3y − z)dxdydz, M = {[x, y, z]; 0 ≤ x, 0 ≤ y, x+ y ≤ 1, 0 ≤ z ≤ 2}.

∫∫∫
M

(2x+ 3y − z)dxdydz =

∫ 1

0

∫ 1−x

0

∫ 2

0

(2x+ 3y − z)dzdydx

=

∫ 1

0

∫ 1−x

0

[
(2x+ 3y)z − z2

2

]2
0
dydx =

∫ 1

0

∫ 1−x

0

(4x+ 6y − 2)dydx

=

∫ 1

0

∫ 1−x

0

[(4x− 2)y + 3y2]1−x0 dx =

∫ 1

0

((4x− 2)(1− x) + 3(1− x)2)dx

=

∫ 1

0

(4x− 4x2 − 2 + 2x+ 3− 6x+ 3x2)dx =

∫ 1

0

(−x2 + 1)dx

=
[
− x3

3
+ x
]1

0
= −1

3
+ 1 =

2

3
.

(3)
∫∫∫

M
x3yz

(1+z2)2 dxdydz, M = {[x, y, z]; 0 ≤ x, 0 ≤ y,
√
x2 + y2 ≤ z ≤ 2}.

∫∫∫
M

x3yz

(1 + z2)2
dxdydz =

∫ 2

0

∫ √4−x2

0

∫ 2

√
x2+y2

x3yz

(1 + z2)2
dzdydx

=

∫ 2

0

∫ √4−x2

0

[
− 1

2

x3y

1 + z2

]2
√
x2+y2

dydx

=
1

2

∫ 2

0

∫ √4−x2

0

( x3y

1 + x2 + y2
− x3y

5

)
dydx

=
1

2

∫ 2

0

[x3

2
ln(1 + x2 + y2)− x3y2

10

]√4−x2

0
dx

=
1

2

∫ 2

0

(x3

2
ln 5− x3(4− x2)

10
− x3

2
ln(1 + x2)

)
dx

=
1

2

∫ 2

0

(x3

2
ln 5− 4x3 − x5

10
− x3

2
ln(1 + x2)

)
dx

=
1

2

[x4

8
ln 5−

x4 − x6

6

10

]2
0
− 1

4

∫ 2

0

x3 ln(1 + x2)dx

=
1

2

(
2 ln 5− 32

60

)
− 1

4

([x4

4
ln(1 + x2)

]2
0
−
∫ 2

0

x4

4

2x

1 + x2
dx
)

= ln 5− 16

60
− 1

4

16

4
ln 5 +

1

8

∫ 2

0

x5

1 + x2
dx = −16

60
+

1

8

∫ 2

0

x5

1 + x2
dx

= −16

60
+

1

8

∫ 2

0

(
x3 − x+

x

1 + x2

)
dx = −16

60
+

1

8

[x4

4
− x2

2
+

1

2
ln(1 + x2)

]2
0

= −16

60
+

1

8

(16

4
− 4

2
+

1

2
ln(5)

)
= −16

60
+

1

8

(
2 +

1

2
ln(5)

)
=

1

16
ln(5)− 1

60
.
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(4)
∫∫∫

M
z2dxdydz, M = {[x, y, z];x2 + y2 + z2 ≤ a2, x2 + y2 + z2 ≤ 2az}.

∫∫∫
M

z2dxdydz =

∫∫
x2+y2≤ 3

4

∫ √a2−x2−y2

a−
√
a2−x2−y2

∫ 2

0

z2dzdydx

=
1

3

∫ √
3

2 a

−
√

3
2 a

∫ √ 3
4a

2−x2

−
√

3
4a

2−x2

[z3]

√
a2−x2−y2

a−
√
a2−x2−y2

dydx

=
1

3

∫ √
3

2 a

−
√

3
2 a

∫ √ 3
4a

2−x2

−
√

3
4a

2−x2

(
√
a2 − x2 − y2)3 − (a−

√
a2 − x2 − y2)3dydx

=
1

3

∫ √
3

2 a

−
√

3
2 a

∫ √ 3
4a

2−x2

−
√

3
4a

2−x2

(
√
a2 − x2 − y2)3 + (

√
a2 − x2 − y2 − a)3dydx := A.

V tomto momentě lze teoreticky použ́ıt standardńıch metod integrováńı podle
dy a pak podle dx, ale prakticky to rychle zahod́ıme. Nejlépe je převést to do
polárńıch souřadnic. Pak

A =
1

3

∫ 2π

0

∫ √
3

2 a

0

(
√
a2 − r2

3
+ (
√
a2 − r2 − a)3)rdrdϕ

=
2π

3

∫ √
3

2 a

0

(
√
a2 − r2

3
+ (
√
a2 − r2 − a)3)rdr =

∣∣t = a2 − r2
∣∣

=
2π

3

(∫ a2

a2

4

1

2
(
√
t
3

+ (
√
t− a)3)dt

)
=
π

3

(∫ a2

a2

4

(2t
3
2 − 3at+ 3a2t

1
2 − a3)dt

)
=
π

3

[4

5
t
5
2 − 3

2
at2 + 2a2t

3
2 − a2t

]a2
a2

4

=
π

3
a5
(4

5
− 3

2
+ 2− 1−

(4

5
.

1

32
− 3

2
.

1

16
+ 2.

1

8
− 1

4

))
=

59

480
πa5.


