6. CVICENI

ALES NEKVINDA

Substituce ve dvojném integralu

Polarni souradnice:

T = TCOS P,
y =rsingp,
J=r,

a:2+y2 :’I“Q.

Posunuté polarni soufadnice:

T = xg + T COS P,
Yy = Yo + rsingp,
J=r,

(x —20)* + (y — yo)* = 1.

Eliptické soutadnice:

T = apcosy,
y = bosin g,
J = abo,

2 2
T Yy o
2TETe

Posunuté eliptické souradnice:

T = xg + agcos p,

Yy = yo + bosinp,

J = abo,
(x—x0)*  (W—w)* _
a? + b? o

Priklady substituci ve dvojném integrédlu
1
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// (1—3x—2y)dmdy, M = {[937?4};932‘*‘212 347 yZ.T}
M
// cos /a2 +y2dwdy, M = {[z,y];7* < 2® +y* < 9n°}

lnx —|—y ) ,

/ Va? +y?dady, M ={[z,y;0<z<1, 0<y <z}
M

// wy’dedy, M = {[z,y};2* +y° < 2ax}
M

// (2 +y*)dzdy, M = {[x,y];gi2 +2 < 1}.
M a b

Domaéci cviceni

// Lo =y, M= {[o]i2® + 4% <1, 2> 0}
Y 1+$2+2 ya - 7ya yi ) -

171'(7'(' -2)

J[ wwcts Lavdy, a1 = {legh1 <o+ <4 0 <y < VB )
M X
7 2
02"
[ @ wdedy, 3 = (oo + 47 < ao )
M

1
—ra®

2
// ydady, M = {[z,y]; (* +y%)* < ay’}
M
21

—Ta

256
// In(1+ 2% + 9y?)dady, M = {[z,y]; 2% + 9y* < 36}
M

1
S (371037 — 36)
// PPdady, M = {[z,y}; (x — 2)? + 442 < 4}
M

281

Reseni doméciho cviceni
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D) [for ) Teradedy, M = {[z,yl;a*+y* <1, > 0}.

1— 22— /2 [1—7¢2 ’T/? 1—t

x2 v’ zdyf/ / T2 rdrdgo* dtdgo
1+$ “l‘y 7T/2 1+T 7\'/2 1+
452

o, 1-52 1
/ [1-t ., 1+t V=t= 3 :E/ 2 s
1+t u-dt—(1+ fzds s € (1,0) 2Jo (1+5?)
o 2 2s s — u =25 v’—(li‘fz)z
) 1+227 7 | w=2 v=—rl,
0 (1+ %) U v 1152

ol 3

2s 11 ! 2 s
- - ——= ds) == (-1+[2arcte z]}
<{ 1+52}0 /0 1452 S) 2( +[arcgw]0)

:5(‘“2):@'

3

) [[y arctg Ldady, M = {[z,y];1 <2?+y* <4, 2 <y <3}z

(2
w/3 /3
// arctg = dxdy*/ /a tg rd dp = / /arctgtgcp rdrdy
7 COS 1

/3 /3 rp2q2 3rp217/3 3 m? P 7
¢ m o 2
wir= [ [ =313 ) =
/,r/wrr@/¢21@2 oa 4V9 16/ T 192"
3) [fy(x +y)dedy, M ={[z,y];2° +y* < alz +y)}.
Posunuté polarni soutadnice:
x=a/2+rcosy

2m
// weaists=| LU g = ) [ e et rannands

_/”[r+( i )r?’}a/\/id _/2”< a2+( i )a3>d
= | |og tleosptsing) 5| 1 odp= | (a o+ (cosptsing) Lo Jdy

(13 3

[ + (sin cos ) a ]QW L a®
= | — — _— = —T .
17 4 4 6v/2

0 2

Polarni souradnice:

37/4  pra(cosp+sinp)
T =TrCcosp .
T+ y)dxdy = . / / 7 oS + rsin @)rdrd
//M( y)dzdy y=rsing ‘ /4 ( ¥ ®) P

3m/4 3 5 a(cos p+sin @) 3 3m/4
= / [(cos  + sinp) T—} dp = @ / (cos @ + sin ) *dyp
—m/4 0 3 —m/4

3
CL3 37 /4 a?’ 37 /4
= ? /4 (1 + QSingpcos (p)Qd(p = 3 P (1 + sin 290)2d50
3 37 /4 3 3m/4 L )
=% (1+251n2g@+sin22§p)dgp:i <1+Qsin2@+ﬂ)d
3 —m/4 3 /4 D)
371'/4 cos 4@ CL3 3 sin 4()0 3n/4
a 25sin 2 )d _a [7 o820 — ]
/W/4 — 4+ 2sin2¢ — 9 P 3 2<,0 cos 2¢ o
3 0-0y 1 4
*3(2 (0*0)*T) §7Ta.
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(4) [[yydady, M = {[z,y]; (z* +y*)* < ay®}.

™ asin31p ™ a3 .3 1 T
// ydzdy = / / rsinprdrdp = / sin go?[r?’]gsm Pdp = g/ sin'® ¢ dyp
M o Jo 0 0

2a% [™/? 2a% 1.3.5... 21
= % ; sin'® o dy = |Viz tabulkové integraly| = % % 72T = ﬁﬂ'ad.
(5) [[yIn(1+ 2* + 9y?)dady, M = {[z,y];z* + 9y* < 36}.

2 2 | x="6pcosp J=12p
//Mln(l—HE + 9y°)dzdy = y = 20sin

2 1 2 1
:/ / In(1 4 3602 cos? ¢ 4 360° sin? go)ngdgdgo:/ / In(1 + 360?)120dodyp
o Jo o Jo
1 37 1
= 27r/ In(1 + 360%)120do = ‘ = 277/ 611115 dt
0 1
37 / 37
T _|v=1 v=Int | _ 7 37 _ T _
5/1 S '_ . ([tlnt]l —/1 dt) = (37137 - 36).
(6) [[yaPdady, M = {[z,y];(x —2)* +4y* < 4}.
3 x=2+20cosp JQQ‘ /27r/1 3
x?dxdy = . = 2+ 2pcosp)°2p dod
//M Y=\ 4= psing ), (2 20c089)720 dedy

2 1
= 16/ / (04 30% cos ¢ + 30° cos® ¢ + o cos® ¢) dodyp
o Jo

t =1+ 360>
dt = 72pdp

2 2 4 5 1
Y 3 30 2 4 3
6/ [2 32 cor? 4 L cos® ]
/0 2—|—g CoS  + 1 Ccos g0+5cosg00go

1 3 0, 1
16/ (7+cosg0+fcos <p+fcos3<p>d<p
o \2 4 5
el 3 1 5
:16/ (5+cosap+§(1+0052<p)+5(1—sin <p)cos<p)dgo
0
sin® o
3

7 3 1
= 16{§<p+sing0—|— — sin2p + f(singo—

= = )}?:16 g 27 — 287



