
6. CVIČENÍ

ALEŠ NEKVINDA

Substituce ve dvojném integrálu

Polárńı souřadnice:

x = r cosϕ,

y = r sinϕ,

J = r,

x2 + y2 = r2.

Posunuté polárńı souřadnice:

x = x0 + r cosϕ,

y = y0 + r sinϕ,

J = r,

(x− x0)2 + (y − y0)2 = r2.

Eliptické souřadnice:

x = a% cosϕ,

y = b% sinϕ,

J = ab%,

x2

a2
+
y2

b2
= %2.

Posunuté eliptické souřadnice:

x = x0 + a% cosϕ,

y = y0 + b% sinϕ,

J = ab%,

(x− x0)2

a2
+

(y − y0)2

b2
= %2.

Př́ıklady substituci ve dvojném integrálu
1
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∫∫
M

(1− 3x− 2y)dxdy, M = {[x, y];x2 + y2 ≤ 4, y ≥ x}∫∫
M

cos
√
x2 + y2dxdy, M = {[x, y];π2 ≤ x2 + y2 ≤ 9π2}∫∫

M

ln(x2 + y2)

x2 + y2
dxdy, M = {[x, y]; 1 ≤ x2 + y2 ≤ e, y ≥ 0}∫∫

M

√
x2 + y2dxdy, M = {[x, y]; 0 ≤ x ≤ 1, 0 ≤ y ≤ x}∫∫

M

xy2dxdy, M = {[x, y];x2 + y2 ≤ 2ax}∫∫
M

(x2 + y2)dxdy, M =
{

[x, y];
x2

a2
+
y2

b2
≤ 1
}
.

Domáćı cvičeńı

∫∫
M

√
1− x2 − y2

1 + x2 + y2
dxdy, M = {[x, y];x2 + y2 ≤ 1, x ≥ 0}(1)

1

4
π(π − 2)∫∫

M

arctg
y

x
dxdy, M = {[x, y]; 1 ≤ x2 + y2 ≤ 4, x ≤ y ≤

√
3 x}(2)

7

192
π2∫∫

M

(x+ y)dxdy, M = {[x, y];x2 + y2 ≤ a(x+ y)}(3)

1

2
πa3∫∫

M

ydxdy, M = {[x, y]; (x2 + y2)2 ≤ ay3}(4)

21

256
πa3∫∫

M

ln(1 + x2 + 9y2)dxdy, M = {[x, y];x2 + 9y2 ≤ 36}(5)

1

3
π(37 ln 37− 36)∫∫

M

x3dxdy, M = {[x, y]; (x− 2)2 + 4y2 ≤ 4}(6)

28π

Řešeńı domáćıho cvičeńı
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(1)
∫∫
M

√
1−x2−y2
1+x2+y2 dxdy, M = {[x, y];x2 + y2 ≤ 1, x ≥ 0}.

∫∫
M

√
1− x2 − y2

1 + x2 + y2
dxdy =

∫ π/2

−π/2

∫ 1

0

√
1− r2

1 + r2
rdrdϕ =

1

2

∫ π/2

−π/2

∫ 1

0

√
1− t
1 + t

dtdϕ

=
π

2

∫ 1

0

√
1− t
1 + t

dt =

∣∣∣∣∣ s =
√

1−t
1+t v′ = t = 1−s2

1+s2

u′ = dt = −4s
(1+s2)2 ds s ∈ (1, 0)

∣∣∣∣∣ =
π

2

∫ 1

0

4s2

(1 + s2)2
ds

=
π

2

∫ 1

0

2s
2s

(1 + s2)2
ds =

∣∣∣∣∣ u = 2s v′ = 4s2

(1+s2)2

u′ = 2 v = − 1
1+s2

∣∣∣∣∣
=
π

2

([
− 2s

1 + s2

]1
0
−
∫ 1

0

− 2

1 + s2
ds

)
=
π

2

(
−1 + [2arctgx]10

)
=
π

2

(
−1 +

π

2

)
=
π(π − 2)

4
.

(2)
∫∫
M

arctg y
xdxdy, M = {[x, y]; 1 ≤ x2 + y2 ≤ 4, x ≤ y ≤

√
3} x.∫∫

M

arctg
y

x
dxdy =

∫ π/3

π/4

∫ 2

1

arctg
r sinϕ

r cosϕ
rdrdϕ =

∫ π/3

π/4

∫ 2

1

arctg tgϕ rdrdϕ

=

∫ π/3

π/4

∫ 2

1

ϕ rdrdϕ =

∫ π/3

π/4

ϕ
[r2

2

]2
1
dϕ =

3

2

[ϕ2

2

]π/3
π/4

=
3

4

(π2

9
− π2

16

)
=

7

192
π2.

(3)
∫∫
M

(x+ y)dxdy, M = {[x, y];x2 + y2 ≤ a(x+ y)}.
Posunuté polárńı souřadnice:∫∫
M

(x+ y)dxdy =

∣∣∣∣ x = a/2 + r cosϕ
y = a/2 + r sinϕ

∣∣∣∣ =

∫ 2π

0

∫ a/
√

2

0

(a+ r cosϕ+ r sinϕ)rdrdϕ

=

∫ 2π

0

[
a
r2

2
+ (cosϕ+ sinϕ)

r3

3

]a/√2

0
dϕ =

∫ 2π

0

(
a
a2

4
+ (cosϕ+ sinϕ)

a3

6
√

2

)
dϕ

=
[a3

4
ϕ+ (sinϕ− cosϕ)

a3

6
√

2

]2π
0

=
1

2
πa3.

Polárńı souřadnice:∫∫
M

(x+ y)dxdy =

∣∣∣∣ x = r cosϕ
y = r sinϕ

∣∣∣∣ =

∫ 3π/4

−π/4

∫ a(cosϕ+sinϕ)

0

(r cosϕ+ r sinϕ)rdrdϕ

=

∫ 3π/4

−π/4

[
(cosϕ+ sinϕ)

r3

3

]a(cosϕ+sinϕ)

0
dϕ =

a3

3

∫ 3π/4

−π/4
(cosϕ+ sinϕ)4dϕ

=
a3

3

∫ 3π/4

−π/4
(1 + 2 sinϕ cosϕ)2dϕ =

a3

3

∫ 3π/4

−π/4
(1 + sin 2ϕ)2dϕ

=
a3

3

∫ 3π/4

−π/4
(1 + 2 sin 2ϕ+ sin2 2ϕ)dϕ =

a3

3

∫ 3π/4

−π/4

(
1 + 2 sin 2ϕ+

1− cos 4ϕ

2

)
dϕ

a3

3

∫ 3π/4

−π/4

(3

2
+ 2 sin 2ϕ− cos 4ϕ

2

)
dϕ =

a3

3

[3

2
ϕ− cos 2ϕ− sin 4ϕ

8

]3π/4
−π/4

=
a3

3

(3

2
π − (0− 0)− 0− 0

8

)
=

1

2
πa3.
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(4)
∫∫
M
ydxdy, M = {[x, y]; (x2 + y2)2 ≤ ay3}.∫∫

M

ydxdy =

∫ π

0

∫ a sin3 ϕ

0

r sinϕrdrdϕ =

∫ π

0

sinϕ
a3

3
[r3]a sin3 ϕ

0 dϕ =
1

3

∫ π

0

sin10 ϕ dϕ

=
2a3

3

∫ π/2

0

sin10 ϕ dϕ = |Viz tabulkové integrály| = 2a3

3

1.3.5 . . . 9

2.4.6 . . . 10

π

2
=

21

256
πa3.

(5)
∫∫
M

ln(1 + x2 + 9y2)dxdy, M = {[x, y];x2 + 9y2 ≤ 36}.∫∫
M

ln(1 + x2 + 9y2)dxdy =

∣∣∣∣ x = 6% cosϕ J = 12%
y = 2% sinϕ

∣∣∣∣
=

∫ 2π

0

∫ 1

0

ln(1 + 36%2 cos2 ϕ+ 36%2 sin2 ϕ)12%d%dϕ =

∫ 2π

0

∫ 1

0

ln(1 + 36%2)12%d%dϕ

= 2π

∫ 1

0

ln(1 + 36%2)12%d% =

∣∣∣∣ t = 1 + 36%2

dt = 72%d%

∣∣∣∣ = 2π

∫ 37

1

1

6
ln t dt

=
π

3

∫ 37

1

ln t dt =

∣∣∣∣ u′ = 1 v = ln t
u = t v′ = 1/t

∣∣∣∣ =
π

3

(
[t ln t]37

1 −
∫ 37

1

dt

)
=
π

3
(37 ln 37− 36) .

(6)
∫∫
M
x3dxdy, M = {[x, y]; (x− 2)2 + 4y2 ≤ 4}.∫∫

M

x3dxdy =

∣∣∣∣ x = 2 + 2% cosϕ J = 2%
y = % sinϕ

∣∣∣∣ =

∫ 2π

0

∫ 1

0

(2 + 2% cosϕ)32% d%dϕ

= 16

∫ 2π

0

∫ 1

0

(%+ 3%2 cosϕ+ 3%3 cos2 ϕ+ %4 cos3 ϕ) d%dϕ

= 16

∫ 2π

0

[%2

2
+ %3 cosϕ+

3%4

4
cos2 ϕ+

%5

5
cos3 ϕ

]1
0
dϕ

= 16

∫ 2π

0

(1

2
+ cosϕ+

3

4
cos2 ϕ+

1

5
cos3 ϕ

)
dϕ

= 16

∫ 2π

0

(1

2
+ cosϕ+

3

8
(1 + cos 2ϕ) +

1

5
(1− sin2 ϕ) cosϕ

)
dϕ

= 16
[7

8
ϕ+ sinϕ+

3

16
sin 2ϕ+

1

5

(
sinϕ− sin3 ϕ

3

)]2π
0

= 16
7

8
2π = 28π.


