
7. CVIČENÍ

ALEŠ NEKVINDA

Substituce v trojném integrálu

Cylindrické souřadnice:

x = r cosϕ,

y = r sinϕ,

z = z,

J = r,

x2 + y2 = r2.

Posunuté cylindrické souřadnice:

x = x0 + r cosϕ,

y = y0 + r sinϕ,

z = z0 + z,

J = r,

(x− x0)2 + (y − y0)2 = r2.

Sférické souřadnice:

x = r cosϕ sin ν,

y = r sinϕ sin ν,

z = r cos ν,

J = r2 sin ν,

x2 + y2 + z2 = r2.

Posunuté sférické souřadnice:

x = x0 + r cosϕ sin ν,

y = y0 + r sinϕ sin ν,

z = z0 + r cos ν,

J = r2 sin ν,

(x− x0)2 + (y − y0)2 + (z − z0)2 = r2.
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2 ALEŠ NEKVINDA

Eliptické souřadnice:

x = a% cosϕ sin ν,

y = b% sinϕ sin ν,

z = c% cos ν,

J = abc%2 sin ν,

x2

a2
+
y2

b2
+
z2

c2
= %2.

Posunuté eliptické souřadnice:

x = x0 + a% cosϕ sin ν,

y = y0 + b% sinϕ sin ν,

z = z0 + c% cos ν,

J = abc%2 sin ν,

(x− x0)2

a2
+

(y − y0)2

b2
+

(z − z0)2

c2
= %2.

Př́ıklady substituci ve dvojném integrálu

∫∫∫
M

√
x2 + y2 + z2dxdydz, M = {[x, y, z];x2 + y2 + z2 ≤ 2az}∫∫∫

M

(x2 + y2)dxdydz, M = {[x, y, z]; 4 ≤ x2 + y2 + z2 ≤ 9, z ≥ 0}∫∫∫
M

ex
2+y2+z2dxdydz, M = {[x, y, z];x2 + y2 + z2 ≤ 4}∫∫∫

M

z3dxdydz, M =
{

[x, y];
x2

a2
+
y2

b2
+
z2

c2
≤ 1, z ≥ 0

}

Domáćı cvičeńı
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∫∫∫
M

(x4 + y4)zdxdydz, M = {[x, y, z];x2 + y2 ≤ 1, z ≥ 0, x2 + y2 + z2 ≤ 4}

(1)

13

32
π

∫∫∫
M

(x2 + y2)dxdydz, M = {[x, y, z];x2 + y2 ≤ 2z, z ≤ 2}

(2)

16

3
π

∫∫∫
M

xyzdxdydz, M = {[x, y, z];x2 + y2 + z2 ≤ 1, x ≥ 0, y ≥ 0, z ≥ 0}

(3)

1

48∫∫∫
M

√
x2 + y2dxdydz, M = {[x, y, z];x2 + y2 + z2 ≤ a2, x2 + y2 ≤ z2, z ≥ 0}

(4)

1

16
π(π − 2)a4

∫∫∫
M

(x2 + y2 + z2)dxdydz, M = {[x, y, z];x2 + y2 + z2 ≤ 2a(x+ y + z)}

(5)

96

5

√
3πa5

∫∫∫
M

√
1− x2

a2
− y2

b2
− z2

c2
dxdydz, M =

{
[x, y, z];

x2

a2
+
y2

b2
+
z2

c2
≤ 1
}(6)

1

4
π2abc

∫∫∫
M

zdxdydz, M =
{

[x, y, z];
x2

4
+
y2

9
+ z2 ≤ 2z

}(7)

8π

Řešeńı domáćıho cvičeńı
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(1)
∫∫∫

M
(x4 + y4)zdxdydz, M = {[x, y, z];x2 + y2 ≤ 1, z ≥ 0, x2 + y2 + z2 ≤ 4}.

∫∫∫
M

(x4 + y4)zdxdydz =

∣∣∣∣∣∣
x = r cosϕ
y = r sinϕ J = r
z = z

∣∣∣∣∣∣
=

∫ 2π

0

∫ 1

0

∫ √4−r2

0

r4(cos4 ϕ+ sin4 ϕ)z r dzdrdϕ

=

∫ 2π

0

∫ 1

0

∫ √4−r2

0

r4((cos2 ϕ+ sin2 ϕ)2 − 2 cos2 ϕ sin2 ϕ)z r dzdrdϕ∫ 2π

0

∫ 1

0

r5(1− 2 cos2 ϕ sin2 ϕ)
[z2

2

]√4−r2

0
drdϕ

=
1

2

∫ 2π

0

∫ 1

0

r5
(

1− 1

2
sin2 2ϕ

)
(4− r2) drdϕ

=
1

2

∫ 2π

0

∫ 1

0

(4r5 − r7)
(

1− 1

2

1− cos 4ϕ

2

)
drdϕ

=
1

2

∫ 2π

0

[4r6

6
− r8

8

]1
0

(3

4
+

cos 4ϕ

8

)
dϕ

=
1

2

∫ 2π

0

13

24

(3

4
+

cos 4ϕ

4

)
dϕ =

13

48

[3

4
ϕ+

sin 4ϕ

8

]2π
0

=
13

48

3

4
2π =

13

32
π.

(2)
∫∫∫

M
(x2 + y2)dxdydz, M = {[x, y, z];x2 + y2 ≤ 2z, z ≤ 2}.

∫∫∫
M

(x2 + y2)dxdydz =

∣∣∣∣∣∣
x = r cosϕ
y = r sinϕ J = r
z = z

∣∣∣∣∣∣
=

∫ 2π

0

∫ 2

0

∫ 2

r2

2

r2 r dzdrdϕ =

∫ 2π

0

∫ 2

0

r3 [z]2r2
2

drdϕ = 2π

∫ 2

0

r3
(

2− r2

2

)
dr

= π

∫ 2

0

(4r3 − r5)dr = π
[
r4 − r6

6

]2
0

= π
(

16− 32

3

)
=

16

3
π.

(3)
∫∫∫

M
xyzdxdydz, M = {[x, y, z];x2 + y2 + z2 ≤ 1, x ≥ 0, y ≥ 0, z ≥ 0}.

∫∫∫
M

xyzdxdydz =

∣∣∣∣∣∣
x = r cosϕ sin ν
y = r sinϕ sin ν J = r2 sin ν
z = r cos ν

∣∣∣∣∣∣
=

∫ π/2

0

∫ π/2

0

∫ 1

0

r3 cosϕ sinϕ sin2 ν cos ν r2 sin ν drdνdϕ

=

∫ π/2

0

∫ π/2

0

cosϕ sinϕ sin3 ν cos ν
[r6

6

]1
0
dνdϕ

=
1

6

∫ π/2

0

cosϕ sinϕ
[ sin4 ν

4

]π/2
0

dϕ =
1

24

[ sin2 ϕ

2

]π/2
0

=
1

48
.
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(4)
∫∫∫

M

√
x2 + y2dxdydz, M = {[x, y, z];x2 + y2 + z2 ≤ a2, x2 + y2 ≤ z2, z ≥ 0}.

∫∫∫
M

√
x2 + y2dxdydz =

∣∣∣∣∣∣
x = r cosϕ sin ν
y = r sinϕ sin ν J = r2 sin ν
z = r cos ν

∣∣∣∣∣∣
=

∫ 2π

0

∫ π/4

0

∫ a

0

√
r2 cos2 ϕ sin2 ν + r2 sin2 ϕ sin2 ν r2 sin ν drdνdϕ

=

∫ 2π

0

∫ π/4

0

∫ a

0

√
r2 sin2 ν(cos2 ϕ+ 2 sin2 ϕ) r2 sin ν drdνdϕ

=

∫ 2π

0

∫ π/4

0

∫ a

0

r3 sin2 ν drdνdϕ =

∫ 2π

0

∫ π/4

0

[r4

4

]a
0

sin2 ν dνdϕ

=
π

2
a4

∫ π/4

0

sin2 ν dν =
π

2
a4

∫ π/4

0

1− cos 2ν

2
dν =

π

4
a4
[ν

2
− sin 2ν

4

]π/4
0

=
π

4
a4
(π

8
− 1

4

)
=

1

16
π(π − 2)a4.

(5)
∫∫∫

M
(x2 + y2 + z2)dxdydz, M = {[x, y, z];x2 + y2 + z2 ≤ 2a(x+ y + z)}.

∫∫∫
M

(x2 + y2 + z2)dxdydz =

∣∣∣∣∣∣
x = a+ r cosϕ sin ν
y = a+ r sinϕ sin ν J = r2 sin ν
z = a+ r cos ν

∣∣∣∣∣∣
=

∫ 2π

0

∫ π

0

∫ a
√

3

0

(3a2 + 2ar(cosϕ sin ν + sinϕ sin ν + cos ν) + r2) r2 sin ν drdνdϕ

=

∫ 2π

0

∫ π

0

∫ a
√

3

0

(3a2r2 sin ν + 2ar3(sin2 ν(cosϕ+ sinϕ)

+ cos ν sin ν) + r4 sin ν) drdνdϕ

=

∫ 2π

0

∫ π

0

(
3a2
[r3

3

]a√3

0
sin ν + 2a

[r4

4

]a√3

0
(sin2 ν(cosϕ+ sinϕ)

+ cos ν sin ν) +
[r5

5

]a√3

0
sin ν

)
dνdϕ

= a5

∫ 2π

0

∫ π

0

(
3
√

3 sin ν +
9

2
(sin2 ν(cosϕ+ sinϕ) + cos ν sin ν) +

9
√

3

5
sin ν

)
dνdϕ

= a5

∫ π

0

∫ 2π

0

(
3
√

3 sin ν +
9

2
(sin2 ν(cosϕ+ sinϕ) + cos ν sin ν) +

9
√

3

5
sin ν

)
dϕdν

= a5

∫ π

0

[
3
√

3 sin ν ϕ+
9

2
(sin2 ν(sinϕ− cosϕ) + cos ν sin ν ϕ) +

9
√

3

5
sin ν ϕ

]2π
0
dν

= a5

∫ π

0

(
3
√

3 sin ν 2π +
9

2
cos ν sin ν 2π +

9
√

3

5
sin ν 2π

)
dν

= 2πa5
[
− 3
√

3 cos ν +
9 sin2 ν

4
− 9
√

3

5
cos ν

]π
0

= 4πa5
(

3
√

3 +
9
√

3

5

)
=

96
√

3

5
πa5.
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(6)
∫∫∫

M

√
1− x2

a2 −
y2

b2 −
z2

c2 dxdydz, M =
{

[x, y, z]; x
2

a2 + y2

b2 + z2

c2 ≤ 1
}

.

∫∫∫
M

√
1− x2

a2
− y2

b2
− z2

c2
dxdydz =

∣∣∣∣∣∣
x = a% cosϕ sin ν
y = b% sinϕ sin ν J = abc%2 sin ν
z = c% cos ν

∣∣∣∣∣∣
=

∫ 2π

0

∫ π

0

∫ 1

0

√
1− %2 abc %2 sin ν d%dνdϕ = 2πabc

∫ π

0

∫ 1

0

√
1− %2 %2 sin ν d%dν

= 2πabc

∫ 1

0

∫ π

0

√
1− %2 %2 sin ν dνd% = 4πabc

∫ 1

0

√
1− %2 %2 d%

=

∣∣∣∣ % = sin t
d% = cos tdt

∣∣∣∣ = 4πabc

∫ π/2

0

cos2 t sin2 t dt = πabc

∫ π/2

0

(2 cos t sin t)2 dt

= πabc

∫ π/2

0

sin2 2t dt = πabc

∫ π/2

0

1− cos 4t

2
dt = πabc

[1

2
t− sin 4t

8

]π/2
0

=
1

4
π2abc.

(7)
∫∫∫

M
zdxdydz, M =

{
[x, y, z]; x

2

4 + y2

9 + z2 ≤ 2z
}

.

Eliptické souřadnice:∫∫∫
M

zdxdydz =

∣∣∣∣∣∣
x = 2% cosϕ sin ν
y = 3% sinϕ sin ν J = 6%2 sin ν
z = % cos ν

∣∣∣∣∣∣
=

∫ 2π

0

∫ π/2

0

∫ 2 cos ν

0

% cos ν 6%2 sin ν d%dνdϕ

=

∫ 2π

0

∫ π/2

0

6
[%4

4

]2 cos ν

0
cos ν sin ν dνdϕ = 24

∫ 2π

0

∫ π/2

0

cos5 ν sin ν dν dϕ

= 48π

∫ π/2

0

cos5 ν sin ν dν = 48π
[
− cos6 ν

6

]π/2
0

= 8π.

Posunuté eliptické souřadnice: Oblast ṕı̌seme ve tvaru x2

4 + y2

9 + (z − 1)2 ≤ 1.∫∫∫
M

zdxdydz =

∣∣∣∣∣∣
x = 2% cosϕ sin ν
y = 3% sinϕ sin ν J = 6%2 sin ν
z = 1 + % cos ν

∣∣∣∣∣∣
=

∫ 2π

0

∫ π

0

∫ 1

0

(1 + % cos ν) 6%2 sin ν d%dνdϕ

=

∫ 2π

0

∫ π

0

∫ 1

0

6(%2 sin ν + %3 sin ν cos ν) d%dνdϕ

=

∫ 2π

0

∫ π

0

6
[%3

3
sin ν +

%4

4
sin ν cos ν

]1
0
d%dνdϕ

= 12π

∫ π

0

(1

3
sin ν +

1

4
sin ν cos ν

)
dν = 12π

[
− 1

3
cos ν +

1

8
sin2 ν

]π
0

= 12π
(2

3
+ 0
)

= 8π.


