7. CVICENI

ALES NEKVINDA

Substituce v trojném integralu

Cylindrické souradnice:

T = TCOS P,
Yy =rsing,
z =z,
J=r,
2?4y =1

Posunuté cylindrické soutradnice:

T = xo+ 1rCosp,
Y =yo +rsing,
Z2=29+ 2z,
J=r,

(x —x0)* + (y — y0)* =r°.

Sférické souradnice:

T =17Cospsiny,
y =rsinpsiny,

Z =TCosv,

J =r?sinv,
22?22 =2

Posunuté sférické souradnice:

T = xo+ rcospsiny,

Yy =1Yo + rsingsiny,

Z=2zy+rcosv,

J =r%sinv,

(z —20)* + (y — 90)* + (2 — 20)°
1

=7
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Eliptické soufadnice:

T = apcospsiny,
y = bosinpsin v,
z = cpcosv,
2
J = abco” sinv,
2 2 2

T Yy zZ5 9
ﬁ"‘bﬁ‘l—?—g.

Posunuté eliptické souradnice:

T = 2o+ apcospsinv,
Yy = yo + bosin psinv,
Z = 2o+ cocosv,

J = abco?®sinv,

(r — $0)2 (y — Z/o)2 (2 — 20)2 2
a? + b2 c? -

Piiklady substituci ve dvojném integrdlu

/// Va2 +y2 + 22dedydz, M = {[z,y, 2]; 2% + y* + 2° < 2a2}

M

J[[ @+ rutyiz, M= (ot <o 42 422 29,22 0)
M

/// e  dpdyde, M = {[z,y, 2);2% +y? + 22 < 4}
M

, 22 2 52
///Mz dxdydz, M:{[a:,y];a—2+b—2+c—2 §1,220}

Domaéci cviceni



7. CVICENI{

(1)

/// (z* + yMzdedydz, M = {[z,y,2];2* + 4> < 1,2 > 0,22 + % + 2% < 4}
M
13
—
32
(2)
[ @ oz, M = (o lia® o < 252 < 2)
M
16

-

3
(3)

/// ayzdedydz, M = {[z,y,2;2> +y> + 2> < 1,2 >0,y > 0,z > 0}
M
1

48
(4)
/// Va2 +y2dedydz, M = {[z,y,2];2* +y* + 2° < a®, 2?2 +9° < 2%, 2 > 0}
M
(r — 2)a’
T4 a
(5)

/// (2 + 1y + z'Z)dxdydz7 M = {[x,y,z];xQ + 2+ 22 <2z +y+ z)}
M

96

E 37Ta5
(6)

x?  y? 22 2?2 y? 22
///M\/l_aQ_bz_Cdedde’ M:{[az:,y,z];ﬁ—i—b—z—1—0—2 Sl}

1

ZWQabc
(7)

P 2
zdxdydz, M = {[I,y,z]; — 4+ =42 < 22}
M 4 9
8

Reseni doméciho cvi¢eni




ALES NEKVINDA

) [f[y @t +yNzdedydz, M = {[z,y,z];2* +y* < 1,2 > 0,2 + y* + 2% < 4},

T =1Ccosp

/// (z* +yYzdedydz = | y=rsing J=r
M z=z

2l pV/4A—T2
= / / / r4(cost ¢ + sin? )z r dzdrdy
o Jo Jo

27 1 Va—r2
= / / / r*((cos? ¢ + sin? )2 — 2 cos? psin’ )z r dzdrde

21l 2. /A 2
/ / 75 (1 — 2 cos? psin? p) [%} . drdp

277/ sm 2@)( r2) drdg
A

1 1—cosdy
4° =) (1- 5 =)
/ Iy 5 5 drdy
476 r891,3  cosdp
=3 — < |z d
2/0 { 6 8}0<4+ 8 ) 7
/2” 13(3+cos4¢> d 13[3 sinégp}27T 13 3 5 13
= - =— - 21=—m.
2 )y 24\4 4 48 8 Jo 8 4 32

2) [[[(@* 4+ y?)dadydz, M = {[z,y, z];2% + y* < 22,2 < 2}

T =TCosp

/// (2 +y*)dedydz = | y=rsinp J=r
M z=z
2m 2m 2
/ / / r? 7 dzdrdp = / / drd<p = 277/ r3 (2 — L)dr
0 2

—77/0 (4r3 — 7 )dr—ﬂ{rll—%}ozw(m—%):?w.

) [[[y zyzdedydz, M = {[z,y, z];2* +y* +2° <1,z > 0,y > 0,z > 0}.

T =T1Cospsiny

/// zyzdrdydz = | y =rsinpsiny  J =r?sinv
M

Z =Tcosv

/2 pw/2 pl
= / / / 3 cos psingsin? vcosv r? sinv drdvdy

/2 TG 1
/ / cos @ sin psin® v cos v {E} 0dud<p

/2 {sm V]W/Qd 1 [sin2gar/2 1
== cos p sin =— = —.
6/, PRI Tl el T a8
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4) [[[y; Va2 +yPdedydz, M = {[z,y,z];2* +y* + 2> < a?,2* +y* < 22,2 > 0}

T =T1COospsiny

/// V2 +y2dedydz = | y =rsinpsiny  J =r?sinv
M

Z =Trcosv

27 pm/4 pa
= / / / \/7"2 cos? psin? v + r2sin? g sin? v 2 sinv drdvdye
o Jo 0
27 pm/4 pa
= / / / \/7“2 sin? v(cos? ¢ + 2sin® @) r? sinv drdvdy
27 pm/4 27
/ / / r3sin’ v drdvdy = / / — sm2 v dvdyp

m/4q _ i /4

9 T 4 1 — cos2v s 4[V sm2y} /

2a/0 sin® v dv 2a/0 5 v=1d|5 T o
214(E_l>:i o)
157 1) Tl

5) fffM(x2 +y? + 22)dxdydz, M = {[z,y,2];2% +y* + 22 < 2a(z +y + 2)}.

T =a-+Trcospsinv
/// (2 + 9% + 2 dedydz = | y=a+rsingpsiny  J=r2siny
M

zZ=a+T1cosv
2 a\/g
= / / / (3a® + 2ar(cos psinv + sin psin v + cosv) + r?) r?sinv drdvdy

2m ™ aVv'3
= / / / (3a*r? sin v + 2ar®(sin® v(cos ¢ + sin )
o Jo Jo

+ cosvsiny) + rtsinv) drdvdye

2 T 7"3 a\/§ 7"4 a\/§
= / / (3@2 [—} sinv + 2a [—} (sin® v(cos ¢ + sin @)
o Jo 3lo 4 1o

rS1av3
+ cosvsinv) + [E}o sin V) dvdyp

27 T 9 9 9\/§
=ad° / / (3\/§ sinv + i(sin v(cos g +sinp) + cosvsinv) + - sin 1/) dvdy
o Jo

g 2m
=a° / / (3\/§ sinv + g(sin2 v(cos g +siny) + cosvsinv) + 9v3 sin 1/) dody

7r 9 9 27
=d° / {3\/?7) sinv ¢ + §(sin2 v(sing — cos ) + cosvsinv @) + 5 sinv @} dv
0 0

T 9 9v3
:a5/ <3\/§sinzx 27r+§cosysin1/ 27 + \[siny 27r) dv
0

— ——— COSsV

QSiZQV 9\5/g r = 47 (3\[-1- 9\[> = &g/gﬂ'as.

= 2#@5[—3\/§cosu+
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©) /1 -5 — 8 — Sdudydz, M= {fwy 25 + 5+ 5 <1},

B 5 3 T = apcosysinv
x Y z . . 9
/// \/12b22dxdydz y =bosinpsinv J = abcp®sinv
M a C

Z = CcpCcosvVv

27 ™ 1 T 1
= / / / V1 — 02 abe ¢*sinv dodvdy = 27rabc/ / V1 — 02 o*sinv dodv
o Jo Jo o Jo
1 ™ 1
= 27rabc/ / V1— 0% ¢*sinv dvdp = 47Tabc/ V1—02% 0% do
o Jo 0

o0 =sint /2 /2
= ‘ do — cos td ‘ = 47rabc/ cos®t sin’t dt = wabc/ (2cost sint)? dt
o0 = costdt 0 0

/2 /21 — cos 4t 1, sindt]7/?
= Wabc/ sin? 2t dt = Wabc/ S TCST g = Wabc[ft _ o }
0 0 2 2 8 Jo
1

=47 2abe.
zdxdydz, M = {|x Z'i—l—ﬁ—kzzg?z .
M Y Y Yy 215 g 9
Eliptické soutadnice:

T = 2pcospsinv
/// zdxdydz = | y=3psingsiny J = 6p?sinv

Z = pcosv

2w /2 p2cosv
/ / / ocosv 60 sinv dodvdy
2m 2 cosv 2m /2
/ / cosvsinv dvdp = 24/ / cos’ vsinv dv dyp
o Jo

cos® 1/}77/2

= 4877/ cos® vsiny dv = 4871'[ — = 8.
0

0

2
Posunuté eliptické soufadnice: Oblast piSeme ve tvaru %2 + L 4+(z-1)2<1

T = 2pcos psinv
/// zdrdydz = | y = 3osinpsiny  J = 60%sinv
M

z=14 pcosv

2 s 1
= / / / (14 ocosv) 60%sinv dodvdyp
2
/ / / (0?sinv + ¢®sinv cosv) dodvdyp

/ / —sinv + % sin v cos 1/} dodvdy

1 1
/ blnI/%—*SanCOSI/) dVZlQW{—gCOSV+§Sin2V
0

=()



