8. CVICENI

ALES NEKVINDA

Krivkovy integrdl 1. druhu
D’ana krivka k : (x(¢),y(¢)), resp. k: (z(t),y(t), 2(t)), t € [a,b]. Pak
ds = /(' (1))? + (y' (1))2dt, vesp. ds = /(a/(1))2 + (y/'(1))? + (' (1))2dt.

Necht je déna funkce dvou, resp. tif proménnych

f(z,y), resp. f(z,y,z2).

Potom kfivkovy integral 1. druhu je definovan

b
/k f(,y)ds == / £, y) V@ O + (7 (0)2dt, resp.
/k f(.y, 2)ds = / Fa(t), y(t), 20T O+ D)2 + (7 (0)2d.

Pitklady

d
/ a , k je tusecka spojujici body [0, —2], [4, 0]
ET—Y

/—ds k= {{n.ly € [V2,2), 4 = 2}

/\/$2+y ds, k= {[z,y];2% +y* = 22}
/k\/ﬂds, k={[z,y];x = a(t —sint),y = a(1 — cost),t € [0, 27|}

d
/sz‘FZQ ds, k={[z,y];x = acost,y = asint,z = bt,t € [0,27]}

3
Vypocitejte obsah valcové plochy k = {[z,y, 2]; §x2,0 <z<uz,y<6}

y =
y? _
+ 2= 1x>0y>0}

217
Ta2 B2

Vypocitejte hmotnost kiivky k = {[1’ yl;
je-li hustota o(z,y) = zy.

Najdéte soufadnice homogenni kfivky
kE={lz,y,z];[z,y];x = a(t —sint),y = a(l — cost),t € [0, 7]}.

Domaéci cviceni
1
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(1)
2 2
rray+e ds, k je usecka spojujici body [1,—1],[4, 0]
k2?2 +y?
V5(2v2 - 1)
(2)
/m2 ds, k={[z,yl;z€[1,2],y =Inz}
k
1
g(5\f—2\/§)
3)
/x””z—yz ds, k={[z,y]; (=" +9°)? = a®(@* —y*),2 > 0}
k
22
—a
3
(4)
/e\/"'zﬂ’2 ds, k={[z,yl;2* +y* =a®,0<y <z}
k
1«
17Tae
()
/(2 22 +y?—2z2)ds, k={[z,y,z];x=tcost,y=tsint,z=t,t € [0,2n}
k
2
‘3[((1 +2n%)%/2 — 1)
(6)
[ VAR s, k= (it 4 = =)
k
2ma?
(7)
Vypoéitejte obsah valcové plochy & = {[z,y, 2]; 2% + y* = a*,0 < 2 < Va2 — 22}
4a®
(8)

t2 t3
Vypocitejte hmotnost kiivky k = {[x,y]; T=ty= 5% = g,t € [0, 1]}

je-li hustota o(z,y, 2) = 1/2y.
(3f—1)+31n(1+ ~V3)

16
(9)
Najdéte souradnice homogenni kiivky
k={[z,y,z]; [z, y];x = a(cost + tsint),y = a(sint — tcost),t € [0, 7|}
T [(”—;6) a8 a]
™ ™
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Reseni doméciho cvi¢eni

1) [, f;% ds, k je usecka spojujici body [1, —1],[4,0].

Parametrizace tisecky je

x=1+3t tel01]

y=—1+1.
Déle
x' =3,
y =1
TH2+2 0 [P 143 2= 1+t+2mdt
\/m o VI +3)2+ (—1+1)2

(1 +5t)V10 5 =244t + 10t2
0o V2 + 4t + 102 ds = (20t + 4)dt = 4(5t + 1)dt
V10 /16 ds V10 16
= — —_— § = ——

. [2\/§L :@(8—2\@):\/5(2\/5—1).

) Jez® ds, k= {[z,yl;z € [1,2],y = na}.
Parametrizace kiivky je

z=t tell2
y = lInt.
Déle
L
1
V=7
a

1 2
/m ds—/ t21/1+t—2dt /t%/ ;t /t\/l—i—tht

s=1 + t2 o o 3/2

ds = 2t dt _2/\[‘18 73[ ] (5\f_2f)

3) [pxva? —y*ds, k= {[z,y]; («® +y*)? = a®(2® — y?),z > 0}.

Pro parametrizaci kiivky zkusme pouzit polarnl soufadnice. Hledejme funkci
r(p) tak, aby vztahy

= r(p) cos p
y—r(p)sing
a®(x?

splitovaly rovnici (22 + 3?)? = —y?). To znamend

(@) = a®r?(p)(cos? ¢ — sin? ) = a?r2(p) cos 2.

Tedy

() = ay/cos2p
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xza@cosw
Y= a\/Msingp.

Protoze = > 0, je cosp > 0 a tedy ¢ € [—7/2,7/2]. Dédle musi byt cos2¢ > 0,
to znamena, ze ¢ € [—w/4,w/4]. Parametrizace kiivky je tedy

T = a@cosap, p € [—m/4,m/4],
Y= a\/COSTgosingo.

Potom

, ( 2sin 2¢
Tr =

CcOSs cos 2 sin )
2/cos2p P psinp

— ﬁ (sin 2¢ cos ¢ + cos 2p sin @)

2sin2
v =a (2\/% 'nso-i-\/cosilpcosap)

_ ﬁ (sin 2 sin ¢ — cos 2 cos p)

Spoctéme jesté

x'2+y

2
= 00: 5% ((sin 2¢p cos ¢ + cos 2¢sin ) + (sin 2 sin ¢ — cos 2p cos ¢)?)
2
- COZ 2¢ (Sin2 2 cos? ¢ + cos? 2 sin” ¢ + sin? 2 sin? ¢ + cos? 2¢ cos? )
2
= (sin? 2pp(cos? ¢ + sin? @) + cos? 2p(sin? ¢ + cos? ))
cos 2¢
2 2
a 2 2 a
= sin” 2 cos” 2p) = )
cos 2y (sin” 20 + cos” 2¢) c0s 2

12

Tedy
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Dany integrél je pak

/4
/1’\/1’2 —y2 ds = / ay/cos 2 cos ¢ 1/ a2(cos 2¢ cos? ¢ — cos 2psin? @)
k 7/

a+/cos 2¢ cos \/&20082 (cos? ¢ — sin d
s/cos2 / L4 14 # 4 @)\/COS2 i

/4
=a? / cos p cos2¢ dp = 2a® / (cos? ¢ — sin? ) cos ¢ dyp
—m/4 0

/4 —
— 9,3 92 _ | #=singp
=2a /0 (1 —2sin” ) cos p dp dz = cos g dip ‘

1/\/§ 1/f 2\/5
=2a° 1-22%) dz =2 8,
a/0 ( 2%) dz a{ 3z}0 3¢

4) [, VP g | = {[z,y]; 2> + y* = a*,0 < y < x}.
Parametrizace kiivky je
x =acost, t €[0,7/4]
y = asint.
Déle
/

= —sint,

" = cost

a
/4 /4 -
/eV:”z'H’2 ds :/ e“\/a2 cos2t + a2sin? ¢ dt :/ ae® dt = Zaea.
k 0 0

(5) [,(2va?2+y? —2) ds, k= {[z,y,z];z =tcost,y = tsint,z = t,t € [0,27}.
Ziejmeé
ds = \/(cost — tsint)? + (sint + tcost)2 + 1 dt = /2 + 12 dt.
Tedy

2w 1 2
/(2 22 +y2 — 2) ds=/ (2VE2 —t) /2 + 12 dtzg/ tV/2 12 dt
k 0 0

2
1 244w

[ e ]

2 J2

+4r>  q

_ 2 )
s=2+4+1 _ g(@ Jr47T2)3/2 _ 23/2)

ds = 2t dt

:2\[((1+2 )3/2_1).

6) [ V2y?+22ds, k={[z,y,2];2*+y*+2* = a®, & = y}. Skérua®+y>+2% = o
muzeme parametrizovat pomoci sférickych soutrednic, polomér je pochopitelné
konstantni a. Tedy

T = acosysinv
Yy = asinpsinv

zZ=a COos V.
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Podminka na kfivku je acos psinv = asin psinv, tedy cos ¢ = sinp. To déva
¢ = 7 /4. Parametrizace kiivky je

a .
Tr = —=8Smv

V2

a
= —siny, ve€|0,2n
V=7 [0, 2]

Z = a COoSU.

2 2
a“ . as
ds:\/zsmzu—k251n2u+a20052udy:ad1/.

Jeste si uvédomime /2y + 22 = /22 + y2 + 22 = a diky podmince z = y a
piSme

27

0

/\/2y2+22 ds:/ a a dv = 2ma®.
k



