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Abstract. Let Ω ⊆ R3 be a uniformly regular domain of the classC3 or Ω = R3. Let A denote the Stokes operator and
{Eλ; λ ≥ 0} be the resolution of identity ofA. We show as the main result of the paper that ifw is a nonzero global weak
solution to the Navier-Stokes equations inΩ satisfying the strong energy inequality, then there exists a nonnegative finite
numbera = a(w) such that for everyε > 0

lim
t→∞

||(Ea+ε − Ea−ε)w(t)||
||w(t)|| = 1,

where we putEa−ε = 0 if a−ε < 0 and|| · || denotes theL2-norm. Therefore, every nonzero global weak solution satisfying
the strong energy inequality exhibits large-time energy concentration in a particular frequency.

Some further results describing in detail the large-time behavior ofw are summed up in Appendix.
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1. Introduction

Let Ω ⊆ R3 be a uniformly regular domain of the classC3 or Ω = R3. We consider the Navier-Stokes equations inΩ:

∂w

∂t
−∆w + w · ∇w +∇p = 0 in Ω× (0,∞), (1)

∇ · w = 0 in Ω× (0,∞), (2)

w|t=0 = w0, (3)

w = 0 on∂Ω× (0,∞) (if ∂Ω 6= ∅), (4)

wherew = w(x, t) = (w1(x, t), w2(x, t), w3(x, t)) andp = p(x, t) denote the unknown velocity and the pressure and
w0 = w0(x) = (w01(x), w02(x), w03(x)) is a given initial velocity.

In this paper,L2 = L2(Ω) is the Lebesgue space and let the norm inL2(Ω)3 be denoted as|| · ||. Further,L2
σ = L2

σ(Ω)
is defined as the closure ofC∞0,σ(Ω) = {ϕ ∈ C∞0 (Ω)3;∇ · ϕ = 0} in L2(Ω)3 andPσ denotes the orthogonal projection of
L2(Ω)3 ontoL2

σ. A is the Stokes operator inL2
σ andAµ, µ ∈ R, are the powers ofA. {Eλ; λ ≥ 0} denotes the resolution of

identity ofA. See [13] for the precise definition of all these concepts.
There are many papers in the literature dealing with various aspects of the asymptotic behavior of the solutions to the

Navier-Stokes equations, see, for example, [1], [3], [4], [6], [7] or [14]. In this paper, we will focus on the large-time energy
concentration of global solutions. This problem has already been studied in several recent papers. Suppose thatw is a global
weak solution of (1) - (4) satisfying the strong energy inequality (the definition of these concepts is presented at the end of
this section). It has been shown in [8] that ifw decreases sufficiently quickly, i.e.

||w(t)|| = O(t−κ), t →∞



for someκ > 1, then there exist numbersd anda such that0 ≤ d ≤ a < ∞ and

lim
t→∞

||Eλw(t)||
||w(t)|| = 1 (5)

for everyλ > a and

lim
t→∞

||Eλw(t)||
||w(t)|| = 0 (6)

for everyλ ∈ (0, d) (if d > 0). So the energy concentrates asymptotically in frequencies from[d, a]. The same result was
also proved in [9] on condition that

w0 ∈ R(Aµ)

for someµ > 0, whereR(Aµ) denotes the range ofAµ, and in [10] for any solution ifΩ = R3. In [5] the author described a
class of the initial conditions yielding the global weak solutions such that (5) is satisfied for everyλ > 0 and also presented
the estimates of the rate of this energy concentration.

In the present paper we will prove Lemma 1 (see the next section) and show that by the use of this simple lemma we can
get a substantial improvement of the results mentioned above: the equalities (5) and (6) hold, in fact, for every global weak
solution satisfying the strong energy inequality and alwaysa = d. So, every solution exhibits the large-time concentration of
energy in a particular frequencya. The precise formulation of this result is presented below in Theorem 1.

Some other results elucidating various aspects of the asymptotic behavior of solutions, such as the large-time concentra-
tion of some norms ofw in the frequencya or the characterization of the exponentially decreasing solutions by the inequality
a > 0, are summed up in Appendix in Theorem 4.

Before presenting Theorem 1 define at first several concepts which are used throughout the paper. A functionw is called
a global strong solution of (1) - (4) ifw ∈ C([0,∞); D(A1/4)) ∩ C((0,∞); D(A)) ∩ C1((0,∞); L2

σ) anddw/dt + Aw +
Pσ(w · ∇w) = 0 for everyt > 0. D(Aα) denotes the domain ofAα. It is known (see [3]) that ifw is a global strong solution
of (1) - (4), then

‖Aαw(t)‖ = O(t−α), ast →∞, for α ∈ [0, 1]. (7)

Let W 1,2
0,σ be the closure ofC∞0,σ(Ω) in W 1,2(Ω)3, whereW 1,2(Ω) is the standard Sobolev space. Ifw0 ∈ L2

σ, a measurable
functionw defined onΩ× (0,∞) is called a global weak solution of (1) - (4) if

w ∈ L∞((0,∞); L2
σ) ∩ L2((0, T ); W 1,2

0,σ ) for everyT > 0 (8)

and the integral relation
∫ ∞

0

[− (w(t), ∂tφ(t)) + (∇w(t),∇φ(t)) + (w(t) · ∇w(t), φ(t))]dt = (w0, φ(0))

holds for allφ ∈ C∞0 ([0,∞); C∞0,σ(Ω)). We say that a global weak solution satisfies the strong energy inequality if

‖w(t)‖2 + 2
∫ t

s

‖∇w(σ)‖2dσ ≤ ‖w(s)‖2

for s = 0 and almost alls > 0 and allt ≥ s. It is known (see [13]) that every global weak solution of (1) - (4) satisfying
the strong energy inequality becomes a strong one after some transient time. Therefore, (7) holds for every such solution. If
w0 ∈ L2

σ, then there exists a global weak solutionw of (1) - (4) satisfying the strong energy inequality, such thatw(0) = w0

(for the proof see [13] for bounded domains, [4] for exterior domains and [2] for general domains). The graph norm inD(Aβ)
is defined as||| · |||β = ||Aβ · ||+ || · ||.

Theorem 1 Let w be a nonzero global weak solution of (1) - (4) satisfying the strong energy inequality. Then the number
a = limt→∞ ‖A1/2w(t)‖2/‖w(t)‖2 is well defined,a ∈ [0,∞) and

lim
t→∞

||(Ea+ε − Ea−ε)w(t)||
||w(t)|| = 1 (9)

for everyε > 0. We putEa−ε = 0 if a− ε < 0.
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3. Proof of Theorem 1

The proof of Theorem 1 will follow from Lemma 1 and from some recent results mentioned below (Theorems 2 and 3 ).
We start, at first, with the following definition:

Definition 1 Letw be a nonzero global strong solution of (1) - (4). Define

C(β) = lim sup
t→∞

‖Aβw(t)‖
‖w(t)‖ , B(β) = lim inf

t→∞
‖Aβw(t)‖
‖w(t)‖ ,

a = inf{λ ≥ 0; lim inf
t→∞

‖Eλw(t)‖
‖w(t)‖ > 0},

d = inf{λ ≥ 0; lim sup
t→∞

‖Eλw(t)‖
‖w(t)‖ > 0}.

The following theorem was proved in [8]. We present here its shortened version:

Theorem 2 Letw be a nonzero global strong solution of (1) - (4). Suppose thatC(β0) < ∞ for someβ0 ∈ [1/2, 1) and let
β ∈ (0, β0]. Then0 ≤ d ≤ a < ∞, a = C(β)1/β , d = B(β)1/β and

lim
t→∞

|||Eλw(t)|||β
|||w(t)|||β = lim

t→∞
||Eλw(t)||
||w(t)|| = 1, if λ > a, (10)

lim
t→∞

|||Eλw(t)|||β
|||w(t)|||β = lim

t→∞
||Eλw(t)||
||w(t)|| = 0, if λ < d. (11)

Remark 1 The conditionC(β0) < ∞ from Theorem 2 is satisfied for everyβ0 ∈ [1/2, 1) if ||w(t)|| = O(t−κ), t → ∞,
for someκ > 1 (see [8]) or if Ω = R3 (see [11]). Ifw(0) = w0 ∈ R(Aµ) for someµ > 0, thenC(β0) < ∞ for every
β0 ∈ [1/2, 3/4) (see [9]). The validity of the inequalityC(β0) < ∞ for everyβ0 ∈ [1/2, 1) for any solution and any domain
is an open problem.

The following theorem was proved in [12].

Theorem 3 Letw be a nonzero global strong solution of (1) - (4). Then
(i) d < ∞ and

d = sup{λ ≥ 0; lim
t→∞

||w(t)||eλt = 0},

whered is the number from Definition 1. It implies thatw decreases exponentially if and only ifd > 0.
(ii) If d > 0, then the numbera from Definition 1 is finite and ifε > 0, λ ∈ (0, d) and β ∈ (0, 1), the following

inequalities hold:

lim
t→∞

e(a+ε)t||w(t)|| = ∞,

lim
t→∞

eλt |||Eλw(t)|||β
|||w(t)|||β = lim

t→∞
eλt ||Eλw(t)||

||w(t)|| = 0,

lim sup
t→∞

||Aβw(t)||
||w(t)|| = aβ ,

lim inf
t→∞

||Aβw(t)||
||w(t)|| = dβ .

The following lemma is a keynote result for the proof of Theorem 1.

Lemma 1 Let w be a nonzero global weak solution to the Navier-Stokes equations satisfying the strong energy inequality.
Then there existsc > 0 such that for every sufficiently largeT and for everyt ≥ T

‖A1/2w(t)‖2
‖w(t)‖2 ≤ ‖A1/2w(T )‖2

‖w(T )‖2 + c(T + 1)−1/2. (12)
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Proof: There existst0 ≥ 2 such thatw is strong on[t0 − 1,∞). Let σ(t) = ‖A1/2w(t)‖2/‖w(t)‖2 for t ≥ t0. Firstly, it
follows from (1) that

d

dt
||w(t)||2 = −2||A1/2w(t)||2

and

d

dt
||A1/2w(t)||2 = −2||Aw(t)||2 − 2(Pσ(w · ∇w(t)), Aw(t)).

Therefore,

σ′(t) =
−2(||Aw(t)||2 + (Pσ(w · ∇w(t)), Aw(t)))||w(t)||2 + 2||A1/2w(t)||4

||w(t)||4 =

=
−2(Aw(t), Aw(t))− 2(Pσ(w · ∇w(t)), Aw(t))

||w(t)||2 +
2(w(t), Aw(t))
||w(t)||2

||A1/2w(t)||2
||w(t)||2

=
−2(Aw(t), Aw(t) + Pσ(w · ∇w(t))− σ(t)w(t))

||w(t)||2

=
−2(Aw(t)− σ(t)w(t), Aw(t) + Pσ(w · ∇w(t))− σ(t)w(t))

||w(t)||2

=
−2||Aw(t)− σ(t)w(t)||2

||w(t)||2 − 2(Aw(t)− σ(t)w(t), Pσ(w · ∇w(t))
||w(t)||2

and

σ′(t) +
2||Aw(t)− σ(t)w(t)||2

||w(t)||2 ≤ ||Aw(t)− σ(t)w(t)||2
||w(t)||2 +

||Pσ(w(t) · ∇w(t))||2
||w(t)||2 .

Consequently,

σ′(t) ≤ ||Pσ(w(t) · ∇w(t))||2
||w(t)||2 ≤ ||A1/2w(t)||2||∇w(t)||23

||w(t)||2 ≤ ||Aw(t)|| ||∇w(t)|| ||∇w(t)||6
||w(t)|| ≤

||Aw(t)|| ||A1/2w(t)|| (||∇w(t)||+ ||∇2w(t)||)
||w(t)|| ≤ c||Aw(t)|| ||A1/2w(t)|| (||Aw(t)||+ ||w(t)||)

||w(t)||
and

σ′(t) ≤ cσ(t)1/2||Aw(t)||2 + c||Aw(t)|| ||A1/2w(t)||. (13)

Let us show thatσ is bounded on[t0,∞). If t0 ≤ a < b < ∞ andσ(t) ≥ 1 for all t ∈ [a, b], then

σ′(t) ≤ cσ(t)||Aw(t)||2 + c||Aw(t)|| ||A1/2w(t)||.

It leads to the inequality

σ(t) ≤ exp (
∫ t

a

c||Aw(s)||2ds) σ(a) +
∫ t

a

c||Aw(s)|| ||A1/2w(s)|| exp (
∫ t

s

c||Aw(ξ)||2dξ) ds

and so by the use of (7)

σ(t) ≤ ec(1+a)−1
σ(a) + 2cec(1 + a)−1/2. (14)

for everyt ∈ [a, b]. Suppose now thatσ(t) > 1 for somet > t0. Then eitherσ(s) > 1 for everys ∈ [t0, t] or there exists
t1 ∈ [t0, t) such thatσ(t1) = 1 andσ(s) > 1 for everys ∈ (t1, t]. In the first case we get by the use of (14) that

σ(t) ≤ ec(1+t0)
−1

σ(t0) + 2cec(1 + t0)−1/2.

In the second case

σ(t) ≤ ec(1+t1)
−1

σ(t1) + 2cec(1 + t1)−1/2 ≤ ec(1+t0)
−1

+ 2cec(1 + t0)−1/2.
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In both casesσ(t) is bounded by a fixed number independent oft and soσ is bounded on[t0,∞). So, it now follows from
(13) and (7) thatσ′(t) ≤ c(1 + t)−3/2 for everyt ∈ [t0,∞) and (12) is a consequence of the last inequality.
Proof of Theorem 1: It follows from Lemma 1, thatlimt→∞ ‖A1/2w(t)‖2/‖w(t)‖2 exists and it is a nonnegative finite
number. So,C(1/2) < ∞ (for the definition ofC(1/2) see Definition 1) and by the use of Theorem 2 we get

a = C(1/2)2 = B(1/2)2 = d.

The equality (9) follows immediately from (10) and (11).

1. Appendix

In the following theorem we sum up some other results on the large-time behavior of the global weak solutions satisfying
the strong energy inequality.

Theorem 4 Letw be a nonzero global weak solution of (1) - (4) satisfying the strong energy inequality. Leta be the number
from Theorem 1.

Then

a = sup{λ ≥ 0; lim
t→∞

||w(t)||eλt = 0}, (15)

which implies thatw decreases exponentially if and only ifa > 0.
If ε > 0, then

lim
t→∞

|||(Ea+ε − Ea−ε)w(t)|||β
|||w(t)|||β = 1 (16)

for everyβ ∈ (0, 1/2]. We putEa−ε = 0 if a − ε < 0. If C(β0) < ∞ for someβ0 ∈ (1/2, 1) then (16) holds for any
β ∈ (0, β0].

Further,

lim
t→∞

‖w(t)‖
‖w(t + δ)‖ = eaδ, (17)

uniformly on the sets{δ; δ ∈ [0, L]}, for everyL > 0, and

lim
δ→0+

‖w(t)‖
‖w(t + δ)‖ = 1, (18)

uniformly fort ≥ 0.
Suppose thata > 0. If ε > 0, λ ∈ (0, a) andβ ∈ (0, 1), then

lim
t→∞

e(a−ε)t||w(t)|| = 0, (19)

lim
t→∞

e(a+ε)t||w(t)|| = ∞, (20)

lim
t→∞

eλt |||Eλw(t)|||β
|||w(t)|||β = lim

t→∞
eλt ||Eλw(t)||

||w(t)|| = 0 (21)

and

lim
t→∞

||Aβw(t)||
||w(t)|| = aβ . (22)

Further,

lim
t→∞

||Aβ(Ea+ε − Ea−ε)w(t)||
||Aβw(t)|| = 1 (23)

for everyε ∈ (0, a). If 0 ≤ γ ≤ β < 1, then

lim
t→∞

‖Aβw(t)‖
‖Aγw(t + δ)‖ = aβ−γeaδ, (24)
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uniformly on the sets{δ; δ ∈ [0, L]}, for everyL > 0, and

lim
δ→0+

‖Aβw(t)‖
‖Aβw(t + δ)‖ = 1, (25)

uniformly fort ≥ 0.
Leta = 0. If 0 < β ≤ 1/2, then

lim
t→∞

‖Aβw(t)‖
‖w(t + δ)‖ = 0, (26)

uniformly on the sets{δ; δ ∈ [0, L]}, for everyL > 0. If C(β0) < ∞ for someβ0 ∈ (1/2, 1) (see Remark 1), then (26) holds
for everyβ ∈ (0, β0].

Proof of Theorem 4: For the proof of (15) we can follow the lines of the proof of Theorem 1 and use the point (i) of
Theorem 3.

(16) can be proved for everyβ ∈ (0, 1/2] in the same way as (9) in the proof of Theorem 1. IfC(β0) < ∞, then (16)
holds for everyβ ∈ (0, β0] as follows from (10) and (11).

Let ε > 0. Then due to Lemma 1 there existst0 = t0(ε) > 0 such that

a− ε ≤ ‖A1/2w(t)‖2
‖w(t)‖2 ≤ a + ε

for everyt ≥ t0. It follows from (1) that

d

dt
‖w(t)‖2 + 2‖A1/2w(t)‖2 = 0

and therefore

d

dt
‖w(t)‖2 + 2(a− ε)‖w(t)‖2 ≤ 0,

d

dt
‖w(t)‖2 + 2(a + ε)‖w(t)‖2 ≥ 0,

for everyt ≥ t0. It leads to the inequalities

‖w(t)‖e−(a+ε)δ ≤ ‖w(t + δ)‖ ≤ ‖w(t)‖e−(a−ε)δ

and

e(a−ε)δ ≤ ‖w(t)‖
‖w(t + δ)‖ ≤ e(a+ε)δ,

which hold for everyt ≥ t0 and everyδ > 0. So (17) and (18) follow immediately.
Suppose thata > 0. The equalities (19) - (22) follow immediately from Theorem 3, the definition of the numbersa

andd in Definition 1 and the fact thata = d (see the proof of Theorem 1). Letλ > a. Then by the use of Theorem 2
limt→∞ ||Eλw(t)||/||w(t)|| = 1 and

1 = lim
t→∞

|||Eλw(t)|||β
|||w(t)|||β = lim

t→∞
||Eλw(t)||
||w(t)||

( ||AβEλw(t)||
||Eλw(t)|| + 1

)( ||Aβw(t)||
||w(t)|| + 1

)−1

.

Consequently, it follows from (22) that

lim
t→∞

||AβEλw(t)||
||Eλw(t)|| = aβ

and

lim
t→∞

||AβEλw(t)||
||Aβw(t)|| = lim

t→∞
||AβEλw(t)||
||Aβw(t)||

||w(t)||
||Eλw(t)|| = lim

t→∞
||AβEλw(t)||
||Eλw(t)||

||w(t)||
||Aβw(t)|| = aβa−β = 1. (27)
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If λ < a, then by the use of (9) from Theorem 1 we obtain

lim
t→∞

||AβEλw(t)||
||Aβw(t)|| ≤ lim

t→∞
λβ ||Eλw(t)||

λβ ||(I − Eλ)w(t)|| = lim
t→∞

||Eλw(t)||
||w(t)|| = 0. (28)

(23) follows from (27) and (28). Let0 ≤ γ ≤ β < 1. (24) follows from (17), (22) and the equality

‖Aβw(t)‖
‖Aγw(t + δ)‖ =

‖Aβw(t)‖
‖w(t)‖

‖w(t)‖
‖w(t + δ)‖

‖w(t + δ)‖
‖Aγw(t + δ)‖ .

(25) now follows from (18), (22) and the equality

‖Aβw(t)‖
‖Aβw(t + δ)‖ =

‖Aβw(t)‖
‖w(t)‖

‖w(t)‖
‖w(t + δ)‖

‖w(t + δ)‖
‖Aβw(t + δ)‖ .

Let a = 0. Then (26) can be proved in an analogical way as (24). Similarly, ifC(β0) < ∞ then (26) holds for every
β ∈ (0, β0].
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