
Ondřej Zindulka∗, Department of Mathematics, Faculty of Civil Engineering,
Czech Technical University, Thákurova 7, 160 00 Prague 6, Czech Republic
(e-mail: zindulka@mat.fsv.cvut.cz)

Monotone spaces and nearly Lipschitz maps

Abstract

A metric space (X, d) is called c-monotone if there is a linear order
< on X and c > 0 such that d(x, y) 6 c d(x, z) for all x < y < z in X. A
brief account of investigation of monotone spaces including applications
is presented.

1 Monotone and σ-monotone spaces

In [6] I investigated existence of sets in Euclidean spaces that have large Haus-
dorff dimension and yet host no continuous finite Borel measure except the
trivial one. (Details are provided below.) I constructed such a set within
a line and then extracted the following property of the line that makes the
construction work.

Definition 1.1. Let c > 0. A metric space (X, d) is called c-monotone if
there is a linear order < on X such that d(x, y) 6 c d(x, z) for all x < y < z
in X, and monotone if there is c > 0 such that (X, d) is c-monotone.

Numerous straightforward generalizations of monotonicity are possible,
e.g. local or pointwise monotonicity. We shall consider σ-monotone spaces,
i.e. spaces that are countable unions of monotone subspaces (with possibly
different witnessing constants). This property still yields the desired measure-
theoretic properties of the space.

The present abstract reviews results on monotone and σ-monotone spaces,
as they (will) appear in papers [1, 2, 4, 5, 6]. Some results are co-authored by
Aleš Nekvinda.
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2 Elementary properties

Elementary properties of monotone spaces are established in [2]. We first note
that the inequality in the definition may be replaced with various other.

Proposition 2.1 ([2]). Let (X, d) be a metric space and < a linear order on
X. The following are equivalent.
• There is c > 0 such that d(x, y) 6 c d(x, z) for all x < y < z,
• there is c > 0 such that d(y, z) 6 c d(x, z) for all x < y < z,
• there is c > 0 such that d(x, y) + d(y, z) 6 c d(x, z) for all x < y < z,
• there c > 0 such that min

(
d(x, y), d(y, z)

)
6 c d(x, z) for all x < y < z,

• there is c > 0 such that diam[x, y] 6 c d(x, y) for all x 6 y.

The latter condition is very close to the definition of a so called quasi-arc.
Using this lemma it is rather easy to prove that being monotone is a bi-

Lipschitz invariant property:

Proposition 2.2 ([2]). • A metric space is monotone if and only if it is
bi-Lipschitz equivalent to a 1-monotone space.
• A metric space that is bi-Lipschitz equivalent to a monotone space is

monotone.

It is obvious that a subspace of a monotone metric space is monotone. The
following it not that obvious.

Proposition 2.3 ([2]). A metric space with a dense monotone subspace is
monotone. Hence a σ-monotone space is a countable union of closed monotone
subspaces.

Proposition 2.4 ([2]). • Every subset of the Euclidean line is monotone.
• Every topologically discrete metric space is σ-monotone.
• Every ultrametric space is monotone.

3 A planar Cantor set that is not σ-monotone

Is every compatible metric on the Cantor ternary set σ-monotone? This ques-
tion was posed in [8]. The relevance of the query is explained in [6]. The
negative answer is provided in [1]. Denote by H1 the 1-dimensional Hausdorff
measure.

Theorem 3.1 ([1]). There is a set X ⊆ R2 with the following properties.
• X is homeomorphic to the Cantor ternary set,
• H1(X) = 1,
• If E ⊆ X is σ-monotone, then E is meager in X and H1(E) = 0,
• in particular, X is not σ-monotone.
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The set X: The two triangu-

lar shapes are centered at the

endpoints of a segment. The

six square shapes are centered

at the vertices of the trian-

gles. The twenty four pentag-

onal shapes are centered at the

vertices of the squares, et cetera

ad infinitum. One of the ver-

tices of the pentagons is shown

magnified in the circle.

4 Topology of monotone and σ-monotone spaces

Recall that a Hausdorff topological space X is linearly ordered if there is a
linear order such that the interval topology coincides with that of X, and that
X is generalized ordered (GO) if X embeds into a linearly ordered topological
space. It is not a priori clear that a monotone space has to be GO, but it is
so, and the converse holds as well:

Theorem 4.1 ([2]). A metrizable space admits a monotone compatible metric
if and only if it is a GO space.

Corollary 4.2 ([2]). A separable metrizable space admits a monotone com-
patible metric if and only if it embeds into R.

Corollary 4.3 ([2]). The topological dimension of a σ-monotone space is at
most 1.

Using Theorem 3.1 and Proposition 2.4 one can show:

Theorem 4.4 ([2]). Let X be a metrizable space. Then every compatible
metric on X is monotone if and only if X is finite.

Theorem 4.5 ([2]). Let X be Čech-analytic metrizable space. Then every
compatible metric on X is σ-monotone if and only if X is σ-discrete.

Corollary 4.6 ([2]). If X is analytic, then every compatible metric on X is
σ-monotone if and only if X is countable.

5 Monotone sets in Euclidean spaces

In [4] fractal properties of monotone and σ-monotone sets in Rn are investi-
gated. It is not difficult to construct in Rn compact monotone sets of Haus-
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dorff dimension arbitrarily close to n. On the other hand, it turns out that
a c-monotone set is porous in a rather strong sense and that an upper bound
of its Hausdorff dimension is determined by the witnessing constant c. De-
note B(x, r) the closed ball with radius r centered at x. Denote by Hs the
s-dimensional Hausdorff measure and by dimH Hausdorff dimension.

Theorem 5.1 ([4]). If X ⊆ Rn is c-monotone, then for each x ∈ Rn, for each
r > 0 and for each 2-dimensional plane V through x there exists z ∈ V such
that

B(z, r(2c+ 3)−1) ⊆ B(x, r) \X.

In particular, X is strongly porous.

Theorem 5.2 ([4]). If X ⊆ Rn is a countable union of c-monotone sets, then
dimHX 6 n − q

c ln(c+ 1)
, where q is an absolute constant. In particular,

dimHX < n.

For any c sufficiently large examples of c-monotone sets satisfying dimHX >
n− 1

c are fairly easy to construct. But we do not know the right asymptotics
for large c.

The asymptotics for c close to 1 seems to be much stronger than suggested
by the theorem. The best estimate we could get for c = 1 is dimHX < 1.849.
That does not seem good enough.

Recall that a set A ⊆ Rn is m-rectifiable if Hm-almost all points of A
can be covered by countably many Cm-surfaces, and that B ⊆ Rn is purely
m-unrectifiable if Hm(X ∩A) = 0 for each m-rectifiable set A ⊆ Rn.

Theorem 5.3 ([4]). A σ-monotone set X ⊆ Rn is purely m-unrectifiable for
each m > 2.

Corollary 5.4 ([4]). If n > 2, then a σ-monotone set in Rn is Lebesgue null.

6 Quasi-Lipschitz mappings

Recall that a mapping between two metric spaces is quasi-Lipschitz if it is
β-Hölder for each β < 1. The notion is introduced in [3] and independently
in [6] where it is called nearly Lipschitz.

The question which Borel sets in Rn map onto an m-dimensional ball
(m 6 n) by a Lipschitz or quasi-Lipschitz mapping is investigated in [5]. The
following theorems are employed.

Theorem 6.1 ([5]). Each analytic set X ⊆ Rn contains a σ-monotone set
M ⊆ X such that dimHM = dimHX.
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Theorem 6.2 ([6]). Let X be an analytic σ-monotone metric space and s > 0
such that Hs(X) > 0. Let S ⊆ Rn be a self-similar set satisfying the open
set condition. If dimH S 6 s, then there is a compact set C ⊆ X such that
Hs(C) > 0 and a quasi-Lipschitz onto mapping φ : C → S.

Recall that the Hausdorff dimension of a finite Borel measure µ in a metric
space X is defined by dimH µ = inf{dimHE : E ⊆ X Borel, µ(E) > 0}. It
is well-known that if E ⊆ Rn is an analytic set, then dimHE = sup dimH µ,
where the supremum is taken over all finite Borel measures on E.

Combining the two theorems yields:

Theorem 6.3 ([5]). Let E ⊆ Rn be an analytic set. Let S ⊆ Rm be a self-
similar set satisfying the open set condition. The following are equivalent.
• There is a quasi-Lipschitz mapping f : E → Rm such that S ⊆ f(E),
• there is a finite Borel measure µ on E such that dimH µ > dimH S.

Denote Bm the m-dimensional unit ball in Rm. Since Bm is Lipschitz-
equivalent to [0, 1]m and the latter is a self-similar set satisfying the open set
condition, we get a particularly simple characterization of Borel sets that map
onto Bm by a quasi-Lipschitz mapping.

Corollary 6.4 ([5]). Let E ⊆ Rn be an analytic set. The following are equiv-
alent.
• There is a quasi-Lipschitz onto map f : E → Bm,
• there is a finite Borel measure µ on E such that dimH µ > m.

Corollary 6.5 ([5]). Let E ⊆ Rn be an analytic set. If Hm(E) > 0, then E
maps onto Bm by a quasi-Lipschitz mapping.

Here is an application: Recall that a metric (or topological) space X is
universally null if every finite Borel measure on X that vanishes on singletons
vanishes on X. By a theorem of [6] any self-similar set satisfying the strong
separation property contains a universally null set with the same Hausdorff
dimension. The proof has nothing to do with monotone spaces, but combined
with Theorem 6.3 yields

Theorem 6.6 ([6]). Any analytic set E ⊆ Rn contains a universally null set
with the same Hausdorff dimension.

Here is an application to topological dimension theory: Combining a the-
orem of [7] with Corollary 6.4 gives

Theorem 6.7 ([5]). Let X be a Polish space. If its topological dimension is
at least m, then X maps onto Bm by a quasi-Lipschitz mapping.
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7 Functions with monotone graphs

It is easy to see that a smooth curve in Rn is σ-monotone. The converse fails
completely: The von Koch curve is monotone and yet it does not have (even
approximate) tangent at any point. This cannot happen if the curve is a graph
of a continuous function: Any such curve, if σ-monotone, has a tangent at a
dense set of its points.

Consider a continuous function f on the interval and its graph G(f) ⊆ R2.

Theorem 7.1. If G(f) is monotone, then H1(G(f)) is σ-finite.

Theorem 7.2. If f is nowhere differentiable, then G(f) is not σ-monotone.

In other words, if G(f) is σ-monotone, then f is differentiable at a dense
set. The proofs are based on the well-known Denjoy-Young-Saks Theorem.

It would be interesting to know if a continuous function with a monotone
or σ-monotone graph has to be differentiable almost everywhere or even be of
bounded variation.
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