
ADDITIVITY AND PATHOLOGY OF HAUSDORFF MEASURES

ONDŘEJ ZINDULKA

Abstract. Additivity of Hausdorff measures under Martin’s Axiom is exam-
ined. Using Martin’s Axiom, spaces that admit only {0,∞}-valued Hausdorff

measures are constructed.

1. Introduction

Martin’s Axiom ensures that the union of less than continuum many Lebesgue–
negligible subsets of the real line is negligible. This problem of additivity is widely
known and thoroughly treated for finite Borel measures. However, as far as I know,
no such result concerning Hausdorff measures has been published. The obstacle is
that Hausdorff measures are often non-σ-finite. Modifying the standard proof (see
[7]) we get e.g. the following theorem. The proof and definitions are given below.

Theorem 1.1. Assume the Martin’s Axiom. Let s > 0 and let Hs be the s-
dimensional Hausdorff measure in Rn. The union of less than continuum many
Hs-negligible subsets of Rn is Hs-negligible.

We then use the obtained additivity to construct, with the aid of the Martin’s
Axiom, examples of sets X in Rn that have positive Hausdorff dimension, but each
s-dimensional Hausdorff measure on X is degenerate, in that it takes at most two
values—zero and infinity:

Theorem 1.2. Assume the Martin’s Axiom. For each positive integer n there is
a set X ⊆ Rn of Hausdorff dimension n such that the s-dimensional Hausdorff
measure is degenerate on X for each s > 0.

(An analytic subspace of Rn cannot possess this property, cf. the first paragraph of
section 4.)

The paper is organized in three sections. In the first one, we recall the Carathé-
odory’s measure construction and basic stuff concerning Martin’s Axiom, and prove
a combinatorial result on Carathéodory’s measures. In the second one, various
theorems on additivity of Hausdorff measures are derived. In the third section,
examples of spaces inhabited by degenerate Hausdorff measures are constructed.

2. Additivity of Carathéodory measures under Martin’s Axiom

The goal of this section is to prove a basic theorem on additivity of Carathéodory
measures.

R, Rn and N have usual meaning. The symbols ω and ω1 are used to denote
the first infinite and uncountable cardinal, respectively (so ω = N), and c to denote
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the cardinal of continuum. |A| denotes the cardinality of a set A. All topological
spaces we work with are metrizable, so the term “space” refers to a metrizable
topological space. A Borel measure in a metric or topological space is a σ-additive
[0,∞]-valued measure on a σ-algebra of subsets of X that contains all Borel sets.

Following virtually [4], we adhere to the following notation and terminology. X
denotes a separable metric space and d the metric of X. For A ⊆ X, the symbol
diam A denotes the diameter of A. The power set of X is denoted by PX. For
A ⊆ PX, we define meshA = supA∈A diam A.

If E ⊆ X and ε > 0, thenA ⊆ PX is an ε-cover of E if E ⊆
⋃
A and meshA < ε.

A pre–measure ζ is a [0,∞]-valued mapping such that dom ζ ⊆ PX.
For F ⊆ PX, a pre–measure ζ such that F ⊆ dom ζ, E ⊆ X and ε > 0 define

Φζ,F
ε (E) = inf

{ ∑
n∈N

ζEn : {En : n ∈ N} ⊆ F is an ε-cover of E
}

,

Φζ,F (E) = sup
ε>0

Φζ,F
ε (E) = lim

ε→0
Φζ,F

ε (E)

and call Φζ,F a Carathéodory measure constructed from F and ζ. It is well–known
that Φζ,F is an outer measure and that all Borel subsets of X are Φζ,F -measurable.
Refer to [4, 2.10] and [9] for proofs and details.

Next we recall basic notions concerning Martin’ Axiom. Standard references:
[5] and [7]. A p.o. set 〈P,6〉 is a set P provided with a quasi–order 6, i.e. with
a reflexive transitive relation. The term “P is ccc” refers to a countable chain
condition. A set A ⊆ P is

• cofinal in P if for each p ∈ P there is a ∈ A such that p 6 a,
• bounded in P if there is p ∈ P such that a 6 p for each a ∈ A,
• dense in P if for each p ∈ P there is a ∈ A such that a 6 p,
• n-linked (n ∈ ω) if every subset of A with n elements has a lower bound in

P, and σ-n-linked if A is a union of countably many n-linked subsets,
• a filter if for each a, b ∈ A there is c ∈ A such that c 6 a and c 6 b, and,

for each a ∈ A, b > a implies b ∈ A.

For a cardinal κ, MA(κ) is the statement “If {Aα : α < κ} is a family of
dense subsets of a ccc p.o. set, then there is a filter p ⊆ P that meets every Aα”
and MAcountable(κ) is the statement “If {Aα : α < κ} is a family of dense sub-
sets of a countable p.o. set, then there is a filter p ⊆ P that meets every Aα.”
The cardinals m and mcountable are defined by m = min{κ : MA(κ) fails} and
mcountable = min{κ : MAcountable(κ) fails}. MA is the abbreviation of “m = c” and
MAcountable abbreviates “mcountable = c.”

Fact 2.1. (i) ω1 6 m 6 mcountable 6 c, (ii) c<m = c.

Theorem 2.2. Let ζ be a pre–measure in a separable metric space X. Let F ⊆
dom ζ be countable. Let {Aα : α < κ} be a family of subsets of X such that
Φζ,FAα = 0 for each α < κ. Put A =

⋃
α<κ Aα.

(i) If κ < m, then Φζ,F (A) = 0.
(ii) If κ < mcountable, if F consists of open sets and if all Aα’s are compact, then

Φζ,F (A) = 0.
(iii) If E ⊆ X and |E| < mcountable, then Φζ,F (E) = 0.
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Proof. a) Let ε, δ > 0 be given. Let

(1) P =
{
G ⊆ F : meshG 6 ε &

∑
G∈G

ζG < δ
}

and order P by G1 6 G2 iff G1 ⊇ G2. Observe that G1,G2 ∈ P are compatible iff∑
{ζG : G ∈ G1 ∪ G2} < δ. Denote by Q the subset {Q ∈ P : |Q| < ω} of P.
b) Q is countable. P is σ-n-linked for each n ∈ ω and hence is ccc.

The first assertion is trivial. Let n ∈ ω. For each Q ∈ Q put

PQ =
{
G ∈ P : Q ⊆ G &

∑
{ζG : G ∈ G \ Q} <

1
n

(
δ −

∑
{ζG : G ∈ G}

)}
.

Let G ∈ P. Since the sum
∑
{ζG : G ∈ G} is finite and the rightmost term in

the above definition is by (1) positive, there exists Q ∈ Q such that G ∈ PQ. It
follows that

⋃
Q∈Q PQ = P. As Q is countable, we have only to show that each PQ

is n-linked. Let Q ∈ Q and G1,G2, . . . ,Gn ∈ PQ. Then for each i 6 n we have∑
{ζG : G ∈ Gi \ Q} <

1
n

(
δ −

∑
{ζG : G ∈ Q}

)
and therefore∑

{ζG : G ∈ G1 ∪ G2 ∪ · · · ∪ Gn} =

=
∑

{ζG : G ∈ G1 ∪ G2 ∪ · · · ∪ Gn \ Q ∪ Q} =

=
∑

{ζG : G ∈ G1 ∪ G2 ∪ · · · ∪ Gn \ Q}+
∑

{ζG : G ∈ Q} 6

6
n∑

i=1

∑
{ζG : G ∈ Gi \ Q}+

∑
{ζG : G ∈ Q} <

<δ −
∑

{ζG : G ∈ Q}+
∑

{ζG : G ∈ Q} = δ.

It follows that G1 ∪ G2 ∪ · · · ∪ Gn ∈ P. Thus P is σ-n-linked.
c) If B ⊆ X and Φζ,F (B) = 0, then the set {G ∈ P : B ⊆

⋃
G} is dense in P.

If, moreover, either B is compact and F consists of open sets, or B is a singleton,
then {Q ∈ Q : B ⊆

⋃
Q} is dense in Q.

Let G ∈ P. The number η = δ −
∑
{ζG : G ∈ G} is positive, so there is, by the

definition of Φζ,F , some C ∈ P such that B ⊆
⋃
C and

∑
{ζG : G ∈ C} < η.

Obviously
∑
{ζG : G ∈ G ∪ C} < δ, hence G ∪ C ∈ P, hence G ∪ C 6 G. This proves

the first assertion. The others can be proved in the same manner.
d) If p ⊆ P is a filter, then

∑
{ζH : H ∈

⋃
p} 6 δ.

Since
∑
{ζH : H ∈

⋃
p} = sup

{ ∑
{ζH : H ∈ Q} : Q ⊆

⋃
pand|Q| < ω

}
, it is

enough to show that if Q ⊆
⋃

p is finite, then Q ∈ p. But Q ⊆
⋃

p implies that
for each H ∈ Q there is G(H) ∈ p such that H ∈ G(H). Hence Q ⊆

⋃
H∈Q G(H)

and the latter set is a finite union of elements of p and therefore belongs to p. It
follows that Q ∈ p.

e) Proof of (i). Let {Aα : α < κ}, ε, δ > 0 and P be as above. Recall that
A =

⋃
α<κ Aα. For each α < κ consider the set

Hα = {G ∈ P : Aα ⊆
⋃

G}.

According to c), the sets Hα are dense. As P is ccc by b) and κ < m, there exists a
filter p ⊆ P meeting each Hα. It follows that the family

⋃
p is a cover of A by sets
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from F of diameter no more than ε. As F is countable, so is
⋃

p. Thus d) implies
that Φζ,F

2ε (A) 6 δ. Let first δ → 0 and then ε → 0 to conclude that Φζ,F (A) = 0.
f) (ii) and (iii) can be proved in the same manner. �

The disadvantage of this theorem is obviously the dramatic restriction of the size
of F . It is essential: When |X| > ω1, F = PX and ζE is 0 if E is at most
countable and ∞ otherwise, then the theorem completely fails (under the failure of
Continuum Hypothesis, of course). We shall see in the next section that sometimes
we can approximate satisfactorily an uncountable F by a countable subfamily so
that the theorem can be applied to get additivity results.

3. Additivity of Hausdorff measures

We now adopt Theorem 2.2 to Hausdorff measures, that are of particular impor-
tance.

Let H denote the set of all Hausdorff functions, i.e. functions h : [0,∞) → [0,∞)
that are nondecreasing, right–continuous and h(ε) = 0 iff ε = 0. We provide the
set H with the following quasi–order (due to Hardy): f 4 g iff limε→0 gε/fε < ∞.
If limε→0 gε/fε = 0, then we write f ≺ g.

Recall that X denotes a separable metric space. For g ∈ H, the Hausdorff
measure of order g ∈ H in X is the Carathéodory’s measure Φζ,F obtained from
F = PX and ζ(E) = g(diam E). The outer measures Φζ,F

ε and Φζ,F are then
denoted, respectively, by Hg

ε and Hg. If g(ε) = εs for some s > 0, then Hg
ε and Hg

are denoted by Hs
ε and Hs, and Hs is called an s-dimensional Hausdorff measure.

All relevant information on Hausdorff measures can be found in [9].
If we replace in the previous paragraph PX with the family of all closed balls

and the letter H with the letter S, then we obtain the definition of a spherical
measure of order g and an s-dimensional spherical measure, respectively.

In the oncoming theorems, we use the following auxiliary notation. For g ∈ H
define (g◦ 1

2 )(ε) = g(ε/2). Obviously g◦ 1
2 ∈ H. If g◦ 1

2 4 g, we will call g, following
[8], a blanketed function. Each function of the form εs is obviously blanketed, so
the important case of s-dimensional Hausdorff measure is got from a blanketed
function.

Theorem 3.1. Let X be a separable metric space. Let g ∈ H be a Hausdorff
function. Let {Aα : α < κ} be a family of subsets of X such that Hg Aα = 0 for
each α < κ. Put A =

⋃
α<κ Aα.

(i) If κ < m, then Hg◦ 1
2 (A) = 0. If g is blanketed, then Hg(A) = 0.

(ii) If κ < mcountable and all Aα’s are compact, then Hg◦ 1
2 (A) = 0. If g is blan-

keted, then Hg(A) = 0.
(iii) If E ⊆ X and |E| < mcountable, then Hg(E) = 0.

Proof. For x ∈ X and r > 0, the symbol B(x, r) denotes the closed ball of radius r
centered at x. Pick countable dense subsets S ⊆ X and D ⊆ (0,∞). Consider the
family B = {B(x, r) : x ∈ S, r ∈ D}, a pre–measure η on B defined by η(B(x, r)) =
g(r) and the Carathéodory measure Φη,B. We first show that for each F ⊆ X,

(2) Hg◦ 1
2 F 6 Φη,BF 6 Hg F.

Let ε > 0 and let δ satisfy Φη,B
ε F < δ. Then there is an ε-cover {B(xn, rn) :

n ∈ N} of F by balls such that
∑

n∈N g(rn) =
∑

n∈N η B(xn, rn) < δ. Obviously
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diam B(x, r) 6 2r, hence
∑

n∈N g( 1
2 diam B(xn, rn)) < δ and Hg◦ 1

2
ε F < δ follows,

proving that Hg◦ 1
2

ε F 6 Φη,B
ε F , which is enough for the left–hand inequality.

To prove the right–hand one, note that for each set G there is a ball B(x,diam G)
that contains G, and that, as the function g is right–continuous, it is possible to
approximate x by some s ∈ S and diam G by some d ∈ D so that B(x,diam G) ⊆
B(s, d) and g(s) is as close to g(diam G) as wanted. So if {Fn : n ∈ N} is an ε-cover
of F such that

∑
n∈N g(diam Fn) < δ, then there is a 2ε-cover {B(sn, dn)} of F

by balls from B such that
∑

n∈N g(dn) =
∑

n∈N η B(sn, dn) < δ, which shows that
Φη,B

2ε F 6 Hg
ε F . The inequality Φη,BF 6 Hg F follows.

Next we prove (i). Let {Aα : α < κ} be the family such that Hg Aα = 0 for each
α < κ. By (2), a fortiori Φη,BAα = 0. As B is countable, we infer from Theorem
2.2(i) that Φη,B( ⋃

α<κ Aα

)
= 0 and by virtue of (2) also Hg◦ 1

2
( ⋃

α<κ Aα

)
= 0. If

g is blanketed, then there is a number ∆ < ∞ such that g(ε) 6 ∆ ·g( 1
2ε) for every ε

that is small enough. Therefore Hg 6 ∆ · Hg◦ 1
2 and the assertion on the blanketed

g follows.
(ii) and (iii) are derived in the same manner from (ii) and (iii) of Theorem 2.2,

respectively. �

Note that Theorem 1.1 is a trivial corollary to Theorem 3.1. Putting a restriction
on the size of X we can prove slightly more.

Theorem 3.2. Let X be a separable metric space that is a union of countably many
totally bounded subspaces. Let g ∈ H be a Hausdorff function. Let {Aα : α < κ} be
a family of subsets of X such that Hg Aα = 0 for each α < κ. Put A =

⋃
α<κ Aα.

(i) If κ < m, then Hg(A) = 0.
(ii) If κ < mcountable and all Aα’s are compact, then Hg(A) = 0.

Proof. Since the measure Hg is σ-additive, mutatis mutandis we can assume that X
is totally bounded. We shall approximate the family PX by a countable subfamily
so that we will be able to apply Theorem 2.2.

Denote by F(X) the family of all nonempty closed subsets of X and by ρH the
Hausdorff metric on F(X). The definition of ρH can be found e.g. in [9] or [3].
The only properties of the metric space 〈F(X), ρH〉 we need are that ρH(F,G) < ε
implies F ⊆ B(G, ε) (the symbol B(G, ε) denoting the closed ε-neighborhood of G)
and that if X is totally bounded, then so is 〈F(X), ρH〉 (Blaschke’s Theorem). For
both we refer to [9] or [3].

Since 〈F(X), ρH〉 is totally bounded, it is a fortiori separable. Therefore, ac-
cording to the above mentioned inclusion, there is a countable family B of closed
sets such that

(3) diam A = inf{diam B : A ⊆ B ∈ B} for each A ⊆ X,

namely the family of all sets of the form B(F, ε), where ε is a positive rational
number and F is an element of a fixed countable dense subset of 〈F(X), ρH〉. Put
ζA = g(diam A). As the function g is right–continuous, it follows from (3) that
for each ε-cover {En : n ∈ ω} of a set E by arbitrary sets there exists an ε-cover
{Bn : n ∈ ω} of E by sets from B such that

∑
n∈ω ζBn differs from

∑
n∈ω ζEn by

no more than a prescribed precision. The conclusion is that Hg E = Φζ,B. Since
B is countable, both statements of Theorem 3.2 now follow directly from Theorem
2.2(i) and (ii). �
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If we replace in 3.2(ii) mcountable with m, the size restriction can be dropped.

Corollary 3.3. Let X be a separable metric space. Let g ∈ H be a Hausdorff
function. Let {Aα : α < κ} be a family of totally bounded subsets of X such that
Hg Aα = 0 for each α < κ. If κ < m, then Hg

( ⋃
α<κ Aα

)
= 0.

Proof. Theorem [5, 22I] asserts that if a separable metric space can be covered by
less that m totally bounded sets, then it is a countable union of totally bounded
subspaces. So

⋃
α<κ Aα satisfies the hypothesis of Theorem 3.2. Apply 3.2(i). �

Note that if Aα’s are assumed to be compact, m can be replaced with a cardinal
p or even by min(b,mcountable). (See [2] or [10] for the definitions of these cardinals.)
Two edible corollaries to theorems 3.1 and 3.2:

Corollary 3.4. (i) Let g ∈ H and {Aα : α < κ} a family of Hg-negligible subsets
of Rn. If κ < m, then Hg

( ⋃
α<κ Aα

)
= 0.

(ii) Let s > 0 and {Aα : α < κ} a family of Hs-negligible subsets of a separable
metric space. If κ < m, then Hg

( ⋃
α<κ Aα

)
= 0.

Let us note that all of the theorems 3.1—3.4 hold for the spherical measures Sg,
with minor changes in proofs. The proofs can be also adopted to some other types
of geometric measures, e.g. so called s-dimensional Carathéodory measures, see [4,
2.10.4]. Various refinements and variations of the presented results are possible.

4. Degenerate Hausdorff measures

By famous theorems of Besicovitch, Davies and Rogers, an analytic set E ⊆ Rn

has the following property: If s > 0 and Hs E > 0, then there is a compact set
K ⊆ E such that 0 < Hs K < ∞. Subsets of R2 that fail to have this property were
constructed under the Continuum Hypothesis. We show here an improvement of
this negative result in two directions: First, Martin’s axiom is enough to construct
such a space, and second, such a space exists even in R. The method of construction
is however far from being perfect. It works only with the aid of Martin’s Axiom and
the constructed spaces are very nonmeasurable. As a matter of fact, I do not know if
the existence of a subset A of Rn such that each s-dimensional Hausdorff measure
on subsets of A takes at most two values—zero and infinity—can or cannot be
proved within ZFC, the Zermelo–Fraenkel set theory including the axiom of choice.

If Hg is a Hausdorff measure on a space X and Y ⊆ X, we call Hg degenerate
on Y provided Hg(E) is either zero or infinity for each E ⊆ Y . Recall that the
terms f 4 g and f ≺ g were defined in section 3. Observe that if f 4 g, then there
is a constant Q such that Hg E 6 Q · Hf E whenever the terms make sense. It is
also known (see [9]) that if f ≺ g, then Hf E < ∞ implies Hg E = 0 (and thus
Hg E > 0 implies Hf E = ∞).

The core of our constructions is the following variation of a well–known construc-
tion of a Lusin set. We (unfortunately) need some more notation and terminology:
If X is a set and J ⊆ PX is an ideal, call J proper if all singletons are contained
in J and X /∈ J . For a set Y ⊆ X we write J � Y = {J ∩ Y : J ∈ J }. We also
make use of the following cardinals. Recall that A ⊆ J is cofinal if for each J ∈ J
there is A ∈ A such that J ⊆ A.

addJ = min{|A| : A ⊆ J &
⋃

A /∈ J },
cf J = min{|C| : C ⊆ J is cofinal}.
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Lemma 4.1. If X is a set and J ⊆ PX a proper ideal such that addJ = cf J = c,
then there exists a set Y /∈ J such that J � Y = {A ⊆ Y : |A| < c}.

Proof. Let 〈Cα : α < c〉 enumerate a cofinal set. Set

Γ =
{
α < c : Cα \

⋃
β<α

Cβ 6= ∅
}
.

Then Γ ⊆ c is cofinal in c, for otherwise there were γ < c such that Cα ⊆
⋃

β<γ Cβ

for each α < c, and, since J is proper, it would follow that addJ 6 |γ| < c. For
each γ ∈ Γ choose a point yγ ∈ Cγ \

⋃
β<γ Cβ and put Y = {yγ : γ ∈ Γ}. Clearly

{A ⊆ Y : |A| < c} ⊆ J , for addJ 6 c. If J ∈ J , then there is α < c such that
J ⊆ Cα. Therefore J ∩ Y ⊆ Cα ∩ Y ⊆ {yγ : γ ∈ Γ & γ 6 α} by the definition of
Γ. The latter set has cardinality less than c, so |J ∩ Y | < c. Since Γ is cofinal, J
cannot contain Y . Hence Y /∈ J . �

Recall that a topological space X has universal measure zero if each finite Borel
measure in X that vanishes on singletons is identically zero.

Lemma 4.2. ([5, 22Hd, B1B]) Each metrizable space of cardinality less than m is
of universal measure zero.

Theorem 4.3 (Assume MA). Let X be a σ-compact metric space and g ∈ H such
that Hg(X) is not σ-finite. Then there is a subspace Y ⊆ X such that Hg(Y ) is
not σ-finite and

(i) each E ⊆ Y that has σ-finite measure Hg is of universal measure zero,
(ii) if f ∈ H and f 4 g, then the measure Hf is degenerate on Y .

Proof. Mutatis mutandis we may assume that X is compact. Consider the following
condition.

(4) There is a Borel set B ⊆ X of non–σ-finite measure Hg such that
Hg is degenerate on B.

a) Assume first that condition (4) is satisfied. Set J = {E ⊆ B : Hg E = 0}.
Then J is a proper ideal on B. As X is compact, it follows from 3.2(i) that
addJ > c. Since Hausdorff measures are Gδ-regular, cf J 6 c; for there are only c
many Gδ-sets. So by virtue of Lemma 4.1 there is a set Y ⊆ B, Y /∈ J such that if
J ∈ J , then |J ∩ Y | < c.

Let E ⊆ Y satisfy Hg E = 0. Then E ∈ J and hence |E| < c, so Lemma 4.2
ensures that E is of universal measure zero. This proves (i). Next, let f ∈ H and
f 4 g and let E ⊆ Y satisfy Hf E < ∞. As f 4 g, it follows that Hg E < ∞ as
well. Now Hg is degenerate on B and therefore also on Y . Thus Hg E = 0 and
E ∈ J . Hence |E| < c. By Theorem 3.1(iii), Hf E = 0. This proves (ii) and if we
choose E = Y and f = g also that Hg Y is not σ-finite.

b) Now assume that the condition (4) fails. Put I = {A ⊆ X : Hg A < ∞} and
J = {

⋃
A : A ⊆ I & |A| < c}. Clearly addJ > c. For the same reason as above,

cf J 6 c<c. Martin’s axiom implies that c<c = c (cf. 2.1(ii)), hence cf J 6 c. All
singletons are obviously in J . We will verify that X /∈ J .

c) Since (4) fails, each Borel set of positive measure Hg contains a set of finite
positive measure. Borel sets of finite Hausdorff measure are inner regular in that
their measure can be approximated from within by closed sets. Since X is compact,
we conclude that each Borel set of positive measure contains a compact set of finite
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positive measure. So if K is a maximal disjoint family of compacta of finite positive
measure, it is uncountable: for Hg X is not σ-finite.

d) An inspection of the proof of [9, Theorem 23] shows that the following holds.
If a compact space contains ω1 disjoint compacta of finite positive
measure Hg, then it contains c disjoint compacta of finite positive
measure.

Using c) infer that there is a disjoint sequence of compacta 〈Kα : α < c〉 such that
0 < Hg Kα < ∞ for each α < c.

e) If X ∈ J , then there is a cardinal κ < c and a sequence 〈Sβ : β < κ〉 of
measurable sets such that

⋃
β<κ Sβ = X and Hg Sβ < ∞ for each β < κ. Therefore

for each α < c we have

0 < Hg Kα = Hg
( ⋃

β<κ

(Sβ ∩Kα)
)
.

If all sets Sβ ∩ Kα, β < κ had measure zero, then by Theorem 3.2(i) their union
would also have measure zero. Therefore there is βα < κ such that Hg(Sβα

∩Kα) >
0. As the mapping α 7→ βα maps c into κ, there is an uncountable set I ⊆ c and
β < κ such that Hg(Sβ ∩ Kα) > 0 for each α ∈ I. Since Kα’s are disjoint and
measurable and Sβ has finite measure, we have a contradiction showing that X /∈ J .

f) So J is a proper ideal on X and cf J = addJ = c. Consequently, Lemma
4.1 yields a set Y ⊆ X such that Y /∈ J and if J ∈ J , then |J ∩ Y | < c. Let f ∈ H
be such that f 4 g and E ⊆ Y such that Hf E < ∞. Then also Hg E < ∞, hence
E ∈ J , hence |E| < c, hence Hf E = 0 by Theorem 3.1(iii). Similarly, if Hg E = 0,
then |E| < c, and E is of universal measure zero by Lemma 4.2. We have proved
(i) and (ii). Finally, Y /∈ J and a fortiori Y is of non–σ-finite measure Hg. The
proof is complete. �

We now construct a space that has positive Hausdorff measure Hg for each g ∈ H
and yet is of universal measure zero. We prepare a lemma.

Lemma 4.4. Let A ⊆ 〈H,4〉 be a set of Hausdorff functions. If |A| < m, then A
is bounded in 〈H,4〉.

Proof. Consider the set NN. Order it by f 6∗ g iff |{n ∈ ω : f(n) > g(n)}| < ω.
Then 〈NN,6∗〉 is a p.o. set. By Theorem [2, 3.1(a], if F ⊆ NN and |F| < m, then
F is bounded in 〈ωω,6∗〉. Consider a pair of mappings G : ωω → H, H : H → ωω

defined by (brc denotes the integer part of r)

G(f)(ε) = inf
r≥ε

1
fb 1

r c+ 1
, H(h)(n) =

⌊ 1
h( 1

n+1 )
+ 1

⌋
.

Straightforward verification shows that H(h) 6∗ f implies h 4 G(f) for each h ∈ P
and f ∈ ωω. Thus if A ⊆ H is such that |A| < m, then |H[A]| < m, hence H[A] is
bounded, hence A is bounded. �

Theorem 4.5 (Assume MA). Let X be a separable metric space such that Hg X > 0
for each g ∈ H. Then X contains a subspace Y ⊆ X such that

(i) Hg Y > 0 for each g ∈ H,
(ii) Y is of universal measure zero,
(iii) Hg is degenerate on Y for each g ∈ H.
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There do exist spaces satisfying the hypothesis, e.g the Baire space NN provided
with the Baire metric.

Proof. Let J = {A ⊆ X : (∃g ∈ H)(Hg A = 0)}. Then J is obviously a proper
ideal on X. Since Hg’s are Gδ-regular, it follows that cf J 6 c. To show that
addJ > c, let κ < c, {Aα : α < κ} ⊆ J and {gα : α < κ} ⊆ H be such that
Hgα Aα = 0 for each α < κ. As κ < c and c = m by assumption, we infer from
Lemma 4.4 that there exists a function g ∈ H such that g < gα for all α < κ. Hence
Hg Aα = 0 for each α < κ. By virtue of 3.1(i), Hg◦ 1

2
( ⋃

α<κ Aα

)
= 0. So the union

of Aα’s is in J and addJ > c is proved.
By Lemma 4.1 there is a set Y ⊆ X, Y /∈ J , such that if J ∈ J , then |J∩Y | < c.

So (i) is obviously satisfied. (iii) follows directly from (ii). So it remains to show
that if µ is a finite, diffused Borel measure in Y , then µY = 0.

Assume the contrary. Consider the completion Y ? of Y and the extension µ? of
µ to Y ?. Since in a complete separable metric space each finite measure is inner
regular with respect to compact sets, there is a compact set K? ⊆ Y ? such that
µ?K? > 0. The set K = K? ∩Y is therefore totally bounded and µK = µ?K? > 0.

For each ε > 0 let N(ε) be the minimal possible number of sets of diameter not
exceeding ε that cover K. Since K is totally bounded, N(ε) is finite. It is routine to
show that N is right–continuous and as µ is diffused, limε→0 N(ε) = ∞. Therefore
the function g(ε) = 1/N(ε) belongs to H. It follows directly from the definitions of
Hg and N(ε) that Hg K 6 1. Hence Hf K = 0 for any f ∈ H such that f � g. So
K belongs to J and therefore |K| < c. By Lemma 4.2, K is of universal measure
zero: a contradiction to µK > 0. We are done. �

Remark 4.6. In [11], under a weaker assumption of MAcountable, a separable metric
space of infinite topological dimension and yet of universal measure zero, is con-
structed. According to a theorem of Hurewicz and Wallman [6], such a space has
infinite, degenerate s-dimensional Hausdorff measure for each s > 0.

In the last theorem we deal with the notion of Hausdorff dimension. Recall that a
Hausdorff dimension of a metric space X is defined by dim X = sup{s : Hs X > 0}.
We consider only subspaces of Rn, though generalizations are possible.

Theorem 4.7 (Assume MA). For each analytic set X ⊆ Rn, there is a subset
Y ⊆ X such that

(i) dim Y = dim X,
(ii) the s-dimensional measure Hs is degenerate on Y for each s > 0.

Proof. Put s = dim X. Assume first that Hs X > 0. Let g ∈ H be any continuous
function such that g ≺ εs but g � εt for each t < s. (Take e.g. g(ε) = εs · |log ε| at
a neighborhood of zero.) Then Hg X = ∞. According to the (already mentioned)
theorem of Davies and Rogers [1], there is a compact set K ⊆ X such that 0 <
Hg K < ∞. Let J = {A ⊆ K : Hg A = 0}. Then J is a proper ideal on K and
addJ = c by 3.1(i) or 3.2(i). As usual cf J = c as well, so let Y ⊆ K be the set
of Lemma 4.1. If t > s, then Ht Y = 0, for g ≺ εt and Hg Y < ∞. If t < s, then
Ht Y = ∞, for g � εt, Hg K > 0 and Y /∈ J . It follows that dim Y = s. If t < s
and E ⊆ Y is such that Ht E < ∞, then Hg E = 0. Hence E ∈ J , hence |E| < c,
hence Ht E = 0 by 3.1(iii) and Ht is therefore degenerate.

Now assume thatHs X = 0. Take an increasing sequence sn → s of real numbers.
Then Hsn X = ∞ for each n ∈ ω. Apply the mentioned theorem of Davies and
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Rogers to find a sequence of compacta 〈Kn : n ∈ ω〉 such that Kn ⊆ X and
0 < Hsn Kn < ∞ for each n ∈ ω. Apply the just proved claim to find a sequence
〈Yn : n ∈ ω〉 of subsets of X such that dim Yn = sn and Ht is degenerate on Yn for
each n ∈ ω and t > 0. Set Y =

⋃
n∈ω Yn. Then the Ht’s are obviously degenerate

on Y , and, since sn → s, it follows that dim Y = s. �
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