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Sets with small dimension are thin

A set X C R is thin if |E| = ¢ whenever X + E =R.

Ondt¥ej Zindulka Around Hausdorff dimension of X X X



Sets with small dimension are thin

A set X C R is thin if |E| = ¢ whenever X + E =R.

Theorem (Gruenhage, Darji, Keleti, OZ)

If dimy X209 < 2005, then X is thin.
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Sets with small dimension are thin

A set X C R is thin if |E| = ¢ whenever X + E =R.

Theorem (Gruenhage, Darji, Keleti, OZ)
If dimy X209 < 2005, then X is thin.

If dimp X x Y <dimg X +dimy Y. ..
...dimy X < 1 would imply X be thin.
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Dimension of product

What does one have to say about X, Y to have
dimy X x Y < dimy X + dimy Y?
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Dimension of product

What does one have to say about X to have
@ dimy X x X < 2dimy X?

o dimy X" < ndimpy X7
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The Goal

Find a simple intrinsic characterization of
o dimy(X x X) < 2s
e dimy(X") < ns for all n
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The Goal

Find a simple intrinsic characterization of
o dimy(X x X) < 2s
e dimy(X") < ns for all n

v

Some well-known sufficient conditions

o WPX <s
@ Oi(x)>0ae.

\
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Hausdorff measure is zero iff. . .

X ...a separable metric space

Well-known fact (variation)
H*(X) = 0 iff there is a large cover & = {B(x, rx)} by balls s.t.

Zr,f<oo
K
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Hausdorff measure is zero iff. . .

X ...a separable metric space

Well-known fact (variation)
H*(X) = 0 iff there is a large cover & = {B(x, rx)} by balls s.t.

Zr,f<oo
K

Sort E,'s by size: £, = {B(xk, k) : 27" < <27}
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Hausdorff measure is zero iff. . .

X ...a separable metric space

Well-known fact (variation)
H*(X) = 0 iff there is a large cover & = {B(x, rx)} by balls s.t.

Zr,f<oo
K

Sort E,'s by size: £, = {B(xk, k) : 27" < <27}
Eis large iff Jy = {n: x € [J&,} is infinite for all x € X.

Ondt¥ej Zindulka Around Hausdorff dimension of X X X



Hausdorff measure is zero iff. . .

X ...a separable metric space

Well-known fact (variation)
H*(X) = 0 iff there is a large cover & = {B(x, rx)} by balls s.t.

Zr,f<oo
K

Sort E,'s by size: £, = {B(xk, k) : 27" < <27}
Eis large iff Jy = {n: x € [J&,} is infinite for all x € X.

Vague thought

If J's are rich enough then. .. perhaps... H?5(X x X) = 0?
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Partial covers and nets

o Partial cover: A finite family £ C P(X)
o Net: A sequence & = {&,} of partial covers.

@ Given a net,

Jo = {n:xEUE,,}Qw
J(E) = {Jh:xeX}
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Partial covers and nets

o Partial cover: A finite family £ C P(X)
o Net: A sequence & = {&,} of partial covers.

@ Given a net,

Jo = {n:xEUE,,}Qw
J(E) = {Jh:xeX}

e Binary net £ = {&,}: diam&, < 27"
e A net & ={&,} is witnessing for s > 0:

> |€nl(diam £,)° < o0.
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J (&) and fractal measures on X

There is a net € witnessing for s > 0 such that
£ is large

if and only if

HE(X) =0

Ondt¥ej Zindulka Around Hausdorff dimension of X X X



J (&) and fractal measures on X

There is a net € witnessing for s > 0 such that
J (&) has an infinite intersection

if and only if

Py(X) =0
PS(E) = inf{|€|(diamE)® : £ covers E}
PY(E) = lim P3(E)

)

S(E) = inf{)_P§(En): {En} covers E}
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J (&) and fractal measures on X

There is a net € witnessing for s > 0 such that
J (&) has an infinite pseudointersection
if and only if
lim inf
|\r/n/|£1< Py(Y)=0
PS(E) = inf{|€|(diamE)® : £ covers E}
Po(E) = lim P3(E)
P (E) = mf{z Po(En) : {En} covers E}
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J (&) and fractal measures on X

There is a net € witnessing for s > 0 such that
J (&) is a union of countably many sets with infinite
pseudointersections

if and only if

P*(X) =0
Lower packing measure

PS(E) = inf{|€|(diamE)® : £ covers E}
PY(E) = lim P3(E)

P°(E) = inf{> P§(En): {En} covers E}
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J (&) and Hausdorff measure on powers

If there is a net € witnessing for s > 0 s.t. J(€) is linked
then

H>*(X x X)=0
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J (&) and Hausdorff measure on powers

If there is a net € witnessing for s > 0 s.t. J(E) is n-linked
then

H*(X") =0
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J (&) and Hausdorff measure on powers

If there is a net € witnessing for s > 0 s.t. J(E) is centered
then

H"(X™) =0 for all n
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J (&) and Hausdorff measure on powers

If there is a net € witnessing for s > 0 s.t. J(€) is o-centered

then
there is a countable cover X = |J, Xk such that

H"™(X]) =0 for all n, k
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J(E)

large < H(X)=0

intersection < P3(X) =0
pseudointersection < Ii\r/n/iy(fBS(Y) =0

o-pseudointersection < P°(X) =0

linked = H*(X xX)=0
H"™(X") =0 for all n
H™(X]) =0 for all n, k

centered

Y

o-centered

Y
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Dimension of powers

Definition

o dimyy X = lim % dimy X" = sup  dimy X"
o dim, y X = inf{sup, dim y X : U, Xk = X}
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Dimension of powers

Definition

o dimyy X = lim % dimy X" = sup  dimy X"
o dim, y X = inf{sup, dim y X : U, Xk = X}

Let € = {&,} be a binary net. Set

. log, |E
= //msupM
n

Ondt¥ej Zindulka Around Hausdorff dimension of X X X



Dimension of powers

Definition

o dimyy X = lim % dimy X" = sup  dimy X"
o dim, y X = inf{sup, dim y X : U, Xk = X}

Let € = {&,} be a binary net. Set

= /imsup|0g2n|g"|
o IfE is large, then dimy X < s
o If J(&) is centered, then dimpy X <'s

o If J(&) is o-centered, then dim,py X < s
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Dimension of powers

o dimyy X = lim % dimy X" = sup  dimy X"
o dim, y X = inf{sup, dim y X : U, Xk = X}

Let € = {&,} be a binary net. Set

= /imsup|0g2n|g"|
o IfE is large, then dimy X < s
o If J(&) is centered, then dimpy X <'s

o If J(&) is o-centered, then dim,py X < s

dimgrp X < dimpX
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Dimension zero of powers

TFAE

@ dim,yuX =0

@ For each s > 0 there is a net € witnessing for s such that
J (&) is centered

@ There is a binary net € = {€,} such that J (&) is centered
and

log|&,| _
n

lim

0.
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Strong measure zero of powers

Strong measure zero — SMZ

For each sequence of €, > 0 there is a cover {E,} s.t. diam E, < &,
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Strong measure zero of powers

Strong measure zero — SMZ

For each sequence of €, > 0 there is a cover {E,} s.t. diam E, < &,

@ X has SMZ iff for each sequence of €, > 0 there is a large
net € ={&,} such that |E,| < n and diam &, < ¢,

@ X" has SMZ for all n iff for each sequence of €, > 0 there is a
net &€ = {&,} such that |E,| < n and diam &, < e, and J(E)
is centered
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Does dimy X x X < 2s imply a rich net?

Local dimension of measure

I B
a,(x) = liminf log nB(x, )
o r—0 log r
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Does dimy X x X < 2s imply a rich net?
Local dimension of measure

I B
a,(x) = liminf log nB(x, )
o r—0 log r

Well-known fact

o If 0 < H*(X) < oo, then ays(x) = s He-a.e.
o a,(x) < dimy X p-a.e. for any finite Borel p
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Does dimy X x X < 2s imply a rich net?
Local dimension of measure

I B
a,(x) = liminf log nB(x, )
o r—0 log r

Well-known fact

o If 0 < H*(X) < oo, then ays(x) = s He-a.e.
o a,(x) < dimy X p-a.e. for any finite Borel p

If ays > s everywhere and

® Qs s < 2s everywhere, then for each s’ > s there is a net
E witnessing for s’ with J(€) linked.

@ and Q34syn < ns everywhere for all n, then for each s’ > s
there is a net € witnessing for s' with J(E) centered.

Ondt¥ej Zindulka Around Hausdorff dimension of X X X



Some examples

Recall: dimpX = dimg,y X

A compact X C R with dimpX =0 <1 =dim,y X.
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Some examples

Recall: dimpX = dimg,y X

A compact X C R with dimpX =0 <1 =dim,y X.

Example (Assume non M < ¢)
o If G C R is Gs dense, then dim,,ny G = 1.
o Consequently, there is a G5 set G C R
s.t. dimy G =0<1=dim,y G.
o Consequently, there is a set D C R s.t.

o dim,yD =0
o dimy,y G =1 for each G5 set G D D
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Unfinished Example

For p € 2<% put

o i(p) =max{j <|p|: p(j) =1}
1

° =
= Ty
X = (2¥,d), where d(f,g) = x(f A g)
En=AUp:Ipl =n,i(p) =n—1}
n—1 ; 1
|En| =271, diam &, = ]

E = {&,} is witnessing for each s > 0

Jg=f forall f € 2¢
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Unfinished Example

J(E|A) =Aforall AC 2.
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Unfinished Example

Hence

J(E|A) =Aforall AC 2.

e dimypX =0

e IfF C 2% js a filter, then dim,y F =0

e If E C 2¥ js nonmeager, then dimpE > 1

e If U C 2% is an ultrafilter, then dim;y U < dimp U
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