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ractal

e Borel measure in a metric spad®’( separable).



A finite Borel measure in a metric spad®’( separable).

Examples

Invariant (ergodic) measure of a dynamical system

Hutchinson measure of a self-similar (random
self—similar, self—affine) set.
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A finite Borel measure in a metric spad®’( separable).

Examples

Invariant (ergodic) measure of a dynamical system

Hutchinson measure of a self-similar (random
self—similar, self—affine) set.

Fix once and for all:
X ...aseparable metric space
1 ...afinite Borel measure IX

Multifractal spectra — p.2/18



ractal formalism (false)

or allg € R the following limit exists

l uB oy !
(q) = lim ogsup > . uB(x;,r)
r—0 log 7|




Multifractal formalism (false)

= For allq € R the following limit exists

| ubB 19 4
~(q) = lim ogsup ) _; uB(x;, 1)
r—0 log r|

m q — 7(q) IS convex, decreasing{1) = 0.
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Multifractal formalism (false)

= For allq € R the following limit exists

l B oy !
(q) = lim ogsup »; pB(xi, )
r—0 log r|

= g — T(q) Is convex, decreasing(1) = 0.
wm Foralla e R

| B
dimH{x c X : lim —2F (,7) = Oz} = 7" (a)
r—0 log r

r\ ...the Legendre transform
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dimension

Q (x):li_n(l)

() = Ti_{%

ay(x) = ,}E%

log uB(x,r)

log r
log uB(x,r)

log r
log uB(x,r)

log r




Local dimension

] B
H —o logr

_ — log uB(z,7)

au(@) = 7l~1—r>% log r

log uBB
au(T) = lin% o5 'lfog(:j’r)

ThusuB(z,r) ~ ro®),
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log B
o, (z) = lim 18" (@, 1)
0 log r
_ — log uB(z,7)

Wl) = 71~1—I>% log r

log uBB
o (r) = lin% o5 'llLOg(;E’T)

ThusuB(z,r) ~ ro®),

Lower exact—dimensional: o, Is constant a.e.
Upper exact—dimensionat «, IS constant a.e.
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vs. Hausdorff dimension

dimpg p = inf{dimg F : u(£) > 0},
dimp p = inf{dimp F : u(E) > 0}.



Local vs. Hausdorff dimension

dimg p = inf{dimy F : u(E) > 0},
dimp p = inf{dimp F : u(£) > 0}.

Theorem (Tricot, Haase, Cutler)

dimyg p = mfessgu

dimp p = Infess @,
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Shannon formula generalized

(a, : n € N) non—negative realy,, a, = 1.

q
Hy(an) = 1 logl|anlq, —00 < g < o0

(02 = 0 for all ¢)

Law of thermodynamics

Hq(aij 11, ] € N) = Hq(Zazj ] € N)

(
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Reényi spectra

. inf H,(uE,)
R, p = lim 1

r—0 \ OgT\
— — inf H,(uE,
R, p = lim inf Hy(pEn)

r—0 |10g 7“|

Infima over countable measurabigartitions ofX.
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lal cases

= 0...box—counting dimension &bt p




lal cases

= 0...box—counting dimension &bt p
= 1...Information dimension



Special cases

= g =0...box—counting dimension &bt u
= g =1...information dimension
m g = 2...correlation dimension
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Special cases

= g =0...box—counting dimension &bt u

m g = 1...information dimension

m g = 2 ...correlation dimension

m ¢ = 00...Ccapacity = potential-theoretic dimension
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Continuity of Rényi spectra

Putqg.

f g < 00, then0 <

oossmly aly = 1,

possibly aty = 1.

=inf{q: R, pu < oo}

o S 1,

R, 11 is continuous at every pointé |0, g.] except

R, 1 is continuous at every poigt£ ¢., except
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Putg,, = inf{q: R, i < oo}
f g < 00, then0 < g < 1,

oossmly aly = 1,

R, 1 Is continuous at every poigte |0, ¢ except

R, 4 iS continuous at every poingt# ¢., except

possibly aty = 1.

If dimpX < oo, thenR, 1 andR, p are continuous

except possibly af = 0, 1.

If there isq < 0 such thalR, i« < oo, thenR,, 1 and

R, p are continuous except possiblyg

= 1.
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nuity at ¢ = 1

Ry, p <dimpg p
R, p <dimp




Lemma behind
If 0 < p <1< gq,thenthereig\ > 0 such that

© X _p_

g\t
() >
n=1 1i=n

for each sequence of non—negative reals)s I. , a, = 1.
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ation dimension

R, 1 = lim inf — > a,logay,
r—0 “Og Tl




Information dimension

R, 1 = lim inf —> ™ a,logay,
r—0 “Og T‘

Linked with local dimension
o, <R p

wIf Ri_ 1 < oo, thenR; i < @)1
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Information dimension

R, 1 = lim inf —> ™ a,logay,
r—0 ‘log T‘

Linked with local dimension
o, <R p

wIf Ri_ 1 < oo, thenR; i < @)1

= Counterexample: Exact—dimensionagk on a compact
X s.t.dimp X < R, p.
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Consequences

m If R, p Is right—continuous &f = 1, theny is lower
exact—dimensional and, () = R, i1 a.e.
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If R, 1t 1s right—continuous aj = 1, theny Is lower
exact—dimensional and, (z) = R, iz a.e.

If R, 1 is left—continuous ag = 1 andR; i < oo, then
11 is upper exact—dimensional ang(z) = R, p a.e.
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If R, 1t 1s right—continuous aj = 1, theny Is lower
exact—dimensional and, (z) = R, iz a.e.

If R, 1 is left—continuous ag = 1 andR; i < oo, then
11 is upper exact—dimensional ang(z) = R, p a.e.

If R, u = Ry_ u, theny is exact—dimensional and
a,(r) =Rip =R, pa.e.
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If R, 1t 1s right—continuous aj = 1, theny Is lower
exact—dimensional and, (z) = R, iz a.e.

If R, 1 is left—continuous ag = 1 andR; i < oo, then
11 is upper exact—dimensional ang(z) = R, p a.e.

If R, u = Ry_ u, theny is exact—dimensional and
a,(r) =Rip =R, pa.e.

Counterexample: Exact—dimensional on |0, 1]
S.t.];_{1_|_ ,u < Bl ,u
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Clra

(1= q)inf Hy(uE)
=3
T,U(Q) II?jSlp |10g 7"|
o (1—q)inf Hy(pE,)
7,(7) = hl;n—}onf log r|




1 —gq)int H,(uE,,
?,LL(Q) _ hm SUp ( Q) 111 C](:u )
r—s0 ‘log T‘

.. (1—q)inf H(uE,)
7u(q) = hrrn_}(])af log r|

Link with Rényi spectra and moment sums
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nuity at ¢ = 1 revisited

orem
-a.a.x € X

—D,7,(1) < a,(z) < @u(r) < —D-_7,(1)



Theorem
Foru-a.a.x € X

—D,7,(1) < o (2) < @p(z) < —D-7u(1)

Corollary

If the derivativer) (1) exists (o is allowed), then is exact—
dimensional andv,(r) = —7,(1) p-a.e. Also, the deriva-
tive 7/, (1) exists and equals @, (1).
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Spectra

2| sets of local dimension

Ajfa)={re X :ay(x)=a}, a=0

WV



Level sets of local dimension
Aja)={re X :a,x) =a}, «

WV

0

Lower and upper fine spectra ofu

(@) = dimy Ay (o)
F,(a) = dimp A, ()
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ractal formalism revisited

— T(q) IS convex, decreasing(1) = 0.

— 7(q) is decreasingz (1) = 0.




Multifractal formalism revisited

m g — T(q) is convex, decreasing(1) = 0.
m g — 7(q) is decreasingz(1) = 0.

(o) = inf_ocy<00 aq + 7(q) is the Legendre
transform
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sical” theory

onfined to Euclidean spaces



“Classical’ theory

m Confined to Euclidean spaces
» Usesr-spectra with moment sums from balls
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Confined to Euclidean spaces
Usesr-spectra with moment sums from balls

Nearly all mentioned results recently proved (Cutler,
Olsen, Heurteaux, Ngal, Pesin, Templeman,
O.Z.1997-2002)
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Confined to Euclidean spaces
Usesr-spectra with moment sums from balls

Nearly all mentioned results recently proved (Cutler,
Olsen, Heurteaux, Ngal, Pesin, Templeman,
O.Z.1997-2002)

Proofs heavily depend on geometric regularityRot
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Confined to Euclidean spaces
Usesr-spectra with moment sums from balls

Nearly all mentioned results recently proved (Cutler,
Olsen, Heurteaux, Ngal, Pesin, Templeman,
O.Z.1997-2002)

Proofs heavily depend on geometric regularityRit
In R”, the classical spectra equal attspectra.
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Confined to Euclidean spaces
Usesr-spectra with moment sums from balls

Nearly all mentioned results recently proved (Cutler,
Olsen, Heurteaux, Ngal, Pesin, Templeman,
O.Z.1997-2002)

Proofs heavily depend on geometric regularityRit
In R”, the classical spectra equal attspectra.

Thus the presented theory is a straightforward and
nontrivial extension of the classical one.
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