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ABSTRACT. A metric space (X, d) is monotone if there is a linear order < on
X and a constant ¢ > 0 such that d(z,y) < cd(z,2) for all z < y < z €
X. Properties of continuous functions with monotone graph (considered as
a planar set) are investigated. It is shown, e.g., that such a function can be
almost nowhere differentiable, but is differentiable at a dense set, and that
Hausdorff dimension of the graph of such a function is 1.

1. INTRODUCTION

A metric space (X, d) is called monotone if there is a linear order < on X and a
constant ¢ > 0 such that d(z,y) < cd(z,z) forall z <y < z € X.

Suppose f is a continuous real-valued function defined on an interval. The graph
fof f is a subset of the plane. The goal of this paper is to investigate differentiability
of f assuming that the graph § is a monotone space.

Monotone metric spaces. Monotone metric spaces were introduced in [13, 8, 7].
Some applications are given in [13, 12].

Definition 1.1. Let (X,d) be a metric space.
(X,d) is called monotone if there is a linear order < on X and a constant ¢ > 0
such that for all z,y,z € X

(1) d(z,y) < cd(zx, z) whenever z < y < z.

The order < is called a witnessing order and c is called a witnessing constant.
(X,d) termed o-monotone if it is a countable union of monotone subspaces.

It is easy to check that if (X, d), c and < satisfy (1), then d(y, z) < (c+1)d(z, 2)
for all z < y < z. It follows that replacing condition (1) by

(2) max(d(z,y),d(y, z)) < cd(z, z) whenever x < y < z

gives an equivalent definition of a monotone space. Since we will be occasionally
interested in the value of ¢, we introduce the following notions.

Definition 1.2. Let ¢ > 0. A metric space X, d) is called
(i) c-monotone if there is a linear order < such that (1) holds,
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(ii) symmetrically c-monotone if there is a linear order < such that (2) holds.

It is clear that (X, d) is monotone iff it is c-monotone for some c iff it is symmet-
rically c-monotone for some c. It is also clear that if a space is c-monotone, then it
is symmetrically (¢ 4+ 1)-monotone and that a symmetrically c-monotone space is
c-monotone.

Topology of monotone spaces. Topological properties of monotone and o-mono-
tone spaces are investigated in [8]. We recall the relevant facts proved therein. A
monotone metric space is suborderable. In more detail, let (X, d) be a monotone
metric space and < is a witnessing order. Denote (a,b) = {x € X : a < x < b} the
open intervals and likewise [a, b], [a,b) and (a, b] closed and semiopen intervals. The
metric topology has at every point = a neighborhood system of one of the following
four types: (a) {(a,b) : a < z < b}, (b) {(a,z] : a < z}, (c) {[z,b) : z < b}, (d)
{{z}}. In particular, every monotone space is Eilenberg orderable (or weakly order-
able); in more detail, if < is a witnessing order, then every open interval (a,b) is
open in the metric topology, i.e. the metric topology is finer than the order topology.
Such an order will be from now on called compatible.

If a metric space contains a dense monotone subspace, then the space itself is
monotone. It follows that every o-monotone subset of a metric space is contained
in a o-monotone F,-subset. This fact will be utilized at several occasions.

Topological dimension of a monotone metric space is at most one.

Hausdorff dimension of monotone sets. Though the topological dimension of
a monotone metric space is at most one, in a general context of a separable metric
space there is nothing one can say about the Hausdorff dimension dimy X of X.
Indeed, there are 1-monotone compact spaces of arbitrary Hausdorff dimension,
including oc.

However, when one considers only monotone subspaces of Euclidean spaces, there
is an upper estimate of Hausdorff dimension by means of the witnessing constant:
There is a universal constant ¢ such that if £ C R™ is c-monotone, then dimy E <
n— m. This is proved in the oncoming paper [2]. But it is not known if this
estimate is optimal for large ¢ and there is no better estimate known to date for ¢
close to 1.

On the other hand, by a result from [12], every Borel set in R contains a
o-monotone subset of the same Hausdorff dimension. Thus a monotone set can
have Hausdorff dimension greater than 1. The same holds for curves: by [2], the
von Koch curve is monotone and yet its Hausdorff dimension is strictly greater than
1. However, as we shall see below, this cannot happen when a curve is a graph of
a continuous function.

The interplay between porosity and monotonicity (and also cardinal invariants
of o-monotone sets) in the plane are investigated in [5, 2]. In particular, by [5,
Theorem 4.2], every monotone set in R” is strongly porous'. This fact is utilized
in Section 6.

Monotone graphs. We will focus on properties of continuous functions that have
monotone graph. It turns out that such a graph has o-finite 1-dimensional Hausdorff
measure and in particular, in contrast with the just mentioned von Koch curve
property, has Hausdorff dimension 1. Can one go further and prove for instance that

LSee Section 6 for the definition.
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a continuous function with a monotone graph is differentiable at a large set? Or,
in the other direction, that a differentiable function has a monotone or o-monotone
graph? The goal of this paper is to investigate if monotonicity of a graph is related
to the differentiability of the underlying function and in particular provide answers
to these questions.

We begin with a preliminary Section 2, where definitions, notation and some
elementary facts are established.

In Section 3 an example of a continuous function with a “pointwise” non-monotone
graph is provided. In particular, the graph is not o-monotone and actually any
o-monotone subset of the graph has to be meager. This function is nowhere differ-
entiable.

On the other hand, it is not difficult to construct an example of a continuous
function with a monotone graph that admits a point where both upper Dini deriva-
tives are co and both lower Dini derivatives are —oo and thus such a function need
not be differentiable at all points. But it turns out that at almost all points either
the derivative exists or else the upper Dini derivatives are oo and the lower ones
—00. And though the derivative need not exist at all points, it exists at a dense
set. These facts are proved in Section 4.

The last theorem of Section 4 asserts that a continuous function with a 1-
monotone graph is differentiable almost everywhere. In Section 5 we construct
a continuous function that exhibits that surprisingly this theorem completely fails
for monotone graph: A monotone function that is almost nowhere differentiable.

As proved at the beginning of Section 6, a graph of an absolutely continuous
function is o-monotone except a set of linear measure zero. The following result
of Section 6 is thus perhaps surprising: There is an absolutely continuous function
whose graph is not o-monotone. Moreover, such a function can be constructed so
that the graph is a porous set.

The concluding Section 7 lists some open problems.

2. MONOTONE GRAPHS

For A C R? denote dimy A the Hausdorff dimension of A. Lebesgue measure
on the line is denoted .Z. Given A C R2?, its linear measure, i.e. 1-dimensional
Hausdorff measure, is denoted J#1(A).

Monotone curves. A curve (in more detail, a simple curve) in R™ is an image of
a one-to-one continuous mapping (hence a homeomorphism) # : [0,1] — R™. The
mapping 1 is a parametrization of C'. A curve is obviously a linearly ordered space.
In particular, it is Eilenberg orderable. By [3, Theorem II], if a space is Eilenberg
orderable and connected, then the order is unique up to reversing. Therefore there
are only two compatible orders on a curve: the order given by () < ¥(s) if t < s
and its reverse. These orders are the only orders that can witness monotonicity of
C. Since being symmetrically c-monotone is invariant with respect to reversing the
witnessing order, it does not matter which of the two orders we choose. Overall,
given a curve C and (any) parametrization ¢ of C, and the following conditions

(3) forallz <y <ze[0,1] [¢(x) =¥y < cy(z) —¢(2)],
(4) forall z <y < ze[0,1] |¢(2) —o(y)| < clp(z) —¥(2)],

we have
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Lemma 2.1. (i) C is c-monotone if and only if at least one of (3), (4) holds,
(ii) C is symmetrically c-monotone if and only if both (3) and (4) hold.

The following simple lemma will be used several times.

Lemma 2.2. Let C be a curve and ¢ : [0,1] — C its parametrization. If C is
o-monotone, then for any interval I C [0,1] there is a subinterval I' C I such that
Y[I'] is monotone.

Proof. Suppose that I is closed. The subset ¥[I] C C is o-monotone. Due to [8,
Corollary 2.6] it is a countable union of closed monotone sets. Using Baire category
theorem one of these sets has a nonempty interior. Thus there is a nonempty open
set U C 9[I] that is monotone. Let I’ C ¢~ 1(U) be any nonempty interval. a

Monotone graphs. We will be concerned with monotonicity of graphs of contin-
uous functions. Given a continuous function f : [0,1] — R, its graph is of course a
curve. We write ¢¢(x) = (, f(x)) (or just ¢(zx) if there is no danger of confusion)
to denote its natural parametrization.

Formally there is no difference between f and its graph, but confusion may arise
for instance from “f is monotone”. Therefore we use f when referring to the graph
of f as a pointset in the plane (and likewise g for the graph of g etc.). Given a set
E C [0,1], denote f|E = 9[E] the graph of f restricted to E.

As explained above, if f is c-monotone, there are only two candidates for the
witnessing order: the one that we shall refer to as the natural order and that is
given by ¥ (z) < ¢(y) if < y, and its reverse.

The following simple condition equivalent to monotonicity of § will turn useful.

Definition 2.3. Given ¢ > 0, say that f satisfies condition P, if

(P)  max|f(a) — J()] < clo | whenever @ < y and f(2) = f(y).

Lemma 2.4. Let f:[0,1] = R be a continuous function and ¢ > 1
(i) If f is c-monotone, then f satisfies P,
(ii) if f satisfies Po.—1, then § is symmetrically c-monotone.

Proof. (i) Let x < y satisty f(z) = f(y). c-monotonicity of f yields for all ¢ € [z, y]

() = FOI < [9(@) = ()] < elp(x) = ¢(y)] = clz —yl.
(ii) We prove (3), (4) is proved in the same manner. Let z < y < z € [0,1].

Suppose f(x) < f(z2). The case f(xr) < f(y) < f(2) is trivial. Suppose that

f(z) < f(2) < f(y). Find w € [z, y] such that f(w) = f(z). Condition P._; yields
|f(2) — f(v)] < (¢ —1)|z — w]|. Therefore

[¥(2) = @)l < (2 =z f(2) = f(y))]

() = 9(2)| + (2 = 2, f(2) = F())]
() = ¢(2)[ + (¢ = D]z —w| < ef(z) = p(2)]-
The case f(y) < f(z) < f(2) is similar, and so is f(z) > f(2). O

NN

3. A CONTINUOUS FUNCTION WHICH GRAPH IS NOT MONOTONE AT ALL

Consider the following property that badly violates monotonicity.
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Definition 3.1. Let (X, d) be a metric space. Say that a point z € X is bad if for
every neighborhood U of x, every compatible order < on U and every ¢ € R there
are points y, z € U such that x < y < z and d(z,y) > cd(z, z).

It is clear that a space with a bad point is not monotone and Baire category argu-
ment shows that a compact space with a dense set of bad points is not o-monotone.

We begin with an example of a continuous function f such that all points of its
graph § are bad. The function is similar to the example of a nowhere differentiable
function constructed by Faber [4].

Theorem 3.2. There exists a continuous function f : [0,1] — R such that each
point of its graph is bad.

Proof. The function f is built of triangle wave functions. Define T': R — R by
T(x) = min{|z — n| : n is an even integer}.

Let a, | 0 be a sequence satisfying, for all n € N,
Qp
<
(5) Z ar X n
k>n

(e.g. a, = 1/n! will do). Construct inductively a sequence b,, > 0 subject to by = a4
and

Qg Qp
— < —.
k<n
Since a; = by, we have Y ,_, ai/by = 1. Thus (6) yields

(7) by < 22

n

The following formula defines by virtue of (5) a continuous function.

oo
x
Sur(E).
f(@) ; anT ;-
For simplicity stake write f,(z) = anT(%). Note that for all x # y

®) w—y b
and
9) | fn(2)] < an.

Claim. Let |z — y| < 4b,.

() If [fn(@) = fu(y)l = an/2, then |f(x) = f(Y)| = an/2 = 6an/n.
(i) If fu(z) = fu(y), then [f(z) — f(y)| < Gan/n.
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Proof of the claim. (i)

[f(x) = f)| =|falz) Y|+ Zlfk(af) = fe)l
k#n
B \fk ()]
—lw—y| Y T = [ fu(@)] + [ fr(y)]
k<n k>n
(8,9
/ - 7y| Z QZak
k<n k>n
(6?%*41) 2@>@J&f2&>gﬂf%
2 nbn n 2 n n 2
(ii) By assumption
[f(@) = F)l < Ifel@) = fr(v)]
k#n
ool ¥ P IOLL 57 15 o)) 4 et
k<n k>n
|x—y|z +2Zak < n7+2(17n:% O
k:<n k>n nb n n

Proceed with the proof of the theorem. Fix z € R. Since the only compatible
orders on § are induced by the natural order on [0,1] and its reverse, in order to
show that v (x) is bad it is enough to prove: For any € > 0 and ¢ > 1 there are
points

(i) ¥,z € (z,z +¢) such that z < y < z and |¢(y) — ¥ ()| > | (z) — ()],

(ii) and ¢, 2’ € (z—e,x) such that 2’ <y’ < zand |¢(y")—v(x)] > c|v(z")—p(x)].
Since the function f is even, we only have to find the points y, z of (i).

Choose n € N large enough to satisfy 4b,, < € and ¢ < "5012. Choose m € Z
such that x € [2mb,,2(m + 1)b,). Distinguish two cases:

o If fr(z) < an/2, put y = (2m + 3)b,. Then f,(y) = a, and thus |f,(y) —
fa(x)] = an/2. Continuity of f, yields z € [(2m + 3)by, (2m + 4)b,] such that
Fal@) = ful2).

o If f,,(z) > an/2, put y = (2m+2)b,,. Then f,,(y) = 0 and thus | f,,(y)— fn(x)| >
an /2. Choose z € [(2m + 2)by, (2m + 3)b,,] such that f,(x) = fn(2).

In any case, the numbers y, z satisfy (a) ¢ < y < z, (b) z — 2z < 4b, < &, (¢)

|fn(y) — fulz )I > an/2, (d) fu(2) = fn(z). Apply the Claim to get
[¥(y) = ()| |f(y) = f(@)] () an /2 — 6an/n
[p(2) = ()| = |z —al+[f(z) = f(z)] T 4by+6an/n
) a,/2 —6a,/n _n—12>c

~ 4a,/n + 6a,/n 20

as required.
Corollary 3.3. (i) Each monotone subset of § is nowhere dense in f.

(ii) Hence each o-monotone subset of f is meager in f.
(iii) In particular, § is not o-monotone.
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Proof. We prove (i), as (ii) and (iii) are obvious consequences of (i). Aiming towards
contradiction assume that there is a monotone set £ C § that is not nowhere dense.
Due to [8, Proposition 2.5] E may be assumed closed. Therefore there is a nonempty
open set U C FE. Since any point « € U is bad, the set U is not monotone: the

contradiction. O
The formula p(z,y) = d(¢s(z) y)) defines a metric on [0, 1] that induces
the Euclidean topology, so that ( p) is a metric space isometric to f. Thus

Proposition 3.3 can be transferred to [0,1]:

Corollary 3.4. There exists a compatible metric on [0,1] such that each point of
[0,1] is bad.

4. DIFFERENTIABILITY OF FUNCTIONS WITH A MONOTONE GRAPH

The function constructed in the previous section is nowhere differentiable. Per-
haps it is not incidental. In this section we investigate differentiability of functions
with monotone or g-monotone graphs.

Recall first definitions of derivatives and related notation. The upper right Dini
derivative of a function f at point a is denoted and defined by

fT(a) = limsup M.

z—ra+ r—a

The other three Dini derivatives f*(a), f~(a) and f~(a) are defined likewise. If
the four Dini derivatives at a equal, the common value is of course the derivative
f'(a). If the two right Dini derivatives at a are equal, the common value is called
the right derivative and denoted fT(a); and likewise for the left side.

The approximate upper right Dini derivative of a function f at point a is denoted
and defined by

Tiwl) =t lim =2 ({o € (@ats): L2210 <4y =1}
The other three approximate Dini derivatives f1(a), fap(a) and f,,(a) are de-
fined likewise. If the four approximate Dini derivatives at a are equal, the common
value is called the approzimate derivative and denoted f,,,(a). If the two right
approximate Dini derivatives at a equal, the common value is called the right ap-
proximate derivative and denoted f (a); and likewise for the left side.

In the subsequent theorems and later on we use the following notation for the sets
of differentiability /nondifferentiability: Given a continuous function f : [0,1] — R,
let

D(f) ={z €[0,1] : f'(z) exists},
N(f) ={z €[0,1] : f'(z) does not exist}.

The following proposition claims that if f is monotone, then the approximate deriva-
tives coincide with derivatives.

Proposition 4.1. Let f be a continuous function on [0, 1] with a monotone graph.
Then fl,(a) = f*(a) for all a € [0,1]. A similar statement holds for all Dini
derivatives.
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Proof. Assume for contrary that there is a such that fi(a) < f*(a). Mutatis
mutandis we may suppose that a = f(a) = 0. Choosing suitable constants «, 8 the
function g(z) = af(x) — Bx satisfies gf,,(0) < 0 and g (0) > 1. Since the graph
of g is an affine transform of the graph of f and an affine transform is bi-Lipschitz,
the graph of g is by [8, Proposition 2.2] a monotone set. Therefore there is ¢ > 1
such that g satisfies condition P..

Since g1,,(0) < 0, there is a Borel set M C [0,1] such that

(10) Ve > 030 V6 € (0,60) £([0,6]\ M) <edAVz €[0,6]NM g(z) <O0.
On the other hand, since g+ (0) > 1,
(11) Vo > 03t e (0,0) g(t) >t

Let € = 5 and let 0y satisfy (10). Use (11) to find ¢ € (0, %U) such that g(t) > t.

Put § = 2t. Since € < £ and § < do, it follows from (10) that M N (0,¢) # 0 and
M N (t,2¢t) # . Therefore the numbers

x =sup{z <t:g(z) <0},
y=inf{z > t:g(z) < 0}
satisfy 0 < x <t < y < 4. Also g(z) = ¢g(y) = 0 by the continuity of g. Obviously
[z, y) N M = 0. Hence (10) yields £ ([z,y]) < 4. Therefore
cly — 2| = cZ([z,y]) <ced =t <g(t) = |g(t) — g(z)|

and thus condition P, fails: the desired contradiction. O

As pointed out in the introduction, monotonicity of f does not imply differentia-
bility of f at every point. We now investigate the structure of Dini derivatives of
a function with a monotone graph in order to show that such a function, however,
has a derivative at a rather rich set.

We will need the following folklore covering lemma. Instead of reference we
provide a brief proof.

Lemma 4.2. Let X be a metric space and E C X. Let {r, : x € E} be a set of
positive reals such that sup,cp s < 0o. Then for each § > 2 there is a set D C E
such that the family {B(z,r, : © € D} is disjoint and the family { B(x,dr, : x € D}
covers E.

Proof. We may assume that r, < 1 for all x € E. Define recursively
Ay ={zcE: (-1 >r,>0-1)""},
B, ={z €A, :B(z,ry) ﬁUi < nUAi =0}

and let A, C {B(x,r;): x € B,} be a maximal disjoint family. It is easy to check
that D = {z € E: B(z,r;) € U, An} is the required set. O

Lemma 4.3. Suppose that [ and ¢ satisfy condition (3). Let
ET ={x€0,1] : 3z, |  such that f(z,) = f(z)}.
[fAC E*, then 7' (|A) < 4cZ(A).



PROPERTIES OF FUNCTIONS WITH MONOTONE GRAPHS 9

Proof. Let AC E*. Fix € > 0. Let {U; : i € N} be a cover of A by open intervals
of length < e such that ), diam(U;) < Z(A) + ¢

Now fix i € N. For each z € ANU; choose z, > x, z, € U; such that f(z,) = f(x).
If y € [z, 2], then

[¥(y) = b(@)] < e (z) — P(@)| = clze — .
It follows that letting r, = ¢(z, — z) we have

fllz, 2] € Bt (@), 72).

Consider the family B = {B(¢(x),r;) : « € ANU;} and apply Lemma 4.2: For
any § > 2 there is a set A’ C AN U; such that the family {B(¢(z),r,) :x € A’} is
pairwise disjoint and f|(ANU;) C UxeA, B(y(x), dr,). We claim that the family of
intervals {[z,z,] : x € A’} is pairwise disjoint. Indeed, if z,2’ € A’ were such that
[z, 2] N [2, 200] # 0, the set ([, 2] U [2/, 25r]) would be due to continuity of f a
connected set meeting both B(¢(z),r,) and B(¢(z'),r,/) and the two balls would
not be disjoint.

Therefore
Z diam(B(¢(x),rz)) < 28 Z ry < 2dc Z |z — 2| < 26cdiam(U;).
reA’ reA’ T€EA’

Moreover, the diameters of B(S,,r,) do not exceed 2dce. Consequently
A5 (FI(ANT;) < 26¢ diam(T;).

Summing over 4 yields

A5 (f1A) < 2(502 diam(U;) < 26¢(ZL(A) +¢).
ieN
Let € — 0 and § — 2 to get S (f|A) < 4cZL(A). O

We now infer that if § is monotone, then almost everywhere either the derivative
exists or else the four Dini derivatives take the extreme values.

Theorem 4.4. If f : [0,1] — R is a continuous function with a monotone graph,
then for almost all € N(f), f~(z) = fT(z) =00 and f~(z) = fT(2z) = —oc.

Proof. We employ the approximate derivative version of the famous Denjoy—Young—
Saks Theorem due to Alberti, Csornyei, Laczkovich and Preiss [1] that strengthens
the Denjoy—Khintchine Theorem:

If f is measurable, then there is a set J C R such that ' (f|J) = 0 and for
every point x ¢ J either f;pp(x) exists and is finite, or else all approximate Dini
derivatives are infinite.

Using Proposition 4.1, conclude that if = ¢ D(f) U J, then all Dini derivatives
are infinite and, moreover, either f*(z) = oo and f*(x) = —oo or else f~(z) = oo
and [~ (z) = —c0.

We thus only need to show that if ¢ D(f) U J, then it cannot happen that
one of the one-sided derivatives exists (and is infinite), while on the other side the
Dini derivatives are different (and infinite). Since flipping the orientations of z-
and/or y-axes preserves monotonicity, it is enough to prove that if f"’(m) = 00,
then f~(z) > —oo.

Suppose the contrary. Since f is monotone, there is ¢ such that f satisfies condi-
tion P.. There is € > 0 such that f(y) — f(z) > 2¢(y — x) for all y € (x,x + <] and
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there is z € [x — g, x) such that f(z) — f(x) > 2¢(z — z). Using Darboux property
of f find a point y € (z,z + €] such that f(y) = f(z). We have
fly) = fz) = %(f(y)—f(w) + [(2)=f(@) > 5 (2c(y—2) + 2c(x—2)) = c(y — 2),

which contradicts condition P.. O

DN | =

Corollary 4.5. If f : [0,1] — R is a continuous function with a c-monotone graph,
then 1 (§|A) < 4cL(A) for every A C N(f). In particular, *(F|N(f)) < .

Proof. Suppose without loss of generality that the witnessing order is the natural
one. By Theorem 4.4 N(f)\ J C E*. Hence by Lemma 4.3 if A C N(f) \ J, then
HL(F|A) < 4cL(A). Since H#1(f|J) = 0, we are done. O

Recall that a set A C R? is rectifiable if there are Lipschitz maps ¢, : [0,1] — R?
such that S (A\ U,y ¢n0,1]) = 0.

Corollary 4.6. If f : [0,1] — R is a continuous function with monotone graph,
then
(i) there is a partition AU B = § such that A is rectifiable and H#*(B) < oo,
(i) in particular, S (f) is o-finite,
(iii) in particular, the Hausdorff dimension dimy f = 1.
Proof. The set A = f| D(f) is rectifiable, see e.g. [6, Lemma 15.13], and therefore is
of o-finite length. By Corollary 4.5, B = f| N(f) is of finite length. O

Next we prove that a set of differentiability is rather large.
Theorem 4.7. Let f : [0,1] — R be a continuous function with a o-monotone
graph. Then for each interval I C [0, 1]

(i) either f|I is constant,

(ii) or else Z(f[D(f)N1I]) > 0.

Proof. Using Lemma 2.2 it is clearly enough to prove that if § is monotone and
f(0) # f(1), then Z(f[D(f)]) > 0. Suppose the contrary: Z(f[D(f)]) = 0. Let
0 < z <y < 1. Use the assumption and Corollary 4.5 to estimate |f(z) — f(y):
[f (@) = f(y)l = Z([f (), fW)]) < ZL(flz,y])
S Z(fllz,yl "N + Z(fllz, y] VD))
<deZ([z,y] NN(f) + Z(fD()]) < 4eZ([z,y]) = dclz —yl.

It follows that f is a Lipschitz function. Therefore it is differentiable almost every-
where. Use Corollary 4.5 again to get Z(f[N(f)]) < 2Z1(f|N(f)) = 0. Thus

Z(fID(N)]) = Z(f[0,1]) = Z(fIN(/)]) = Z(£[0,1]) = [£(0) = fF(1)] >0,

which contradicts the assumption. ([

Corollary 4.8. Let f : [0,1] — R be a continuous function with a o-monotone
graph. Then D(f) NI contains a perfect set for each interval I.
In particular, f is differentiable at a dense set.

Proof. If f is constant on I, there is nothing to prove. Otherwise Theorem 4.7
yields Z(f[D(f) N I]) > 0. Therefore D(f) N I is an uncountable Borel set. Thus
it contains, by the Perfect Set Theorem, a perfect set. (]
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We conclude this section proving that monotonicity constant ¢ = 1 yields differ-
entiability almost everywhere. As we shall see in the next section, it is not the case
for any other c.

Theorem 4.9. Let f : [0,1] — R be a continuous function with a 1-monotone
graph. Then F*(FIN(f)) = 0. In particular, § is a rectifiable curve and f is
differentiable almost everywhere.

Proof. By Theorem 4.4 there is a set J C [0, 1] such that #*(f|J) = 0 and for all
y e N(H)\J, f(y) = fT(y) = cc and f~(y) = fT(y) = —o0. Let y € N(f) be
arbitrary. Since f~(y) = —oo, there is a point 2 < y such that f(z) — f(y) <z —y.
Since f is 1-monotone, the set ¥[x,y] is contained in the closed ball centered at
¥(x) whose boundary circle passes through ¢ (y). In particular, for all z € [z, y],
the angle spanned by the segments [¢(y), ¥(2)] and [¢(y), ¥ (z)] is at most 7/2. In
other words, f(y)— f(z) < y—z. Therefore f~(x) < 1, which in turn implies = € J.
We proved that N(f) C J, which is enough. O

5. NON-DIFFERENTIABLE FUNCTIONS WITH A MONOTONE GRAPH

In this section we provide an example of a continuous, non-differentiable function
with a monotone graph, sharply contrasting Theorem 4.9.

Theorem 5.1. For any ¢ > 1 there is a continuous, almost nowhere differentiable
function f:[0,1] = R with a symmetrically c-monotone graph.

The function f we construct satisfies condition P;. That is enough, because
given any ¢ > 1, the function = — (¢ — 1) f(x) satisfies obviously condition P._;
and is thus by Lemma 2.4 c-monotone.

Construction of the function. The function f is defined as a limit of a sequence
of piecewise linear continuous functions f,, : [0,1] — [0, 1] that we now define.

During the course of construction we specify finite sets A, = {aX : k =0,...,7,} C
[0, 1] such that each A,, consists exactly of all endpoints of all non-degenerate in-
tervals on which the function f,, is linear. The numbers af € [0,1], k < 7, are
arranged in the increasing order, i.e. Vn € N Vk < r,, we have af < aF*!.

For n =0 put fo(z) =0, z € ]0,1] a Ag = {0,1}. The induction step: Suppose
fnand A, = {a* : k =0,...,r,} are constructed. Let k < r, be arbitrary. For
la™ ' 4+ (5 —l)ak

)
If fo(ak) = fo(abth), set AF ={2;:1=1,...,5} and
fr1(@0) = fag1 (1) = fura(wa) = fagr(x5) = fulay),

k: k+1 _
frt1(z2) = frt1(x3) = falay) + — 6
If fn(a”:t) # fn(a’lrﬁll-‘rl), set A’:L = {.’L’O7.’171,{L'4,(E5} and

Jnt1 (l‘o) = fn(aﬁ),

s (@s) = falay™™),
fn+1(l‘1) = fn+1(3?4) _ fn(aﬁ) +2fn(afb+1)

and let A, 1 = Uyt AL

l=0,...,5set z; =

|a ay,|
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Lemma 5.2. Letn € N and k < r,,. Then the following holds:
(i) If k > 0 then |ak=1 — aF| < 3|ak*t — aF| < 9lak~! — ak|,

(ii) fasy' — as,| < (35)"
(i) fa, 3y — ab,0] < 5 (55)"
() far*! —arl > (5)",
(v) fi(ak) = fu(ak) for alli > n,
(vi) |fn(a k+1) - fn(aﬁ” < % (%)n7
(vii) [fnlay) = falagth)] _ vIfn(ak) falag™)] _ 5
jak — ant| jak —ap™| 76

(viii) if i > 0 and x € [ak,a"TY], then
min(fu(a8). Fa(af ) < Fura(e) < max(fu(ad). fu(al™) + fakt —ak| 3067,
j=1

(i) if i > 0, @ € (o, ak*) and fu(ak) # fu(ak*), then
fnti(x) < maX(fn( n)s fn(a k+1))’
(x) fn is continuous and fn(z) € [0,1] for all x € [0,1].

Proof. (1)—(v) follow right away from the construction of functions f,. (vi) can be
easily proved from the construction using (ii) and (iii).
(vii): Case n = 0 is trivial. The induction step: Let n € N and assume (vii)

holds for n. Let i < r,,41 be arbitrary. There exists k < r,, such that a,;,a :;:_11 €
g, ap ).
[fnan) = falagt?)]
f 0k — +1| =0, then
n an
4 ™ , .
| frt1(an41) = fyi(a :;;1” —0 v | frt1(an11) = fatri(a 2111)‘ _ 9
|(Li z+1 - |ai 7,+1 - 6 .
n+1 n+1 n+1 n+1

 Uuloh) = L]

ja — ant!|

|fn+1(a;+1) - fn+1(a;tl1)| —0

|a’21+1 - a;tlﬂ
or
; i+1
[fnt1(@hys) = Foi (@)l _ 5 |fulah) = Fulal*D)] _ 5
, T = > —.
|a}, 41 — ;++1 2 |a — n“‘ 6
(viii): The first inequality is obvious. The second inequality is proved by induction
over i. Case ¢ = 1 easily follows from the construction. Suppose that this statement
is true for ¢ = p. We show that it is also true for ¢ = p+ 1. Find I < r,41 such
that = € [al,,,all}] and use the induction hypothesis to compare f,,(ak), f,(ak*1)
with fr11(a n+1),fn+1( il‘:_ll) (which is the case i = 1) and f,+1(a n+1), frnx1(a n+1)
with fp4p+1(x) (which is the case i = p).
(ix): This is similar to (viii). Case i = 1 easily follows from the construction.
Proceed by induction: Assume that the statement is true for i = p. We show that

it is also true for i = p+ 1. Find I < r,,41 such that z € [a n+17a£#1]
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If f(al ) # f(a lﬁjjrll) then use the statement to compare f,(ak), f.(a lk“) with
faz1(al 1), fati(a n++11) (which is the case i = 1) and fy1(al,y1), frt1(abt 1) with
fntp+1(z) (which is the case i = p).

If f(a n+1) fla £z++11) then by the construction and (vii) we have

25 5
36|a’n+1 il—:-ll = E|ak+1 af’ﬂ

<§mwmx>ﬂx“w—mMn<>nN“»

= max(fy(ak), fu(anth)) = fat1(akq).
By (viii) we have

1
Frapt1(2)) < fasilal ) + 5|aln+1 - ai#1 .

Thus fn+p+1 (:)3) < max(fn( ) fn( k—H)
(x) can be easily proved from the construction using (viii). O

Lemma 5.3. The functions f; satisfy condition P1 for every i € Ny.

Proof. Let x < y € [0,1] and ¢ € Ny be arbitrary such that f;(x) = fi(y). We show
that
(12) max |fi(z) — fi(t)] < |z —yl.

<ty

We can assume that there is no w € (z,y) such that f;(w) = f;(x). Otherwise,
we prove (12) for couples (z,w) and (w,y) instead of (z,y). We find z € (z,y)
such that max,<i<y|fi(x) — fi(t)| = | fi(x) — fi(2)|. There are three possible cases:
fi(z) = fi(2), fi(x) < fi(z) and fi(x) > fi(z). First case is trivial.

Now, assume f;(x) < fi(z). By the construction of f; we can find minimal
n <iand k < 7, — 1 such that z € (ak,akt) C (z,y) and f;(ak) = fi(ak*!) €

(fi(z), fi(z)]. By Lemma 5.2(v) we have fu(ay) = fa(ap*!) = fi(ay). We show

that fn(ak™) < fu(af).
Suppose the contrary fn( k=1) > f,(a®). By Lemma 5.2(viii) we have f;(t) >

fulay) forall ¢ € (a7, ay). SO x ¢ lap~', af]. Thus af~' € (z,y). By Lemma
5.2(vii) and (i) we have
5
Fulah™) > falak) + 20k — ah] > fulah) + fak — okt

By Lemma 5.2(viii) we have f(z) < fn(ak) + L|ak — af1. Thus fi(z) < fi(ak™1),
which contradicts that f;(¢) < fi(z) for all ¢t € (z,y).

Similarly, we have f,(af*1) > f,(ak+?)

By the construction we have that there exists | < r,_; such that a!,_; = a*=2,

attl = ak+3) and f,(al,_)) = fn(attl) By the minimality of n we have (z, y) 2

(al,_,,attt). Thus 2 € [aﬁl Laory € [al_;, ). We can assume z €
[al,_,,al™ ). By Lemma 5.2(viii) and z, z € [a},_,,a""™}|] we have
1 !
;gggylfz( z) = fi(t)] = |fi(z) — fi(2)] < 5|aln—1 apty| = lay —ap | < |z —y).

Finally, assume f;(z) > f;(z). By the construction of f; and Lemma 5.2(viii) we
can find minimal n < 7 and k& < r, — 1 such that an,a’ffl € (z,y) and f;(ak) =
fi(ak*tY) = fi(2). By Lemma 5.2(v) we have f,(a) = f,(aF*1) = fi(2). Since
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fi(t) = fu(ak) for all t € (x,y) and Lemma 5.2(ix) we have f,(ak™1), fn( k+2y >

fn(ak) (see figure 6). By the construction there isnol < r,_1 such that (al,_1,att) D
( k=1 ak+2). Thus there are two possible cases:
(i) There exists [ < r,_1 such that an L =af 1 and f(al7Y) = fd_,).
(i) There exists [ < r,,_; such that a!,_; = a¥ and f(a l+1 ) = f(d,_ 1)
We prove (i). Case (ii) is similar. By minimality of n we have z € [a!},al,_1].
Lemma 5.2(viii) yields
1, -
s [Fi(0) = 0] = () = fulahr)| < 2ol — by = o — k] <[~y
(|

Lemma 5.4. The sequence {f,} is uniformly Cauchy.

Proof. Fixn € N and let k < r,. If aﬁ <z <a }”1 , then by construction of f, 41

(&) = Fal@)] € Sl = ah|+ ] fulah™) = fulab)]

Estimate |af*! — a¥| using Lemma 5.2(ii) and (iii) and |f,,(ak*1) — f.(a®)| using
Lemma 5.2(vi) and combine the estimates to get

1
Skt okl 4 (el ~ fulab) <27

Thus |fn+1(x) — falz)| <277, irrespectlve of the particular k. Since the intervals
[ak, ak+1] k < r,, cover [0,1], we have |f,+1(7) — fnu(x)| < 27" for all x, which is

n)-’n

clearly enough. O

This lemma lets us define f = lim, o fr. We claim that thus defined f is the
required function. It is of course continuous. By Lemma 5.3 the functions f,, satisfy
condition P;. It is easy to check that since f is a limit of f,’s, it satisfies Py as
well. We thus have

Proposition 5.5. f is a continuous function satisfying P .

It remains to show that f fails to have a derivative at almost all points. For
n € N define

={ze0,1]: f(z) = 0},

B, = [07 1] \Am
B=UMN 2
iENn=1

D={z€[0,1]; YneN:z-5" (mod1)¢ (i 3)}.
Lemma 5.6. £ (B) =

i i+1
Proof. For every n set I, = {z <7rp: fé(%) #* 0}. It is easy to see that

5= Ul —ail+a,

neNiel,

and since obviously .Z(D) = 0, we are done. O

Proposition 5.7. (i) Ifz ¢ B, then f™(x) and f~(z) do not exist.
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(i) If w € B, then oo € {f*(x), f~(2), |f* ()], |f~ (x)I}-

Proof. (i): Let x ¢ B. We show that f*(z) does not exists, the proof for f~(z) is
similar. Let 6 > 0 be arbitrary. Since 2 ¢ B there exist n € N and k; < ry,4; such
that z € (ako, ako+1)) £, (ako) = f,(akot1) |akotl — gko| < § and aﬁq_i = ako for

n n

all i € N. By the construction of functions f, we have fn+i(a§li~_i) = an(al;"_:;l).
Since x # afo there exists i € N such that z ¢ [afﬁ-w aflfil]. We may assume that
x ¢ (aflj_l, aflfll). By Lemma 5.2(v) and (viii) we have
kao+3 ko4 ka+3 kota
flapiy)—f(@)  flan5)—f@)| _ | fase(ap2s)—F (@) fasa(anis)—f(@)
T e P P
ko+3 ko+d
- frvo(apis))=f(@)  faralapth')—f(2)
a2’ —x a2y —x
kao+3 kotd
> f’ﬂ+2(an2+J5 ) - fn+2(an2+g ) > i
- |aﬁ°+1 — a§°| ~ 30

Thus, f*(z) does not exists.
(ii): Since x € B there exist n € N and k; < 7,44, © € N, such that

e 1€ [afj_i_i, aﬁﬂl] for all i € N,
i fn(aflo) = fn(afio—i_l)v
. fnﬂ(aﬁg_i) =+ fnJri(alfoil) for all i > 0.

By the construction of functions f, we have, for all ¢ > 0,

Fasilahid) = fovslafi )| 5 ( 5 )
6 \2 '

ki+1 ki

anJri - an+i

By Lemma 5.2(v) we have, for all i > 0,

Flay ) = f@)|

aﬁfil -z
or
fl) = flapy)| 5 <5)“
T — afj_H 6\ 2 ’
which is clearly enough. ([l

6. ABSOLUTELY CONTINUOUS FUNCTION WITH A NON-0-MONOTONE GRAPH

In this section we show that a graph of an absolutely continuous function is
o-monotone except a negligible set, but it does not have to be g-monotone.

Theorem 6.1. If f is an absolutely continuous function, then there is a set M C §
such that 1 (f\ M) = 0 and, for any ¢ > 1, the set M admits a countable cover
by symmetrically c-monotone sets. In particular, M is oc-monotone.

Proof. Let x € D(f) be such that |f/'(z)] < co. Choose ¢, € (0,1) such that
(13) L+ (If (@)] +e2)* < 1+ (I (2)] = €2)?)
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and then choose 0, > 0 such that if |y — z| < d,, then

(14) If (z)] — e < W

Now suppose |y — z| < |z — 2| < dz. Then

() — (@) = |£9) - F@)2 + |y — af?
— |y — 2|2 fly) — f(z)
_ly |(r+\ )]

(

< |f'(2)] + €x-

)

Dy — 2P+ (@) + e0)?)

D P+ ()] - e)?)
2

o (1+] 111

< Alz -z
x

)

=f(2) = f(@)P + ]z — o = () - ¥(@).
(The argument is not quite right for f’(z) = 0, but there is an easy workaround.)
We proved

(15) ly—z| <lz—2[ <& = [Y(y) —¥(0)] < cy(z) — ¥ ()]
Let D = {z € D(f) : |f'(x)] < oo} and for each n € N define
D,={zxeD:6, >27"}.

It is clear that D = J,, D,,. Fix n. Let &,z € D,, be such that |z — 2| < 27" and
x < z. Then (15) yields for any y € [z, z]

[¥(x) = ()| < cv(z) — ()],
[¥(2) = D(Y)| < clp(2) = P(=)].

Thus any cover of D,, with countably or finitely many sets of diameter at most 27"
witnesses that f|D,, is a countable union of symmetrically c-monotone sets. Thus
so is the set M = f|D. Now consider the set N = [0,1]\ D. Since N = N(f)U{z €
D(f) : |f'(x)] = oo} and both of the sets on the right are of measure zero, we have
Z(N) = 0. Since f is absolutely continuous, we have 1 (f\ M) = 1 (f|N) =
0. O

We now want to show that the above theorem cannot be sharpened by providing
an example of an absolutely continuous function which graph is not o-monotone.

Recall the notion of strong porosity, as defined in [5]. A set X C R? is termed
strongly porous if there is p > 0 such that for any x € R? and any r € (0, diam X)
there is y € R? such that B(y,pr) € B(z,7) \ X. The constant p is termed a
porosity constant of X. As proved in [5, Theorem 4.2], every monotone set in R? is
strongly porous. More information on porosity properties of monotone sets in R™
can be found in [2].

M. Zeleny [11] found an example of an absolutely continuous function whose
graph is not o-porous?, and since a countable union of strongly porous sets is
o-porous, we have, in view of the [5, Theorem 4.2] mentioned above, the following
theorem.

2See [11] or [9, 10] for the definition of o-porous.
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Theorem 6.2. There is an absolutely continuous function whose graph is not
o-monotone.

Zeleny’s example in rather involved. We provide another example that is much
easier and moreover it exhibits that the implication monotone = strongly porous
cannot be reversed even for graphs.

Theorem 6.3. There is an absolutely continuous function whose graph is strongly
porous but not o-monotone.

The function is built of single peak functions. Let

T(z) = dist(z, R\ [-1,1]).
Fix two sequences of positive reals (a,) and (b,). Suppose that ) a, < co and
let the sequence (g,) enumerate all rationals. The following formula defines a real-

valued function.
= Yot ()

neN

We will show that with a proper choice of the two sequences the function f possesses
the required properties.

For simplicity stake write f,(z) = anT(wgf"

) and s, = 7.
n

Lemma 6.4. If >~ a, < oo, then f is absolutely continuous.

Proof. Fix € > 0. Choose m € N such that

(16) Y an<e

n>m
and let
13
(17) s
nm

Suppose g < Yo < r1 < Y1 < -+ < T < Y satisfy Z yi —x; < 0.
1=

Since | fn(z;) — fn(yl)| $n(y; — x;) for all ¢ and n, we have, for all n,

(18) Z‘fn(xz — fnlws)] an Yi — ;) < 08y,
1=0

and since the function f,, is unimodal and ranges between 0 and a,,, also

(19) Z‘fn z;) — fn yz)| < 2ay.

Use (1 )forn<mand (19) for n > m to get

k
Z|f(1'z) = flyi)l < Z Z|fn i) = fulys)| + Z Z‘fn ;) = fu(yi)l
i=0

n<m 1=0 n>m 1=0

(18 19) (17,16)
Zésn—i—ZQan < 42 =3e. O

n{m n>m
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Lemma 6.5. If lim w =0 and lim w = 0, then § is not o-mo-
m—r o0 m m—r o0 m
notone.

Proof. 1t is clear that if s,, > 2¢, then the points ¢, — b, < ¢m < Gm + b
witness that the graph of f,, is not c-monotone. We want to show that the same
argument works for the entire sum f =) f,. The former condition ensures that
the terms f,, n > m, contribute to the sum negligible quantities because of their
small magnitudes. The latter condition ensures that also the terms f,, n < m, are
negligible because of their relatively small slopes.

Write

Zn>m An

o)
_ Zn<m Sn _ Zn>m an + bm Zn<m Sn,
Em = + = ,
Am Sm Am

The hypotheses ensure that €, — 0 and that s,, — co. Therefore

1—¢,
2(5= +em)

S

Due to Lemma 2.2 we only have to show that f|I is monotone for no interval I. Fix
¢ > 0 and an interval I and choose m such that [, —bm, ¢m+bm] C I and

1- Em

—— > C.

(20)

If we succeed to prove that

(21) |9 (gm+bm) = 1(gm)| > |t (gm+bm) = ¥ (gm—bm)l,

we will be done, because the points ¢, — by < @ < @ + by, Will witness that §|1
is not c-monotone. Estimate the term on the right

|w(qm+bm) - 7/)(Qm)| > |f(Qm+bm) - f(qm)|
=2 ‘fm(Qm+bm) - fm(Qm)| - Z |fn(qm+bm) - fn(qm)|

n#Em
> = (2 @ tbin) = Fu )|+ D Vo (rntb) = Fua)] )
n<m n>m
Z O — (Z Snbm + Z an) = Um — EmOm = am (1l — em),

n<m n>m

and the term on the left

W)(Qm'i‘bm) - w(Qm_bm)‘ < Qbm + |f(Qm+bm) - f((Im_bm”

n<m n>m
< 2b,, + 2by, Z Sy + Z an, <2bm+2(bm Z Sy + Z an>
n<m n>m n<m n>m
1
< 2(bm + Emam) = Qam(— + 5m>.
Sm

Thus (20) yields
|’¢(Qm+bm) - w(Qm” > am(l - 5m) o 1—en
1

W](Qm"‘bm) - ¢(Qm_bm)| g 2am(i + Em) S +em
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and (21) follows. O

The next goal is to show that with a proper choice of (a,) and (b,) the graph
f is porous. To that end we introduce the following system of rectangles. Let R
denote the system of all planar rectangles I x J, where I, J are compact intervals,
with aspect ratio 5 : 3, i.e. ﬁ((l,)) = % Each R € R is covered in a natural way by
15 non-overlapping closed squares with side one fifth of the length of the base of
R. The family of these squares will be denoted S(R). These squares determine in
a natural way five closed columns and three closed rows.

Given R € R, the length of the base of R is denoted ¢(R). A topological interior
of a set A is denoted A°.

Lemma 6.6. There are sequences (a,) and (b,) satisfying hypotheses of Lemma 6.5
such that for each R € R there is a square S € S(R) such that S° N§= 0.

Proof. We build the sequences recursively. Let g, = Zign fi, n € N, be the partial
sums of f; graphs of g, are denoted g,. Our goal is to find a,’s and b,’s so that
for each n the following holds:

(Cp) For each R € R there is a square S € S(R) disjoint with g,,.

Choose ag and by so that sy > % The graph of fy is obviously covered by
three lines: two skewed and one horizontal. Let R € R. Each of the two skewed
lines, because of their big slopes, can meet at most two out of the five columns.
Therefore one column remains left. The horizontal line meets at worst two of the
three squares forming this column. Thus one square remains disjoint with each of
the three lines and thus with the graph gg of go = fo. Thus condition Cy is met.

Now suppose that a; and b; are set up for all i < n so that condition C,_; is
met. Let

e, =min{|g; —¢;| : 0 <3 < j < n}

Claim. There is §, > 0 such that if {(R) > €, then there is S € S(R) such that
is at least 0, far apart from gn_1.

Proof. Suppose the contrary: For each m there is R, € R such that ¢(R,,) > e,
and the distance of S from g,,_ is less than - for each square S € S(R,,). Passing
to a subsequence we may suppose that (R,,) is convergent in the Hausdorff metric.
The limit R of this sequence is clearly a rectangle with aspect ratio 5 : 3 or a point.
But the latter cannot happen, because ¢(R,,) > €, for each m. Thus R € R. The
distance of g,_; from each of the squares S € S(R) is obviously zero. Since the
squares are compact, g,_1 meets all of them: the desired contradiction. O

Choose a,, < §,, and b,, subject to
(22) ap < —,
(23) Sp > 2n Z Si.

We need to show that thus chosen values ensure condition C,.
Suppose first that ¢(R) > e,. There is S € S(R) such that dist(S, gn,—1) = 0p.
Consequently
dlSt(Sa gn) 2 dISt(Sa gn—l) - diSt(gn—lv gn)
> 0, —max|g,—1 — gn| = 6, — max|f,| =6, —a, > 0.
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Thus S is disjoint with g,,.
To treat the case ¢(R) < e, we first prove

Claim. If g,(z) > 0 and a local mazimum of g,, occurs at x, then v = q; for some
Jj<n.

Proof. Suppose g,(x) > 0 and there is a local maximum of g, at . We examine
the left-sided derivative g, (z). Clearly g, (z) = > ,c,, f; (z) and each f; (z) is
either 0, or s;, or —s;. If all of them were 0, the value g, () would be 0, so there is
i < nsuch that f (x) # 0. Let j = max{i < n: f; (z) # 0}. Condition (22) yields
2 i<; fi (@) < sj. Since g, (x) > 0, it follows that f; (2) = s;.

By the same analysis of the right-sided derivative, letting k¥ = max{i < n :
fiH(x) # 0} we have f; (z) = —si.

Suppose that j < k. Then, by the definition of j, f, (z) = 0 and f;" (z) = —sy.
But there is no such point. Thus j < k fails. The same argument proves that j > k
fails as well. Therefore j = k. Overall, f; (z) = s; and f]"’(x) = —s;. The only
point with this property is g;. U

Now suppose R =1 x J € R and that £(R) < &,. It is clear that if the graph
gn passes through all squares S € S(R), then g, has at least two positive local
maxima in I. Therefore, by the above Claim, there are ¢ < j < n such that both ¢;
and ¢; belong to I. Consequently |¢; — ¢;| < Z(I) = ¢(R) < &,, which contradicts
the definition of &,. Thus g, misses at least one of the squares S € S(R). The
proof of condition C,, is finished.

It remains to draw the statement of the lemma from conditions C,,. Fix R € R.
Since there are only finitely many squares in S(R), there is S € S(R) such that the
set ' = {n:g,NS = 0} is infinite. Since f = lim,cr gn, we have f C J,cp On-
Therefore f does not meet S°.

Conditions (22) and (23) ensure that f satisfies hypotheses of Lemma 6.5. O

Proof of Theorem 6.3. The required function f is of course the one constructed
in the above lemma. Let B(z,r) be any closed ball in R2. Inscribe in B(z,7) a
rectangle R € R, as big as possible. By the above lemma there is a square S € S(r)
such that S° misses f. Inscribe into S an open ball B. This ball is disjoint with
f. The radius of this ball is by trivial calculation r/v/34. The closed ball B(y, )
concentric with B is thus disjoint with f. We proved that | is strongly porous.
The function f is absolutely continuous by Lemma 6.4 and f is not o-monotone
by Lemma 6.5. |

7. REMARKS AND QUESTIONS

We conclude with several questions that we consider interesting.

Hausdorff dimension. Suppose f : [0, 1] — R is a continuous function.

By Corollary 4.6, if f is monotone, then dimy f = 1. The analogy for monotone
subsets of f fails: By [12], for every f there is a o-monotone set M C § such that
dimy M = dimy f. Thus if dimy f > 1, then there is a monotone set M C § such
that dimy M > 1. The following, however, remains an open problem.

Question 7.1. Is there f such that f is o-monotone, but dimy f > 17
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The difficulty stems from the fact that some of the monotone sets covering f may
be totally disconnected and thus the witnessing orders need not be inherited from
f.

A different question with the same difficulty arises from Corollary 3.3. The easy
Baire argument of Lemma 2.2 lets us prove that a non-meager subset of the graph
is not o-monotone. It is because of the fact that at a connected subset of a graph
there are only two compatible orders and thus only two candidates for a witnessing
order. Such an argument, however, cannot be adapted to subsets of a graph that
are of positive measure as such sets may be totally disconnected and thus have way
too many compatible orders to check. In particular, we do not know if the measure
analogy of Corollary 3.3 holds.

Question 7.2. Let f be the function of Theorem 3.2. Is there a set A C [0,1] of
positive measure such that f|A is monotone?

Bounded variation. Denote for the moment by BV the linear space of continuous
functions of bounded variation and by M; the linear space of functions generated
by continuous functions with 1-monotone graph. It is clear that an increasing
continuous function has a 1-monotone graph. Therefore any continuous function
of bounded variation is a difference of two functions with 1-monotone graphs. It
follows that BV C M;. Is this inclusion proper?

Question 7.3. Is there a continuous function on [0, 1] with a l-monotone graph
that is not of bounded variation?

Note that both answers would be interesting. If the answer were affirmative, then
we would have by Theorem 4.9 a simple class of almost everywhere differentiable
functions that is broader than BV. If the answer were negative, then we would
have another characterization of bounded variation.

Luzin property. Recall that f satisfies Luzin condition if Z(f(A)) = 0 whenever
Z(A) = 0. Note that if f has a monotone graph, then it satisfies Luzin condition
“almost everywhere”: Letting Do = {2 € D(f) : | f'(z)| = oo}, we have £ (D) =
0 and if ANDy = 0, then £ (A) = 0 implies Z(f(A)) = 0. Hence f satisfies Luzin
condition if and only if Z(f(Ds)) = 0.

The following easily follows from Theorem 4.7.

Proposition 7.4. A continuous function satisfying Luzin condition with a o-mono-
tone graph is differentiable at a set that has positive measure within each interval.

Question 7.5. Is a continuous function satisfying Luzin condition with a monotone
graph differentiable almost everywhere?

Porosity constant. We know from [5, Theorem 4.2] that any monotone set in R?
is strongly porous, and from Theorem 6.3 that the converse fails. In our proof we
showed that the porosity constant of § can be pushed to 1/v/34. Perhaps a set must
be o-monotone if it is strongly porous and its porosity constant is large enough?

Question 7.6. Is there p such that every strongly porous set in R? with porosity
constant p is o-monotone?

Question 7.7. Is there p such that every strongly porous curve in R? with porosity
constant p is monotone or g-monotone? What about graphs of continuous func-
tions?
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