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Univer sal measure zero (u.m.z.)

No non-trivial finite Borel measures I vanishing
on singletons.
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Univer sal measure zero (u.m.z.)

No non-trivial finite Borel measures I vanishing
on singletons.

Hausdor ff dimension
dimg X = sup{s: H’X > 0}
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U.m.z. vs. Hausdor ff dimension

e |sthereX um.z.& dimy X > 07
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U.m.z. vs. Hausdor ff dimension

e |sthereX um.z.& dimy X > 07

« Given separable metri¥, is there£/ C X u.m.z.

By Perfect Set Theorem: X cannot be analytic.
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Theorems

Theorem. For each analyticX C R” there isu.m.z.
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Theorems

Theorem. For each analyticX C R” there isu.m.z.

Theorem. For eachSOSCself—similarX in a
complete space thereitsm.z. £ C X
S.t.dimy £ = dim X.

Theorem. For each metricX thereisuum.z. £ C X
S.t.dimy £ > dim X.
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Basic ingredients

Theorem (Grzegorek). There is au.m.z.setE C R
S.t.|F| = non N
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Basic ingredients

Theorem (Grzegorek). There is au.m.z.setE C R
S.t.|F| = non N

Coro. X, Y analytic spaceskH?*(Y) > 0. Then there
areA C X,B CY s.t.

* |A] = |B]
e Alsu.m.z.
c 0 < H*(B) < o0
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Basic ingredients
Preservation:
e U.m.z.Is preserved by 1-1 preimages
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Basic ingredients

Preservation:
* U.m.z.Iis preserved by 1-1 preimages
* u.m.z.is preserved by.m.z-1 preimages

« dimp IS preserved by Lipschitz preimages

* dimg IS preserved by “nearly” Lipschitz
preimages:

(Ve < 1)(46 > 0)
(d(z,y) <0 = p(f(x), fly) < d(z,y))
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Product
X, Y analytic spacegi*(Y) > 0:
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Product
X, Y analytic spacegi*(Y) > 0:
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Product
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Product
X, Y analytic spacesi{*(Y) > 0:

A={x;:1€l} C X um.z.
B={y;:i€l} CY,0<H(B) <o

Diagonal setF = {(z;,y;) ;1 € [} C X XY
Both projections are 1-1 and Lipschitz én

Theorem. F Isu.m.z.anddimygy FE > s.
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Product
X, Y analytic spacesi{*(Y) > 0:

A={x;:1€l} C X um.z.
B={y;:i€l} CY,0<H(B) <o

Diagonal setF = {(z;,y;) ;1 € [} C X XY
Both projections are 1-1 and Lipschitz én

Theorem. F Isu.m.z.anddimygy FE > s.

Coro (Fremlin). There isu.m.z. £ C R?,
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Cantor set

C = 2N, metric= o~ mini{n:f(n)#g(n)}
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Cantor set
C = 2N, metric= o minin:f(n)#g(n)}
QN\D - 2N _ 2D

fIN\D «— f — fID
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Cantor set
C = 2N metric= o~ Mmininf(n)#g(n)}
QN\D PR 2N N 2D

fIN\D «— f — fID

If D is large enough, thezl' — 27 is nearly Lipschitz
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Cantor set
C = 2N, metric= o mintn:f(n)#g(n)}
QN\D PR QN N 2D

fIN\D «— f — fID

If D is large enough, thezl' — 27 is nearly Lipschitz

Theorem. Cantor setC contains a sefv s.t.
« FiIsu.m.z.
e dimyg F = dimy C
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On theline

Lemma. Every analyticX C R contains a set
C C X that maps nearly Lipschitz onto a Cantor set
of the same Hausdorff dimension &s
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On theline

Lemma. Every analyticX C R contains a set
C C X that maps nearly Lipschitz onto a Cantor set
of the same Hausdorff dimension &s

Proof. Frostman Lemma: If dimy X > s, then
there is a finite Borel measure K s.t. uB(x,r) < r°.
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On theline

Lemma. Every analyticX C R contains a set
C C X that maps nearly Lipschitz onto a Cantor set
of the same Hausdorff dimension &s

Proof. Frostman Lemma: If dimy X > s, then
there is a finite Borel measure K s.t. uB(x,r) < r°.

Use Frostman Lemma to remove long enough
Intervals, keeping the measure large.
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On theline

Lemma. Every analyticX C R contains a set
C C X that maps nearly Lipschitz onto a Cantor set
of the same Hausdorff dimension &s

Proof. Frostman Lemma: If dimy X > s, then
there is a finite Borel measure K s.t. uB(x,r) < r°.

Use Frostman Lemma to remove long enough
Intervals, keeping the measure large.

Theorem. Every analyticX C R contains au.m.z.
set of the same Hausdorff dimension.
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R™: Projections

Lemma. Let X C R" be analytic,
dimy X = s >n — 1. Thenthere is alind s.t.

H'{z € L:dimpgproj; (x)NX >s—1} >0
Ingredients of the proof:

* Projection theorems
* |Intersection theorems
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Rn
Theorem. Each analyticX C R” contains au.m.z.

Proof by induction.Set

A={z e L:dimygproj;' (z)NX >s—1}

We knowH!A > 0. Thus by induction hypothesis:

e Thereisu.m.z.B C A, dimyg B = 1.

» v € B um.z.E, C proj;'(z)N X,
dimyg E, } s —1

Setk =

ZBEB
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General metric space

Lemma. Setn = dim X (topological dimension).
There are Lipschitz map§ : X — [0,1]", 7 € N,
such that

U ij 2 (Ov 1)n.

jeN
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General metric space

Lemma. Setn = dim X (topological dimension).
There are Lipschitz map§ : X — [0,1]", 7 € N,
such that

U ij 2 (Ov 1)n.

jeN

Theorem. Each metric spac& contains au.m.z.set
Estdimyg £ > dim X.
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Preprints available
* In Situ
e http://mat.fsv.cvut.cz/ zi ndul ka
 zI ndul ka@mat . fsv. cvut. cz
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