
MEASURE IN METRIC SPACE IS CARRIED BY MEAGER SET

ONDŘEJ ZINDULKA

Abstract. For each finite Borel measure in a metric space without isolated
points there exists a meager set of full measure.

In [4] Szpilrajn proved that a finite Borel measure µ in a separable metric space
without isolated points had a meager=1st–category subset which complement was
µ-negligible. Oxtoby[3] extended the result to metric spaces without isolated points
of weight less than the first real–valued measurable cardinal. Further generaliza-
tions were given in [1] and [2]. The question whether the mentioned weight restric-
tion is essential seems to be never publicly addressed. We give an amusingly trivial
solution to this problem. Further results on this theme will appear in [?] and [5].

Recall that any σ-finite Borel measure µ in a metric space is regular in that for
each Borel set B there is a Gδ-set G ⊇ B such that µ(G \B) = 0.

1. Theorem. For each σ-finite Borel measure µ in a metric space X without
isolated points there is a decomposition X = M ∪ F such that F is meager and
µ(M) = 0.

Proof. By virtue of Bing’s metrization theorem there is a σ-discrete base B of X.
For each B ∈ B pick a point xB ∈ B and put D = {xB : B ∈ B}. D is obviously
dense. It is also meager, for X has no isolated points. Let G ⊇ D be a Gδ-set such
that µ(G \D) = 0. As G is dense, its complement is meager. Put M = G \D and
F = (X \G) ∪D. �

2. Remark. It is clear that in general one cannot drop the assumption of X having
no isolated points. If one considers only measures vanishing on singletons, then the
necessary and sufficient condition is that the number of isolated points is less than
the first real–valued measurable cardinal. The details are worked out in [5].
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