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Capacity in R
n

µ . . . probability Borel measure inRn

Riesz potential U
µ
s (x) =

∫
|x − y|−s dµ(y)

Energy Is(µ) =

∫
U

µ
s dµ

Capacity Cs(E) = sup{Is(µ)−1 : µE = 1}

= sup{‖Uµ
s‖

−1

∞ : µE = 1}

s-polar set Cs(E) = 0

Capacity dimensiondimC E = inf{s : E is s-polar}
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Capacity of a metric space
(X, ρ) a metric space
µ fully supported probability inX
f : [0,∞) → [0,∞) a Hausdorff function
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Capacity of a metric space
(X, ρ) a metric space
µ fully supported probability inX
f : [0,∞) → [0,∞) a Hausdorff function

Riesz potential U
µ
f(x) =

∫
dµ(y)

f(ρ(x, y))

Energy If(µ) =

∫
U

µ
f dµ

Capacity Cf(E) = sup
µ

If(µ)−1

f -polar set Cf(E) = 0
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Capacity of a metric space
Theorem. For 1 ≤ p ≤ ∞

Cf(E) = sup
µ
‖Uµ

s‖
−1

p
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Hausdorff functions

f 4 g
df.
≡ lim sup

r→0

f

g
< ∞

f ≈ g
df.
≡ f 4 g 4 f

f ∨ g = min(f, g)

f ∧ g = max(f, g)

Theorem. TFAE
• f 4 g

• Each (compact)f -polar space isg-polar.
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Lp-bounded potentials

Jp(µ) = {f ∈ H : ‖Uµ
s‖p < ∞}, 0 ≤ p ≤ ∞

J ∗
p (µ) = {f ∈ H : ‖Uµ

s‖p = ∞} = H \ Jp(µ)

Jp(µ) is an ideal.

φµ
p(r) = ‖µB(x, r)‖p

Theorem. For 0 ≤ p ≤ ∞

• ∨Jp(µ) = φµ
p

• J ∗
p (µ) has no lower bound
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Concentrations
Concentration of a measure:φµ

∞

f E g
df.
≡ g ≈ f · g for someh ∈ H

Theorem. If f E φµ
∞, then there is a probabilityν

such that
• ν ¿ µ ¿ ν

• φν
∞ ≈ f

Coro (Multifractal spectra). For eachµ there is
ν ≈ µ s.t.

• dimH ν = dimH µ

• Rp = 0 for all p > 1
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Polar sets are small
X is Čech–analyticif it is a Suslin set in its
compactification.

Theorem. LetX beČech–analytic.
If X is f -polar for somef ∈ H, then
X is a countable union of locally separable sets.

Theorem (Converse). If X is σ-locally separable,
then there is an equivalent metricd such that
(X, d) is f -polar for somef ∈ H.
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Baire space
B = N

N, with the metric

ρ(x, y) =
1

1 + min{n : xn 6= yn}

Proposition. B is f -polar for nof ∈ H.

Theorem. If X is Čech–analytic, notσ-locally
separable, then it contains a uniform copy ofB.
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Combinatorial core
κ Ã (λ)<ω

µ

For each coloringχ : κ<ω → µ there is aλ-branching
lower treeT ⊆ κ<ω such thatχ′′ Levn(T ) is finite for
eachn ∈ ω.

Wanted: ω1 Ã (ω)<ω
ω

Small cardinals
• p = mσ-centered

• b . . . minimal size of an unbounded set inN
N

modulo finite sets
• d . . . minimal size of a dominating set inNN

modulo finite sets
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Arrow
Theorem (with Petr Simon).

• κ Ã (ω)<ω
<κ for all infinite κ

• κ Ã (κ)<ω
<κ for all regular κ < p

• κ Ã (κ)<ω
ω1

if cf κ > d

• κ Ã (κ)<ω
<κ κ real–valued measurable

Theorem. • b 6Ã (b)<ω
ω , d 6Ã (d)<ω

ω

• If p = d, thend is the only regular cardinal for
whichκ Ã (κ)<ω

<κ fails
• There are arbitrarily large cardinals such that

κ 6Ã (c+)<ω
<κ

• (Fremlin)d is not real–valued measurable
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