HENTSCHEL-PROCACCIA SPECTRA
IN SEPARABLE METRIC SPACES

ONDREJ ZINDULKA

ABSTRACT. The partition—based and integral-based Hentschel-Procaccia mul-
tifractal spectra in separable metric spaces are introduced and examined. It is
shown that they satisfy the basic theorems one would expect of a spectrum S
of a finite Borel measure p in a space X:

e For p-almost all x € X

1 B — 1 B

—d,y (1) < lim 98H (z,r) < Tom L8 (z,7)
—0 logr r—0 logr

—d_ 5(1)7

where d+S5(1) denote the right and left derivatives of S at 1.
e For each o within certain interval,

1 B
dimH{x € X : lim M = a}

< L
r—0 logr \S (06)7

where dimy is Hausdorff dimension, and SL(a) denotes the Legendre trans-
form of S.

1. INTRODUCTION

Most results in the elementary theory of multifractal dimension depend more
or less on Vitali Covering Lemma, Besicovitch Covering Lemma and/or on the
finite multiplicity of the underlying space. Pesin [12] devotes Appendix I to the
investigation of possibilities in a general separable metric space, concluding that
virtually all interesting results require some kind of geometric regularity of the
underlying space.

The goal of the present paper is to establish as much of the elements of the
theory of Rényi and Hentschel-Procaccia multifractal dimension as possible within
the framework of a general separable metric space.

There is a strong evidence in literature that, loosely speaking, a “good” multi-
fractal spectrum of a finite Borel measure p in a metric space should (besides other
properties) be a decreasing convex function S : R — R that attains value 0 at 1
and satisfies two theorems:

e For p-almost all z € X

log uB — log uB
=0 log r r—0 logr

where d4 S(1) denote the right and left derivatives of S at 1.
e For each « within certain interval,

< —d-S(1),

dim{m € X : lim log nB(x, ) = a} < St a),
r—0 log r
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where dim is some kind of fractal dimension, e.g. Hausdorff dimension, and S* (o)
denotes the Legendre transform of S.

We introduce two such spectra. The partition—based one arises from the Rényi’s
generalized Shannon formula. The integral-based one is known for a long time,
only that it was, at least to the author’s knowledge, never implemented in a general
separable metric space.

There is a wealth of literature on multifractal spectra in Euclidean spaces.
A recent Pesin’s monograph [12] focuses on multifractal dimension. Excellent
books [2, 3] include chapters on the topic. An alternative fruitful approach based
on so called multifractal Hausdorff and packing measures was recently developed
by Lars Olsen in [9, 11, 10].

There are three parts. In the first part (Sections 2-4) we prepare some covering
lemmata and overview Hausdorff, packing and box dimensions of sets and the no-
tions of Hausdorff, packing, box and local dimensions of a finite Borel measure and
their elementary properties.

The second part (Sections 5-11) develops the partition—based spectra theory.
The main results are: Theorems 7.1, 7.4, 8.5, Corollary 8.6, Theorem 10.1 and
Corollary 10.4. They all hover around the two theorems mentioned above.

The third part (Sections 12—-15) develops the integral-based spectra theory. The
main results are Theorems 14.1, 14.3, 14.5, 15.3 and 15.5.

Preliminaries
2. COVERING LEMMATA

We fix, once and for all, a separable metric space X with a metric d. The
diameter of a set A C X is denoted d(A) and B(x,r) is the closed ball of radius r
centered at x € X. If B = B(x,r) is such a ball and 8 > 0, then 8B denotes the
ball B(x, gr).

Let r > 0, A C X. A family C of subsets of X is an r-cover of A if d(C) < r
for all C € C and A C |JC. A disjoint r-cover of A is called an r-partition of A. A
r-packing of A is a family of disjoint balls of radii at most r and with centers in A.

A Borel measure p in X is non—trivial if uX # 0. Given a finite Borel measure
w1 in X, the support spt o of p is defined as the set of all points each neighborhood
of which has positive measure. As X is separable, u(sptu) = pu(X). If A C X, the
outer measure of A is denoted and defined by ufA = inf{u(B) : B 2 A Borel}. We
often write u instead of uf. The restriction of 1 to A is denoted and defined by
(u|A)(E) = u*(E N A). The measure p/p(X), i.e. the unique probability measure
proportional to pu, is denoted by fi.

If v is another Borel measure on X, then p < v denotes that p is absolutely
continuous with respect to v and plv that p and v are orthogonal.

The symbols N and NT are used to denote, respectively, the sets of all non—
negative and positive integers. We also use R* to denote the extended real line,
i.e. R* = [—00,00]. The cardinality of a set A is denoted |A].

Lemma 2.1. Let E C X and let {r, : € E} be a set of positive reals such that
SUP,cp e < 00. Then for each 3 > 2 there is a countable set D C E such that
{B(z,r) : x € D} is disjoint and {B(x,r;) : * € D} covers E.
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Proof. Assume without loss of generality that r, < 1 for each x € E. For n € N
define inductively

Ap={zcE:B-1)"">r,>(p-1)"},
B,={x€ A, :B(z,r;)N UKn UAi =0},

and let A, C {B(z,7;) : * € By} be a maximal disjoint family. Eventually put
A = U,en An. Tt is routine to verify that {z € E : B(z,r,) € A} is the required
family. ([

The above has the following obvious useful corollary that assumes, within the
framework of a general separable metric space, the role of the Vitali Covering
Lemma.

Lemma 2.2. Let E C X and let B be a family of closed balls such that each x € E
is a center of arbitrarily small balls from B. Then for each 8 > 2 there is a countable
disjoint subfamily B' C B such that {3B : B € B'} covers E.

Lemma 2.3. If A= {4, :n €N} and B={B,, : n € N} are d-partitions of X,
then there is a 36-partition C = {C,, : n € N} such that A is finer than C and for
eachn € N

(21) Uz cl)e.
=0 =0

Proof. For E C X put A(E) = U{A € A: AnE # 0}. Put Cy = A(By) and
inductively C,, = A(B,, \U,,, Ci). It is easy to check that C = {C,, : n € N} is the
required family. O

We shall need a lemma on grids. Recall that, given 0 < 8 < 1/2, a disjoint cover
{C,} of E C X is called a (8,7)-grid of E if for each n there is x,, € E such that
B(Z‘n,ﬂT) ca, B(Z‘n,’l”)-

Lemma 2.4. Let 8 < 1/2 and E C X. For each v > 0 and each r-partition A
there is a (3, ﬁ r)-grid C of E such that the family {A € A: A C C} covers C
forallC eC.

Proof. Put L = 11;"2%. Counsider the family B = {B(z,Lr) : 2 € E} and let BC F

be a set such that B’ = {B(z, Lr) : x € B} is a maximal disjoint subset of B. For
each x € B put

(2.2) A, = {A€ A: AnB(x, (L - 1)r) #0}.

Then

(2.3) B(z,(L —1)r) C A, C B(x, Lr).

Hence {4, : z € B} is disjoint. Let

(2.4) A" ={A € A: there is x4 € B such that d(za, A) < 2Lr}.
For each x € B put

(2.5) Co=A, U {Ae A 24 =2}.

Obviously

(2.6) B(x,(L—1)r) C A, CC, C B(z, (2L + 1)r).
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Let C = {C, : x € B}. Tt is clear that C is disjoint. It is also a cover of E, for
otherwise there would by (2.4) and (2.5) exist A € A and y € EN A such that
d(y,z) > 2Lr for all x € B, which would contradict the maximality of B’. Thus
(2.6) and the choice of L imply that C is a (g, ﬁr)—grid of E. As each C, is

built up of elements of A, the last property holds as well. O

3. REVIEW OF DIMENSIONS OF SETS
We shall make frequent use of the covering number function
N, (F) = min{|C| : C is an r-cover of E}, r >0
and of Hausdorff and packing measures. Let £ C X and s > 0. For all § > 0 define

H3(E) = inf{z d(E,)*: {E,} is a d-cover of E},
n=0

oo

PS(E) = sup{Z(an)s : {B(xn,mn)} is a d-packing of E}

n=0

and let

H(E) = lim 13(B),

P5(E) = lim P3(E), P*(E) = inf{z PS(E.):EC | En}
n=0 =0

H#(E) is called the s-dimensional Hausdorff measure of E. P*(E) is called the
s-dimensional packing measure of E. It is well-known that both Hausdorff and
packing measures are o-additive outer measures on X.

Definition 3.1. The lower and upper box dimension of a set E C X are defined,
respectively, by

logt N,.(B) —— log™ N,.(E
dimyE = liminf %8 B G B timsup 108 N (E)
r—0 |log 7| r—0 [log r|

(We use logt 2 = max(logz,0) to avoid troubles with the empty set.) Hausdorff
dimension of E is defined by

dimg E =sup{s > 0: H*(E) = oo} = inf{s > 0: H*(E) = 0}.
The packing dimension of E is defined by
dimp E =sup{s > 0: P*(E) = co} = inf{s > 0: P*(F) = 0}.

The elementary properties of box, Hausdorff and packing dimensions are well—
known. We point out that (for proofs see e.g. [2])

(3.1) dimg E < dimgE < dimpF,
the last inequality being nontrivial, and

o0
(3.3) dimp FE = inf{sumeEn :E C U En}

neN n—0
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4. REVIEW OF DIMENSIONS OF MEASURES

We first recall the Hausdorff, packing and box dimension of a finite Borel measure
and notice that the two latter equal. Then we recall the notion of upper and lower
local dimension and relate them to Hausdorff and packing dimensions.

Definition 4.1. Let u be a finite Borel measure in X. The Hausdorff and upper
Hausdorff dimension of pu, respectively, are defined by

dimgy p = inf{dimy E : u(E) > 0},
dimy; ¢ = inf{dimyg £ : u(X \ E) = 0}.
The packing and upper packing dimension of u, respectively, are defined by
dimp p = inf{dimp E : u(E) > 0},
dimp g = inf{dimp F : u(X \ E) = 0}.
Pesin [12, §7] introduces also the lower and upper box dimensions of p
ﬁgu = liminf dimgFE,
nE—pX
di = liminf dimgFE.
dimpp = liminf dimp
The following equivalent definitions of Hausdorff dimensions of p that remind
those of sets are easy to prove.
dimpy p=sup{s > 0: p < H*}, dimjyp=inf{s>0:pulH*}
and likewise for the packing dimensions.

The following shows the known (and obvious) relations between dimensions of
measures.

dim}p p > dimp p > dimg p < dimj; 4 < dimpp < dimpp
There are examples showing that any of these inequalities can be strict. The fol-
lowing relations between packing and box dimensions of 4 follow at once from (3.3).
Proposition 4.2. Let o be a finite Borel measure in X. Then
(i) dimp p = dimpp,
(ii) dimp p = inf{dimpFE : uF > 0}.

The following is straightforward.
Corollary 4.3. Let i and v be finite Borel measures in X. If v < u, then
dimg p < dimg v < dim}; v < dimjy g,
dimp p < dimp v < dimp v < dimp p,
<

dimpr < dimpgp.

Definition 4.4 ([17]). Let p be a finite measure in X. The upper and lower local
dimensions of u, (also called upper and lower local Hélder exponents) respectively,
are the real-valued functions on X defined by

_ log pB(x, )

a,(x) = limsup

log uB
,  a,(z) =liminf 8UDTT) (x,r).
r—0 logr H

r—0 logr

If a,(z) = @,(z), then the common value is denoted a,(x) and called local di-
mension of p at x. The measure p is termed upper or lower exact-dimensional,
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respectively, if @, or a,, is constant y-almost everywhere, locally exact-dimensional
if o, exists p-a.e., and exact-dimensional if o, exists and is constant p-a.e.

The following is a very general and very weak version of Lebesgue density lemma.

Proposition 4.5. Let pu,v be finite Borel measures in X.
(i) o, <q, and @, <a, p-a.e.,
(ii) if p < v, then a, = a,, and @, =@, p-a.e.,
(iif) if £ C X, then a,p = a, and @, g = Q) p-a.e. on E.
Proof. We prove (i), for (ii) and (iii) easily follow from (i). If @, > «, on a set of
positive measure p, then there are real numbers p, ¢ such that the set
A={reX:q,(r)>p>q>a,lz)}
satisfies uA > 0. Let € > 0 be given. By the definition of A there is, for each z € A,
a positive number r, < e such that the ball B(z,r,) satisfies
uB(x,3ry) < (3ry)?, vB(z,ry) > ri.

By Lemma 2.2 it follows that there is a countable set D C A such that the family
{B(z,r;) : x € D} is disjoint and the family {B(z,3r,) : x € D} covers A. Hence

<u({J B@,3ry)) < Y pB(x,3r2) < Y (3ra)"

€D xzeD xzeD
<3P g ePdrd L 3PP E vB(z,ry) < 3PP,
€D zeD

Letting ¢ — 0 yields pA = 0, a contradiction concluding the proof of the first
inequality. The other one is proved in the exactly same manner. (]

Corollary 4.6. Let p and v be finite Borel measures in X and v < . If p is upper
or lower exact-dimensional or exact-dimensional or locally exact-dimensional, then
S0 s V.

The lower local dimension of ;1 can be obtained also as follows. Consider the set

function ((F) = uFE 112‘2 ‘;g defined on the family of measurable sets and let fi be the

measure arising from ( via Carathéodory construction, i.e.

fi=H(E) = hm 1nf{zg : {E,} is a d-cover of E}

Proposition 4.7. Let u be a finite Borel measure in X. Then, for each Borel set
E, i(E)= [, a, du, i.e. i < p and o, is the Radon-Nikodym derivative of fi with
respect to (.

Proof. Let E be a measurable set of positive measure and ¢ > 0. It is enough to
show that

(4.1) g<a,on b = q-u(E)
(4.2) q>a,on kb = q-pu(E)

[)/(E)7

<
> (E).

For § > 0 write

mf{i : {E,} is a d-cover ofE}

n=0
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To prove (4.1), let € > 0. There is o > 0 such that the set

log uB
A:{er:w>qforaﬂr<ro}
logr
satisfies uA > pFE —e. Let § < rg. Then for every d-cover {F,} of A we have

log uB(z,dF},)
F, > P> Fo-q>q-pA,
N (P =D Tog A S wFnq=q-p

whence Hg(A) >q-pA. Let § — 0 to get
A(E) = i(A) = H(A) 2 q- (pA —¢)

and (4.1) follows by letting € — 0.

To show (4.2) let 6 > 0 and let {F},} be a maximal disjoint J-cover such that
wF, >0 and (F, < q-pF,. Let A= FE\UF, IfpuA >0, Lemma 4.5 yields
, a.e. on A, which in turn implies a point z € A and r < §/2 such that

w(B(z,r)NA) >0 and W <gq. Put F = B(z,r)NA. Then (F < q-uF
and pF > 0. Thus F shows that {F,} in not maximal. We have proved that
uA = 0. Find a d-cover {A,} of A by negligible sets. Then {A,} U {F,} is a

0-cover of E and
HE(E) <D CAn+ D CFu=) (Fu <Y g pFy=q- ub.
Let § — 0 to get (4.2). O

Quia = 4

The following proposition is well-known for X = R", see [12, Theorem 7.2] and
[3, Proposition 2.3]. It is easy to adopt, with the aid of Lemma 2.2, the known
proofs for a general metric space.

Proposition 4.8. Let i be a finite Borel measure in X and E C X. Then

dimg F < supa,,, dimp F < supa,.
E E

If u*(E) > 0, then also
dimyg F > i%fgu, dimp I > irp}f&u.

Direct application of the above proposition to the definitions yields definite con-
nections between local dimensions and Hausdorff and packing dimensions that are
well-known for X = R", see e.g. [2], [12] or [17].

Theorem 4.9. For each finite Borel measure p in X,
dimp p = infess a,, ”
dimp p = infess@,, dimpp = supessa,.

dim7; 44 = supess«

Using 4.8 and 4.9 one can draw some consequences from continuity or semi-
continuity of @, or «,. For instance, if a, is lower semicontinuous at X, then
dim}; g = dimg X. Theorem 4.9 also implies that

e if ;i is upper exact-dimensional, then @,(z) = dimp p = dim}p p-a.e.,

e if y1 is lower exact-dimensional, then o, (z) = dimg p = dimy; p-a.e.,

e if ;i is exact-dimensional, then a,(z) = dimyg p = dimpy p = dimp p =
dim}p p-a.e.
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Partition—based spectra
5. RENYI SPECTRA: ELEMENTARY PROPERTIES

In this section we set up definitions of Rényi dimension spectra and establish their
elementary properties. We make use of the following generalization of the Shannon
formula introduced in [15]. Let (a, : n € N) be a sequence of non—negative real
numbers such that > a, =1. Put

q
1—¢

(5.1) Hy(an) = —2— logllanllys ¢ €R".

Here ||a, ||, of course means (3" a?)'/9. To avoid troubles with negative values
of ¢, we adopt the convention that 07 = 0 for all ¢, so that only non—zero terms
contribute to the norm.

For some values of ¢, namely 0, 1, +-00, the formula (5.1) does not seem to make
sense. Yet for these values one can define H,(a,,) by limits. If (a,) is regarded as
a distribution of a discrete random variable, then Hy(ay,) is the Hartley formula
and Hj(ay) is the Shannon formula. Also Hs(ay) and Hy(ay,) are of particular
interest.

Hy(a,) =log/{n : a, > 0}, Hoo(a,) = —logllan || = —logsup ay,
Hi(a,) = —Zan log a.,, H_(a,) = —loginf{a, : a, > 0}.

The function ¢ : ¢ — Hy(ay) has the following elementary properties. Put a =
inf{q : #(q) < co}. Obviously o < 1.

e ¢(q) is right—continuous on R* and continuous on (a, o],
e ¢(q) and (1 — q)¢(q) are non—increasing on R* and (1 — ¢)¢(q)/q is non—
increasing on [—o0,0) and (0, 00],
e (1—q)p(q) is convex on R*.
An important feature of H, is that it obeys the law of thermodynamics: If (a;;) is
a double sequence, then Hy(a;; : 4,5 € N) > Hy(> ", aij : j € N). We shall often use
it in the following form.

Lemma 5.1 (Law of thermodynamics). Let u be a probability Borel measure in X .
Let {A,} and {B,} be two measurable partitions of X. If {A,} is finer than {B,},
then Hy(1nAn) = Hy(uBy,) for all ¢ € R*.

Definition 5.2. Let p be a probability Borel measure in X. The lower and upper
Rényi spectra of p (often called also Hentschel-Procaccia spectra) are defined by

. o inf Hy(uEy)
Bt = g o
_ inf H,(uE,
R, = limsup L Ha(1En)

o logr]

where the infima are taken over all countable measurable r-partitions {£,} of X.
If p is a finite Borel measure, then we define R, u =R, it and Ry p = Ry 1. It is
however so that the magnitude of p actually matters only when ¢ = 1.

We recall that R; ¢ and R, i are called lower information and correlation di-
mensions, respectively, and the upper versions are called likewise. Also R, p is
sometimes referred to as a potential theoretic definition of Hausdorff dimension.
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It is also easy to see that Rqp and Rgp are actually the lower and upper box
dimensions of the support of u:

Rop =dimgspty, Rop=dimpsptu
The values of Rényi dimensions at +oo are particularly easy to get. Letting
¢(r)= sup uB(z,r), U(r)= inf uB(z,T)
TESpt 1

xespt
we have
(5.2) Reo po = lim log ¢(r)/ log R = lim log3(r)/logr,
(5.3) R p = lim log ¢(r)/logr, R = limlogt(r)/logr.

r—0 r—0

Proposition 5.3. Let v < p be finite Borel measures in X .
(i) If 1<g< oo, then R v > R,uandRu R, 1.
(ii) If 0 < q<1thenR1/ R,uandRV Ry -

The proof is omitted, as it is trivial. For ¢ < 0 there is no obvious monotonicity.
The situation for ¢ = 1 is discussed in the next section.
The following obtains immediately from the corresponding properties of H,.

Proposition 5.4. Let p be a finite Borel measure in X. Then the functions q —
R, p and g — Ry p have the following properties.

(i) R, p and Ry i are non—increasing on R*,

(ii) (1 —q)R,p and (1 — q) Ry o are non—increasing on R*,

(iii) (1 — q)R p/q and (1 — q) Ry p/q are non—increasing on [—o00,0) and (0, 00].

Next we discuss continuity properties of Rényi spectra.

Proposition 5.5. Let pu be a finite Borel measure in X. Put g, = inf{q: Ryp <
oot and ¢ = inf{q: R, p < oo}

(i) Ifqoo<oo then 0 < g < 1,

(ii) If q  <oo, then0<gq <1,

(iii) R, p is continuous at every point q ¢ [q ,qoc] except possibly at q = 1,

(iv) Eq W 18 continuous at every point q # Q.. except possibly at ¢ = 1.

Proof. (i) Let q ¢ [0,1] be such that R, u = co. If 1 < ¢ < oo, then by 5.4(iii)
1—qg— —
(5.4) Tqun > —Reo .

Therefore R, pt = 0o. This shows g, < 1.
If —oo < g < 0, then the same argument proves that if ¢ < p < 0, then

1—qg—
Rpp > 51—(] Ry pp = oo.
This shows that 0 < G

(ii) is proved in the same manner.

(iii) and (iv) Consider first the case ¢ = co. Then by (5.2) and 5.4(i) |R, p —
Roo 1| < Ry pt/p for each p > 1. Thus R, is continuous at co. The continuity of
R, 1t at —oo and the continuity of R, p at oo is proved in the same manner.

Now assume that 1 # ¢ < oo and that there is p < ¢ such that R, p < oo. Using
the notation of Definition 8.1 and (8.1), it is obviously enough to prove that both
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T'(q) and T',,(q) are continuous at g. And that easily follows from Proposition 8.2(i)
and (ii) infra. O

As dimpX > dimp spt . = R i1, Proposition 5.5 yields

Corollary 5.6. (i) If dimpX < oo, then both R, p and R, v are continuous at
every point except possibly at ¢ =0 and ¢ = 1. -
ii) If there is ¢ < 0 such that R, p < oo, then both R, u and R, p are continuous
q M q M q M
at every point except possibly at ¢ = 1.

We shall see later that the continuity at ¢ = 1 has dramatic consequences.

Example 5.7. Let {z, : n € N} C [0,1] be dense and (a, : n € N) a sequence of
positive numbers such that Y a? < oo for each ¢ > 0, e.g. a,, = (n + 1)~™. Define
a measure on [0,1] by u(E) = > {a, : , € E}. Then

oo if ¢ <0,
Ryp=Rop=41 ifqg=0,
0 ifg>0.

For ¢ > 0 this follows easily by direct calculation, for ¢ = 0 from dimp[0,1] =
dimgz[0,1] =1 and for ¢ < 0 from Proposition 5.5(ii), (iii) and (iv).

Example 5.8. Let p be the measure on [1,00) whose distribution function is
1—1/z. It is a matter of routine to show that

R ucRoucl® if ¢ < 1/2,
P=RE= g >1)2.

—q

6. INFORMATION DIMENSION

In this section we pay special attention to the Rényi dimensions with parameter
qg = 1. Let {(a, : n € N) be a sequence of non—negative real numbers such that
>, an = 1. Recall the Shannon formula

(6.1) H(an) == anlogan
n=0

i.e. H(a,) = Hi(ay). Recall that for a non—trivial finite Borel measure p in X, the
lower and upper information dimensions are defined by

. inf H(pEy)
Ryp= llgﬂjgf W7
— inf H(pE,
Ri p = limsup 2 n) (7iFn)

P Tog ]

where the infima are taken over all finite or countable measurable r-partitions { £, }
of X.
We shall also use the following auxiliary notation for the one—sided limits:

Ripp=limR,p, Ri_p=IlmR,pu,
qll q11

Rijp zlqiﬁlEq p Ri_p= lqi%rllEq 4.
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Proposition 6.1. Let y and v be Borel probability measures on X and let ap + bv
be their conver combination, i.e. a,b >0, a+b=1. Then

aRyp+bRyv<Ry(ap+bv) <aRyp+bRyv < Ry(ap+br) <aRyp+bRyv.
For the proof we prepare a lemma that will be useful also later.

Lemma 6.2. Let ¢ :[0,1] — [0,00) be a concave function such that 1»(0) = 0. Let
(an :n € N) and (b, : n € N) be two sequences of non—negative numbers such that
doan = by < oco. If (ay) is non—increasing and

n

(6.2) Zn: U <Y b

m=0 m=0

holds for each n € N, then

(6.3) D w(ba) < dlan).

Proof. Assume first that (a,) has only finitely many non—zero terms. We employ
the idea of [14, Lemma 2]. Let k = |[{n : a, # by}|. The proof is by induction
on k. If £ = 0, there is nothing to prove. The induction step goes as follows. Let
i =min{n : a, < b,} and j = min{n : a, > b,}. The hypotheses ensure that both
i and j are well-defined and that ¢ < j. Put 8 = min(b; — a;,a; — b;). Modify
the sequence (b,,) by replacing b; with b; — § and b; with b; + § and denote the
resulting sequence by (b)). As 9 is concave we have

V(i) + (b)) < Y(bi — B) + (b + B).
It follows that

D e(ba) <Y W(0).

As (6.2) remains true with b, replaced with o/, and Y b, = > b}, it is enough to
notice that k" = [{n : a, # b,}| is less than k, for either b} = a; or b, = a;, and
apply the induction hypothesis.

Now consider the general case when (a,) has infinitely many positive terms.
If lim,—o%¥(a) > 0 (note that the limit exists), then > 1(a,) = oo and there is
nothing to prove. Otherwise 1) is continuous at 0. As ¢ > 0 and it is concave, there
is € > 0 such that ¢ is non—decreasing on [0,¢]. Let N € N be such that ay < e.
Put

N n N*
Q:an, N :max{n:Zaiéﬂ}, Oé—zan
n=0 =0 n=0

and define for each n € N

an if n < N*, b ifn< N
n ifn <N,
ahb =< fB—a ifn=N*"+1, b, = _
. otherwise.
0 otherwise,
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Then (a],) and (b),) satisfy all hypotheses and have finitely many non-zero terms,

and thus by the above Y (b)) < > ¢(a)). As f—a < an=41 < &, this gives

N 0o 0o
D bn) <Y w(,) <> w(ar,)
n=0 n=0 n=0
N* N*+1 0o
=Y W(an) + (B —a) < Y Wlan) <Y d(an).
n=0 n=0 n=0
As this holds for any N that is large enough, we are done. ([l

Proof of Proposition 6.1. We shall need the following well-known fact (see e.g. [15]):
If a and b are as above and o = (a,) and § = (b,) are sequences of nonnegative
numbers such that Y a, =Y b, = 1, then

(6.4) aH(a) +bH(B) —log2 < H(aa + bB3) < aH(a) + bH(B) + log 2.

For r > 0 write A, (u) = inf H(uFE,,), the infimum over all measurable r-partitions
of X. (6.4) gives

al, (p)+bA,(v) o

<l

A log 2
aRyp+0bR v < lim lim ~(apu+bv)+log
=0 [log 7| r—0 llog 7|

<R, (aptbu),

which proves the first inequality. The third one is proved in the same manner. We
prove the second one. Let r > 0. Assume that {4, } and {B,} are r-partitions and
{B,} is enumerated so that vBy > vB; > ... and consider the 3r-partition {C,}
of Lemma 2.3. As {4, } is finer than {C,}, the law of thermodynamics yields

(6.5) H(uCyp) < H(pAy).

Put ¢(a) = —aloga. Observe that (2.1) ensures that > . jvB; < Y., vC; holds
for all n € N. Hence Lemma 6.2 yields

(6.6) H(vC,) < H(vB,).
Combine (6.5) and (6.6) with (6.4) to get
H(apC, +bC,) < aH(uA,) +bH(vB,) + log 2.
It follows that
Asy(ap + bv) < alp(u) + bA, (V) + log 2.

Passing to limits gives the second inequality. The fourth one is proved in the same
manner. O

Part of (ii) of the following is well-known for bounded sets in R", see e.g. [18]
or [1, Proposition 5].

Theorem 6.3. Let  be a finite Borel measure in X.

(i) If Ry pu < oo (in particular, if dimpX < 00), then R, u < dimppu.
(ii) Qf §1—L< oo (in particular, if dimpX < o0o0), then R, p < dimpu and
Ry p < dimpp.
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Proof. (i) Assume without loss of generality that pX = 1. By assumption, there
is ¢ < 1 such that R, u < co. Let dimpu < s. Then, given ¢ > 0, there is £ C X

such that uF >1— 6 and dimpE < s. Lemma 6.1 yields
Ry p < p(B)Ri(ulE) + (1 — pE) Ry (u|X \ E)
SRi(ulE) +0Ry (u[X \ E)
<dimpE 4+ 0R, (1 X \ E) < s+6R, p,

the last two inequalities by Proposition 5.5(i) and Proposition 5.3(ii). AsR, u < oo,
letting 6 — 0 gives R, 1t < s, as required.
(ii) is proved in the same manner. O

We have a partial converse of 6.3(ii).

Proposition 6.4. Let p1 be a finite Borel measure in X. Then Ro . = oo if and
only if there is v < u such that Ry v = oo.

Proof. The if part is trivial. We prove the if only part. Assume without loss of
generality that spty = X. As dimpX = Ropu = oo, there is a sequence 7, | 0
and a sequence (B,,) of disjoint open families such that, for each n € N, any set of
diameter at most 7, meets at most one element of B,, and log|B,| > 4" [logr,|. As
all B € B,, are open, they have positive measure and one can set

1 ,U,(EQB) - —n—1
vn(E) = 1B, z Tv v(E) = 22 vn(E),
BeB, n=0

so that v is a finite Borel measure and v < p. Let {E} be an arbitrary r,,-partition
of X. Then, by the monotonicity of —zlogz and the law of thermodynamics,

H(vEy) = — Z vEplogvE, > —27""1 Z vpEy log vy, By,
k k

> -2 ! Z vnBlogu, B > 27""1log|B,| = 2" *|logr,|
BeB,

and Ry v = oo follows. O
Corollary 6.5. Let (A, : n € N) be a sequence of non-negative numbers, > > Ap =

1. Let {u, : n € N) be a sequence of Borel probability measures in X and p =
> Antin their convex combination. Then

(i) Zinﬂl pn < Ry p, - _ _
(ii) If Ri— p < oo (in particular, if dimpX < 00), then Ry < > An Ry -

Proof. For each k € Nput ep =37, ) An.
(i) Lemma 6.1 yields

0o k 00 k
Ry (Y Aatn) 2 3 M Ragin + ek Ra (D0 Autin) = D0 ARy i
n=0 n=0 n=k+1 n=0

and (i) follows by letting k& — 0.
(ii) Proposition 5.3 and the assumption give for each k € N

Rq( Z Anptn) < Ri_ p < oo.
n=k+1
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Thus Lemma 6.1 yields

R (i Anun) < i AR i + €1 E( i )\nun>
n=0

n=0 n=k+1
< Z)\nﬁl Hn +€kE1*M
n=0

and (ii) follows by letting k£ — 0. O

Theorem 6.6. Let u be a Borel probability measure in X.
() loyli <Ry
(i) If Ri— p < oo, then Ry p < ||l@ul)r-
(iii) If p is locally exact-dimensional and Ry— i < oo, then Ry pu =Ry pu = [Jayl1-

Proof. (i) The following trick is well-known. Let r > 0. Then for any r-partition
{E.}, all n and = € E,, we have u(F,) < uB(z,r). Hence

—Y pE,loguE, > —Z/E log pB(z,r)du = —/XloguB(:w) dp.

It follows (the right-hand inequality by Fatou Lemma) that

log uB(z,r)d log LB
[y log uB(z,7) u>/ i 108 1B, T) a.
X s

(6.7) R, ¢ 2 liminf it Tog

r—0 log r

As the rightmost term is nothing but [|a,,[[1, we are done.
(ii) Let € > 0. For each n € N put

E,={reX :en<a,(r) <e(n+1)}.
If ||@,]l1 = oo, there is nothing to prove. Otherwise p({Jr— o En) = 1. Consider
the measures p|E,. Proposition 4.5(ii) gives @, p, = @, < e(n + 1) a.e. on E,.
By Theorem 4.9 applied to u|E, we thus get dimp(u|E,) < e(n + 1). On the

other hand Proposition 5.3(ii) yields Ry_ (u|E,) < Ri_ p < 00, so Theorem 6.3(ii)
applies yielding R (u|E,) < e(n + 1). Apply Corollary 6.5(ii) to get

Rip< Z wEL, Ry (u|En) < Z pwEy, -e(n+1)

n=0 n=0
<5+ZuEn-5n<5+/ a,dp =¢e+ ||[a.lh
n=0 X

and (ii) follows by letting ¢ — 0. (iii) follows right away from (i) and (ii). O

The following example exhibits that Ry_ 4 < oo cannot be dropped from (ii)
and (iii) in the preceding theorem and from Theorem 6.3.

Example 6.7. An exact—dimensional measure y on a compact space X such that
dimp X < R, p.

Let X = 2N, the set of all binary sequences endowed with the product topology.
For each n € N*, let +,, = (00...01) € 2" be the finite sequence of length n which
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only non-zero entry is the terminal one. Let 2<N = U,hen 2" be the set of all finite
binary sequences. For each p € 2<N put

27" if 4, Cpand |p| <27,
x(p) =

(6.8) B :
2-1P1 otherwise.

For any pair f, g € 2" of distinct sequences let f A g be the maximal common initial
segment. Put

p(f,9) = p(g, f) = x(f Ng)

and p(f, f) = 0. It is easy to prove that p a is a metric in X. Let u be the product
measure on X.

Claim. pu is exact—dimensional and dimyg X = dimp X = 1.

For each p € 2<N let C,, = {f € 2V : p C f} be the cylinder determined by p.
Obviously p(C,) = x(p). For each f € 2N f # 0 there is a unique n € N such that
tn C f. If k> 2" then x(f | k) =27%. As the diameter of Cj, is x(p), this yields
loguCpry .. log 2k

= — =P -JF —— =1.
k—oo log x(f | k) et log2—F

au(f)
So p is exact—dimensional and, by virtue of Proposition 4.8, dimy X = dimp X = 1.
Claim. Ryu=R, u=2
Fix m € N and for each n € N, 1 < n < m consider the families
Com = {C'p i tn Cp, |p| = max(m, 2")},
Fn= U Cumu{C,}.
1<n<m

It is easy to verify that F,, is a 2~ ™-partition of X. Further, if f,¢g € 2N and
p(f,g) > 27™, then f and g belong to distinct elements of F,,, and thus any 27
partition refines F,,. Overall we have

. 1
(6.9) Ryp=— lim — > pClogyuC
CeFm

as long as the limit exists. To calculate (6.9) observe that

— Y nClogyuC =

{2mn-2M-mm.2" if 27 < m,
CECrom

92"—n  9—-2" ‘9n _ 1 if 2 > m,

so neglecting negligible effects we get

— Z uC'logy uC' = Z 27" m + Z 1+27"m

CeFm I<n<m<2m 1<n<2r<m

log, m

~m Z 27" + (m — logy m)
n=1

1
~m(l——)+m—logy,m=2m —logym — 1.
m

Therefore Ryt = Ry = lim = (2m — logy m — 1) = 2.
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7. RENYI SPECTRA: CONTINUITY AT q =1

In this section we show how the continuity of Rényi spectra at ¢ = 1 affect
Hausdorff, packing, box and local dimensions. Our main result is

Theorem 7.1. Let p be a finite Borel measure in X. Then

(i) Riypsdimpp <dimpp <Ry p

(ii) Riy p <dimp p < dimpp < Ry p
To prove this theorem we prepare two lemmas.

Lemma 7.2. Letr >0, s >0 and ¢ < 1. Let {E,} be an r-partition of X such
that

(7.1) H,(uE,) < s|logr|.
Then for each t > s there is a set E C X such that p(X \ F) < r(t=0-9) qnd
logN,.(E) < t|logr]|.

Proof. Assume that X = 1. Order {E,, : n € Nt} such that uFy > uEs > uFEz >
.... Then pFE, <1/n for each n € N*. As 1 —¢ >0, (7.1) reads

(LE,)? < p—s(1-a)

n=1

Therefore
Z{uEn n=rt) = Z{(uEn)(kq) (LB )T :n>r""}
<m0 {(uE) in e

< rt1-9) Z(”E”)q Lt p—s-a) _ p(t=s)(1-q)

n=1

Therefore the set E = X \ {uE, : n > v~} satisfies uE > 1 — r(t=9)(1=9)  On
the other hand, the family {E, : n < r~'} is obviously an r-cover of E. Thus
N, (E) <, as required. O

Lemma 7.3. If 0 < p <1< q, then there is a number A = A(p,q) > 0 such that
S ()T A (S a)
n=1 i=n n=1

for each sequence {a, : n € NT) of non-negative real numbers.

Proof. 1 owe one to Ale§ Nekvinda who remarkably simplified my original proof.
We first prove that if (b, : n € NT) is a non-increasing sequence of non-—negative
reals and § > 0, then

(7.2) i(nbn)“ <2y (i bi)5.
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Put B=Y (32, bi)é. As (b,) is non-increasing, we have

00 2n 00
(73) B> Z( 3 bi)é >3 (nbsn)’ 2—52 2nbyn)’,
n=1 i=n+1 n=1

oo 2n—1

(7.4) Z(Z b) > i (nbon—1)® > 27° i((Zn ~ Dban1)’

n=1

Combine (7.3) and (7.4) to get 2B > 273>  (nb,)° and (7.2) follows.

We now prove the lemma. We consider only the case Zoo an < 00, as it is more
important and the proof for > °7 | a,, = oo is almost 1dent1cal Mutatis mutandis
we may thus assume that Y -, a, = 1 and also that (a,) is non-increasing. We
may also assume that

(7.5) 0<p<l<g<l+pg.

. o0 o0
Indeed, the expression - al) = obviously decreases as p increases, so if
’ n=1 i=n 1

p is too small to satisfy ¢ < 1+ pg, we may increase it to achieve 1 > p > 1 —1/g,
whence (7.5) holds.

Put o = 2L and o = qugﬂ so that £ + 1 = 1. (7.5) ensures that a > 1 and

o' > 1. Therefore Holder inequality ylelds

1
ol

1_2%_211—3 nia (i ”7) (anan)

Q=

Raise the above inequality to o to get

w0 e ()T () = () Y
n=1 n=1 n=1 n=1
Use (7.2) with b, = a? and 6 = a/q.
(7.7) i(nai)% <2t i(i a?)%
n=1 n=1 i=n

Combine (7.6) and (7.7) and express the rightmost exponent by means of p and ¢
to get

o0 oo _p
v ()T SE ™
n=1 i1=n
Now (7.5) ensures that o//q > 1. Thus the term in brackets is finite. So letting
A = A(p, q) be its reciprocal we have A > 0 and

oo

<Y (Sa)™

n=1 i=n
as required. The proof is complete. ([
Proof of Theorem 7.1. Throughout the proof we shall assume that X = 1.

R, p < dimp p: Aiming towards a contradiction, assume that there is ¢ > 1
such that R, 1 > s and yet there is a Borel set £ such that u(E) > 0 and H*(E) = 0.
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Therefore for each @, ¢ > 0 there is a d-cover {F,,} of F such that

(7.8) D d(F,)* < Q.

As R, p > s, there is t > s such that R, u > t. Thus there is 79 > 0 such that for
all » < r¢ and each r-partition {E,} of X

oo 1
(7.9) (Z(MEn)q) et

n=1
Put p = s/t. The choice of t ensures that 0 < p < 1 < ¢. Apply Lemma 7.3.
Consider the number A = A(p, q). Let {F,,} be the ro-cover of E that satisfies (7.8)
with Q = A(p,q) - w(E)7-T. Arrange {F,} in a sequence (F, : n € N*) satisfying
d(Fy) > d(F») > .... We may assume that {F,} is disjoint.

For each n € N consider the family {F,,, F},11,...}. Find a partition {41, As, ...}

of the set E\Uj’;n F}; by sets of diameter at most d(F),). The family {4, As,...} U
{Fn, Fnt1,...} is obviously a d(F,)-partition of F, therefore it satisfies (7.9) with
r=d(F,).

o0 (o] 1
(Do uF?+ Y (ua))?) " < d(F)!
i=n j=1
Since ¢ > 1 and p = s/t this clearly implies that for each n € Nt

o0

(S 0ar) ™ <d(F

i=n
Sum up over n and combine with (7.8) to get

oo o0

S (S WE)) T < S d(E) < Q = Alpua) - u(E) .

n=1 i=n

As Y pF, = pE, this directly contradicts Lemma 7.3. The proof of Ry, u <
dimy i is complete.

Ri; o < dimp p: This one is easy. Let ¢ > 1 and E C X, uFE > 0. By virtue of
Proposition 5.3(i)

Ry p < Ry(plE) < Ro(p|E) < dimpFE.

Hence Proposition 4.2(ii) yields R, s < dimp p. Thus Ryy g < dimp p.

dimpu < Ry_ p: Let £ > 0 be given. Let ¢ < 1 and assume that R, p < s <.
Then there is a sequence r; | 0 such that for each & € N there is an ri-partition
{Ekn : n € N} satisfying

H,(1Bwn) < sllog i

Moreover, 7;’s can be chosen to decrease fast enough to satisfy
(7.10) S0 <

k=0
Apply Lemma 7.2 to each {Fj, : n € N} to get a set Fj, satisfying
(7.11) pEp > 1 — {90790,

(7.12) logN,, (Ex) < tllogrg|.
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Put E = oy Ex. By (7.10) uE > 1 — ¢ and obviously logN,, (E) < t|logr|. It
follows that
logN,. (FE
dimpFE < liminfL’“() <
k—oo  [logry|

Thus dimpu < ¢, as € > 0 was arbitrary. We conclude that dimpp < R, p for
q <1, as required.

dimpp < Ry— g2 This proof is similar to the preceding one. Let € > 0 be given.
Let ¢ < 1 and assume that R, < s < t. Then there is 79 > 0 such that for any
r < 1o there is an r-partition {E,, : n € N} satisfying

Hy(nE,) < s|logr|.

For each k € N put 7, = 27%ry and find a set Ej, satisfying (7.11) and (7.12). As
above put E = (., E). Then
—— logN,.(E) < Tm logN""k+1(E) < Tm tllog 7411 <

dimpFE <1 < S
i P [log 7| k—oo  |log Tyl k—oco [logry]

by the choice of 7. On the other hand puF > 1— (27 Fry)#=5)(0-9) by (7.11). As

the series is geometric, we just have to choose r¢ small enough to get uF > 1 —e.
It follows that dimpp < ¢, whence dimpu < R, p, for all ¢ < 1. O

Theorem 7.4. Let i be a finite Borel measure in X.

(i) If R, w is right—continuous at ¢ = 1, then p is lower exact-dimensional and
g#(f) =R, p for p-almost all x € X. B
(ii) If Rgp is left-continuous at ¢ = 1 and Ry p < oo, then p is upper exvact-
dimensional and @, (z) = Ry pu for p-almost all x € X.
(iii) If Ry, p=Ri_ p, then p is ezact-dimensional and o, (x) = Ry p =Ry p for
p-almost all v € X.

Proof. We may assume that uX = 1.
(i) Combine Theorems 6.6(i), 7.1(i) and 4.9 with the hypothesis.

infessgu < ngﬂl <Rip=Ry, p<dimgp= infessgﬂ

It follows that all terms equal. In particular, infessa, = [la,[l;. Therefore o, is
almost constant and p is lower exact—dimensional.

(ii) is similar. Note that the hypotheses ensure that R;_ 1 < oo. Combine
Theorems 6.6(ii), 7.1(ii) and 4.9 with Proposition 4.2(i).

supess@, > [[@ulli = Rip = Ri_ p > dim} g = supess o,

It follows that all terms equal. In particular, supess@, = ||@,||1. Therefore @, is
almost constant and p is upper exact—dimensional.

(iii) follows at once from (i) and (ii) if Ry p < oo. Otherwise Ry, p = oo and
Theorem 7.1(i) yields dimy g = co. The rest follows from Theorem 4.9 and its
Corollary 4.3. O

The above Theorem 7.4 does not have a converse, as illustrated by the following
example.
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Example 7.5. Let p be the measure in [0,1] with distribution > °°  27"x1/7,
Then p is exact—dimensional and

_ 1 ifg<g1
RqU:Rq“:{O if ¢ > 1.

The distribution of u is absolutely continuous, thus u is absolutely continuous with
respect to the Lebesgue measure on [0, 1]. According to Corollary 4.6 we thus have
a,(r) = 1 a.e. Thus Theorem 6.6 yields R, > 1 for ¢ < 1. Direct calculation
shows that infocpeq plz—r, x+7] is proportlonal tor. Thus (5.2) yields R_qo pt < 1,
whence R, p = R,p=1forall ¢ <1. It is easy to calculate that Roo it = 0, thus
Proposition 5.5(111) gives Ry u = 0 for each ¢ > 1.

Overall, o (z) = Ry p = dimy pp = 1 for p-almost all z € [0, 1], so p is exact—
dimensional, and yet Riy =0 <1 =R, p.

The following corollary to Theorem 7.1 is a counterpart of a more comprehensive
Theorem 14.5 infra. We consider the convergence in the Banach algebra of measures
provided with the usual variance norm.

Corollary 7.6. Let pu be a finite Borel measure in X .
If 1 < g < o0, then

lim R l/: m Eq(u|E):dimHu,

V= 4

sup R, v = sup R (W E) = dimjy .
v rE>

If 0< g<1, then
lim R,v= lim R, (u|E)=dimgu,

v—p nwE—pX

lim Ryv= lim Ry(ulE) = dim s,
v—p nwE—pX

Vlgfﬂﬁqu = mf R,(u|E) = /L?£0@3E7
inf Ryv = 1nf R, (p|E) = dimp p.

v

Proof. Assume that pX = 1.

First line. It is obvious that

lm Ry v > I R,(plB) > lim R (4]E)

V=

Therefore it is enough to show that

(7.13) dimg p < M EOO(/QL\E)7
(7.14) dimg p > hm R, v.
V‘}I_L

Proof of (7.13). Let > 0 and let s < dimgy p1. Then o, > s p-a.e. by Theorem 4.9.
Therefore there is 79 > 0 such that

(7.15) E={xe X :puB(x,r) <r’foralr<ry}

satisfies uE > 1 — . It follows that sup{uB(x,r) : € E} < r® for each r < rg.
Therefore (5.3) gives R (u|E) > s and (7.13) follows.
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Proof of (7.14). Let 0 < e < 1. Let F' = {z € X : a,(z) < dimpyp + }.
Theorem 4.9 implies that uF’ > 0. Put 6 = pF. Let v be a measure such that
e — v|| < d. Consider the decomposition ¥ = A + &k such that A < p and xLpu.
Then A is non-trivial, for ¢ < 1. Let f be the Radon—Nikodym derivative of A
with respect to p and let E = {& € X : f(z) > 0} and G = FN E. We have
w(X\ E) <||p—v| <§. Therefore uG > 0. Also u|G <« A. Thus

R, v <R, A<dimyg A < dimg (u|G) = infesngG = infessga, < dimpgpu+e

by: Proposition 5.3(i), Theorem 7.1(i), Corollary 4.3, Theorem 4.9, Proposition 4.5(iii)
and the definition of G.

Second line. It is obvious that

sup R, v > sup R, (uE) > sup R (p|E).
v nE>0 nE>0

Moreover, when v < p, then by Theorem 7.1(i) and Corollary 4.3
R,v <dimgv < dimy; v < dimp; p.

Therefore it is enough to prove that sup, g~ Roo (#|E) = dimj; y1, which is done in
a manner similar to the proof of (7.13).

Third line. Obviously

lim R, v < lim R, (u[F) < lim Ry(u|F) = dimpp.
V— pE—1 nE—1

Therefore it is enough to prove that lim, , R, v > dimgu. Let ¢ > 0. There is

d > 0 such that inf,gs;_sdimg(u|E) > dimgp — . Let v be a measure such that
le—v| < 6 and let A and E have the same meaning as in the proof of (7.14). Then

R,v =R, A >dimg) > dimp(p|E) > dimgp — ¢

by: Proposition 5.3(ii), Theorem 7.1(i) and Corollary 4.3.
Fourth line is proved in the exactly same manner as the third one. Fifth and
sixth line are proved in a manner similar to the second one. [

8. T-SPECTRA

In R™, Rényi spectra are, via Legendre transform, nicely related to the true
multifractal spectra arising from packing and Hausdorff dimensions of level sets of
local dimension. These relations are sometimes called multifractal formalism. In
this section we prepare a spectrum needed for establishing multifractal formalism
in a general metric space.

Definition 8.1. Let i be a finite Borel measure in X. For each ¢ € R let

_ . (1 —gq)inf Hy(uE,)
T = limsu
;L(Q) 7'—>0p |10g’l"|
1—¢q)inf H,(uE
T,(q) = liminf( q) inf Hy(nEn)
# r—0 [log r|

)

)

the infima over all finite or countable measurable r-partitions.
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The following obtains by direct calculation. Recall that 09 = 0 for all g.

— 1 E4
B (1_Q)Equzhmrﬁ(]% (>1

(8.1) Tulq) = .
(1-g)Rgpu=Ilim,_,p =——=—, ¢g<1

[log 7|

and likewise for T, (q).

These formulas show that the pair of Rényi spectra carry all information carried
by T-spectra. The only difference is that T-spectra do not contain information on
information dimension.

We list some elementary properties of Tu that are either trivial or follow from
Proposition 5.4.

T,(1) =0, T,(0) = dimp spt 4,
T,(q) is non-increasing,
T,(q)/q is non-increasing on (—oc,0) and (0, c0),

The asymptote of T, (¢) at —oc has slope — R_ o p,
The asymptote of T,(q) at oo has slope — R p.

And likewise for T',(q).

Proposition 8.2. (i) T, is conver.
(ii) For all p,q € R and X € [0,1],

T,Op+ (1 —=XNgq) <AL,(p) + (1= NTu(q).
For the proof we prepare an auxiliary definition and a lemma. Given 3 > 0,

r>0and E C X, let us call a family of balls {B(x;,r) : i € I} a (3,r)-bubbling of
E if z; € E for all i € I and the balls B(z;, 8r) are pairwise disjoint.

Definition 8.3. Let u be a finite Borel measure in X. For each r > 0 and ¢ € R
let

Mi(r) = sup{z uBg : {B,} is a (2,r)-bubbling of spt ,u}

e log M4(r) log M4(r)
— — log M9(r . log M4(r
A = —= A = lim ——~*
H(Q) r—0 |10g7’| ) fM(Q) rljnz) |10g7_|
Lemma 8.4. For any finite Borel measure p
() <Tulq), A,(q) <T,(q) for all g € R,
Au(q) =Tu(g), A,(q)=T,(q) Jor all ¢ < 0.

Proof. Given r > 0 and ¢ € R, put ¢9(r) = inf ) uFEZ, the infimum over all
measurable r-partitions.

Case ¢ < 0. Let {E,} be an arbitrary r-partition and {B(z;,2r)} an arbitrary
(2,2r)-bubbling of spt u. For each i there is n(i) such that pf, ;) >0 and E,;) C
B(x;,2r). Otherwise all E,,’s with positive measure would be at least r apart from
x;, whence the interior of the ball B(z;,r) would be covered by those E,’s that
have measure zero and thus would be negligible. As x; € spt u, this cannot happen.
Moreover, as B(z;,2r)’s are disjoint, the mapping ¢ — n(4) is one—to—one. Thus

i i n



HENTSCHEL-PROCACCIA SPECTRA IN SEPARABLE METRIC SPACES 23

It follows that M?(2r) < ¢9(r).

On the other hand, let {C,,} be a (%, 5r)-grid of spt u, that exists by Lemma 2.4.
For each n there is x,, € spt u such that B(x,,2r) C C,,. Thus {B(z,,7)}isa (2,7)-
bubbling of spt p and > uB(x,,7)? 2 > uC2l. As {C,} is a 10r-partition (up to a
set of measure zero, which does not matter) of X, it follows that M9(r) > ¢9(10r).

Taking logarithms and limits yields A, (q) = T,(¢) and A, (q) = T,(q).

Case 0 < ¢ < 1. Let B be an arbitrary (2,r)-bubbling of spt u and let £ be an
arbitrary r-partition. For each B € B put

Cp=|\J{E€&:EnB+0}.
Then Cp C 2B for all B € B and thus the family {Cp : B € B} is disjoint. Put

A={Cp:BeBlU{Ec&:En | Cp=10}.
BeB

As every set E € £ was processed, A is a partition of X. Moreover, £ is finer than
A and B C Cg for each B € B. It follows that

STuET= > pAT =Y uCh >y uBl,

EceE AcA BeB BeB

whence M9(r) < ¢9(r). Taking logarithms and limits yields A,(¢q) < T,(q) and
A,(9) ST, (9)-

Case 1 < q. Obviously M4(r/2) < sup > pE4, the supremum over all r-partitions,
which is enough. O

Proof of Proposition 8.2. We prove only (i), as (ii) is proved in the same manner.
Let p<gq,0<A<1ands=Ap+ (1 —\)g and write T for T',. We have to show

(8.2) T(s) < AT(p) + (1 = N)T(q).

We have to distinguish several cases of the positions of p, s, g.

Case 1 < p ors <1< q. First of all, note that if (a,) is a sequence of non—negative
numbers, then the mapping ¢ — log > a? is convex. Using the rightmost expression
in (8.1) and this fact, (8.2) follows by straightforward manipulation.

Case p < 1 < s. Let L,, denote the line passing through points (p,T(p)) and
(¢,T(q)), and let Ly, denote the line passing through points (1,0) and (q,T(g)).
As shown above, (s,T(s)) lies below L. Thus it is enough to show that the slope

w of Ly, is smaller than the slope %

(8.1) and Proposition 5.4(i) yield

of L4. Straightforward calculation,

T(q) T(@-Tp) 1-p~=

as required.
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Case 0 < ¢ < 1. Let r > 0. We first show that if {A,} and {B,} are r-partitions
and {B,} is enumerated so that uBy > uB; > ..., then the 3r-partition {C,} of
Lemma 2.3 satisfies

(8.3) log ¥ puCyy < Mog > pA% + (1 - N)log »  uBi.
As {A,,} is finer than {C,} and p < 1, the law of thermodynamics yields
(8.4) log Z uC? < log Z AL,

We now employ Lemma 6.2. Let a, = uB,, b, = pC, and observe that (2.1)
ensures that (6.2) is satisfied. Put ¢(a) = a?. As v is concave, Lemma 6.2 gives

(8.5) log ) | puCfi =log ) u(bn) <log ) w(an) =logy  uBy.

As g —log > al is convex, (8.4) and (8.5) yield (8.3).
Using the rightmost expression on the lower line of (8.1), the formula (8.2) follows
at once from (8.3).

Case ¢ < 0. According to Lemma 8.4, T(q) = A,(q). Therefore it is enough to
verify that

logZ/,LBfl < )\logZuBg +(1-X logZuBfL
holds for any (2,r)-packing {B,} of sptu. But that follows at once from the
convexity of g — log > al.
All triples p < s < ¢q showed up at the draw. The proof is complete. (I

The following two theorems generalize recently proved results on measures in
R™. See Section 11 for details.

Theorem 8.5. Let u be a finite Borel measure in X. Then
—d;T,(1) < a,(r) <au(r) < —d_T,(1) for p-a.a. z € X,

where d+T,,(1) and d_T, (1) denote the right and left derivatives of T, at 1, re-
spectively.

Proof. Obviously d; T, (1) = =Ry, p and d_T,(1) = — Ry— p1. Thus the theorem
is a trivial corollary to Theorem 7.1 and Proposition 4.9. (]

Corollary 8.6. If the derivative T;(l) exists (0o is allowed), then p is eract—
dimensional and o, (z) = —T;(l) for p-a.a. x € X. Also, the derivative T),(1)

exists and equals to T;(l).

Unlike T“, the lower spectrum 7', need not be convex. For nice measures we
have at least convexity around 1.

Proposition 8.7. Let p be a finite Borel measure in X. If u is locally eract-
dimensional, then for allp <1< q and X\ € [0,1]

T,(Ap+(1=X)g) <AL, (p) + (1 —NT,(q).

=
Proof. Put s = Ap + (1 — A)g. It is easy to check that it is enough to prove the
inequality for three cases: s =1,p=1and ¢ =1. AsT, (1) = T (1), the latter two
cases follow at once from Proposition 8.2 (the local exactness is not needed here).
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If s = 0, then the assumption, Proposition 4.9, Proposition 5.4(i) and Theorem 7.1
yield

Ryp <Ripp <dimpp <dimgp < Ri_p<R,.
Multiply by (1 —p)(1 —q)/(¢ — p) and use (8.1) to get

g—1 1—p
—1,(p)+——L,(q) =0.
q—p u(P) q—p uld)
As =L — X and 122 =1 — ), we are done. O
a—p a—p

9. MULTIFRACTAL FORMALISM: COARSE AND FINE SPECTRA

In this section we set up the fine and coarse spectra and relate them to each
other.

Definition 9.1. Let u be a finite Borel measure in X. For each a > 0 let A, ()
be the level set of the local dimension:

Ayla) ={z e X :a,(z) =a}.
The functions defined by
F,(a) =dimp A, (), fule) =dimyg A, (o)

are called, respectively, the upper and lower fine spectra of u.

Definition 9.2. Let p be a finite Borel measure in X. For each o > 0, r > 0 and
e > 0 put

Ny (a,e) =sup{|B| : B is a (2,r)-bubbling of spt u,
r®te < uB < r*¢ for all B € B}.
The functions defined by

log®™ N,
F%(a) = liminf lim sup log™ Nr(a,e)
r e=0 0 [log r|

log"™ N,
f£(@) = liminf lim inf ‘W

are called, respectively, the upper and lower coarse spectra of .
The fine and coarse spectra are related as follows.
Theorem 9.3. Let p be a finite Borel measure in X. Then for each a > 0
Fy(a) < F(a),
fule) < f5(@).

Proof. This proof uses the same technique as the Olsen’s proof of [11, Theorem
3.3.1]. Let ¢ > 0. For each k € N put

Ap ={z €sptp:r*" < uB(z,r) < r* ¢ for all r < 1/k}.

Let 7 < ¢ and let B be a maximal (2,7)-bubbling of Aj. Obviously N;(a,e) > |B|.
On the other hand, as B is maximal, the family {4B : B € B} is an 8r-cover of
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Ay. Hence Ng,.(Ar) < |B| < Ny(«a,¢). Take logarithms, let » — 0 and use (3.1)
and (3.2) to get
— log™ N,.(a,
dimp Ay < dimpA; < limsup w
r—0 |10g7‘|
log™ N,.(a,
dimpg A < dimpAg < liminf w
r—0 [log 7|
As Ay(a) € Upen Ak, it follows that

log™ N, (a,
dimp A, (o) < limsup log” Nr(a.€)
r—0 |10g TI

log™ N,
dimpg A, (o) < liminf log™ Nrfa, )
r—0 [log 7|

)

Both inequalities now follow by letting ¢ — 0. (|

10. MULTIFRACTAL FORMALISM: LEGENDRE SPECTRA

The fine and coarse spectra are related to the T-spectra via Legendre transform.
Recall that the Legendre transform of a function g(q) is defined by

g ()= inf aq+g(q).

—o00<g<o0

The Legendre transforms T; and I/LL of the T-spectra are called, respectively, the
upper and lower Legendre spectra of p.

Theorem 10.1. Let u be a finite Borel measure in X. Then

FS(a) < Ay() < Tph(a) for a € Rag 1, Reoe ],
£S(0) < AL(@) < Th(w) for a € Roo 1R 1.

Proof. This proof uses the same technique as the Olsen’s proof of [11, Theorem
3.3.1]. We prove only the upper line, as the lower one is proved in the same manner.

The inequality K;(a) < T;(a) follows at once from Lemma 8.4. We first show
that

(10.1) FS(a) < max(A,(a),0).
Let ¢ € R and let s > 0 be such that

(10.2) ag+A,(q) < s.
Then for all > 0 small enough

(10.3) MI(r) < rea=s,

Fix ¢ > 0. Let B be a (2,r)-bubbling of sptyu such that |[B] = N,(a,¢) and
rete < uB < r®= for all B € B. Then (uB)? > r®i*eldl for all B € B, whence

M(r) > 3 (uB)* > [Blror+ll = Ny(a, e)rorl
Combine with (10.3) to get

Ny (a,e) < p—(steldl)
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Now r—(s*elah) > 1 for s > 0 and r is small. Therefore log™ r—(5+¢ldl) = Jog -~ (s+elal),
Thus we can take log™ and let r — 0.
log™ N,
lim sup w < s +elq
r—0 |10gT|

As ¢ was arbitrary, we have Flf (o) < s for all s > 0 satisfying (10.2), and (10.1)
follows.

To finish the proof it is enough to show that if Eooﬂ' < a < R_p, then
A (a) > 0.

If ¢ > 0, then A,(q) > —qR., p. This easily follows from (5.3). Therefore
0 < g —Roo 1) < aq +Ay(q).

If ¢ > 0, then A,(q) > —gR_o p. This easily follows from (5.2). Therefore
0<g(a—Rwop) <ag+Au(q)

If ¢ = 0, then obviously A,(0) = Rg u. Therefore 0 < Rop = -0+ A, (0).

Overall 0 < ag + A, (q) for all ¢ € R. The proof is complete. |

=L =1 . . C C
As T (o) < a-14+T(1) = a, it follows that f;(a) < F;(a) < a for all a. For
some values of « this estimate can be improved.

Corollary 10.2.

FC(a) <a ZfOé ¢ [R1+ Mvﬁlf /1']7

=0 ifa¢[RypRcopl.

C(O{) <« ZfOé ¢ [R1+ M?Rl— /‘l’])

=0 ifad RepR_op.
Proof. If o < Ry p, then there is ¢ > 1 such that o < R, p. Hence

Fa) <Th(a) <aq+Tu(q) = (1 — )R, p— )+ a < a

by Theorem 10.1 and (8.1). The other cases involving “< «” are calculated in the
same manner.

If & < R i, then, by virtue of (5.3), there is € > 0 such that for all > 0 small
enough and all x € spt u we have uB(z,r) < r*t¢. Thus N,(a,&) = 0, which is
enough for F 5(04) = 0. The other cases involving “= 0” are calculated in the same
manner. g

Inspection of the proofs of Theorems 9.3 and 10.1 reveals
Corollary 10.3. Let pu be a finite Borel measure in X and o > 0. Set
B,(a) = {o € sptp: @u(w) <,
Ay(o) ={zesptp:a,(@)>al.
(i) If @ = Roo i, then for all ¢ > 0,
dimp Ay, (o) < ag+T,(q), dimygA,(a) <aq+ T, (q).

If & < Reo pt, then A, () = 0.
(i) If o« < R_ p, then for all ¢ <0,

dimp A, (a) <ag+Tu(g), dimgA, (o) <ag+T,(q)
Ifa>R_ p, then A, (a) = 0.
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Let us point out a corollary that is of special importance.

Corollary 10.4. Let pu be a finite Borel measure in X. Then

—

(@) for € [Reo pt; Roco p],

Fu(a)<T,
L) for o € [Roo i, Ry ]

<T
fule) <T
11. VARIATIONS AND EUCLIDEAN SPACES

We briefly discuss some other possible definitions of spectra. Then we discuss
the situation when X is a Euclidean space.
Grid—based spectra. Let 0 < 3 < 1/2. For a finite Borel measure p, r > 0 and
q € R put

Gh(r) = sup{z pC:{Cy} is a (8, r)-grid of spt u}

and
__logG%(r log G4 (r
- g 5()7 7u,ﬁ:h7m g 5()

T,5= lim
w8 =0 [log r| —o |logr|

This is a typical “moment sums” based pair of spectra. The upper one is obviously
convex, both attain value 0 at 1, both are decreasing.

Proposition 11.1. (i) T, 3(q) > T,(q) for each 8 < 1/2 and q € R,

(i) fﬂﬁ(q) = T“(q) for each B < 1/2 and q ¢ (0,1),
and likewise for L', 5.

Proof. Let ¢ € R, 0 < 8 < 1/2. For each r > 0 put
¢l(r) = inf{z pEd:{E,} is an r—partition},
QI(r) = sup{z pEL:{E,} is an r—partition},
g5(r) = inf{z pCe {Cy,} is a (8,7)-grid of sptu}

and recall the definitions of M9(r) and Gj(r). As every (3,r/2)-grid is, up to a
negligible set, an r-partition, we have

¢(r) < gh(r/2) < Gj(r/2) < @(r) forall ¢ €R.

Let now ¢ > 1 and let A be an r-partition. Use Lemma 2.4 with E = sptu to
get the (3, lf—gﬁ)-grid C. As A is finer than C, the law of thermodynamics yields
Yo cee MCT =37 4 4 AT We proved

3r )
1-23
Let now ¢ < 0. Obviously G§(r) < M?(fr) and we know from the proof of 8.4 that
M1(2r) < ¢%(r). Thus

9(r) < G

X b for all q > 1.

G%(r) < ¢(Br/2) for all ¢ <O0.

The assertion now easily follows from the displayed inequalities. [
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Thus the I'-spectra are, up to the interval (0, 1), independent of the choice of
and equal to the T-spectra.

It also follows that the most important theorems, i.e. Theorem 8.5, its Corol-
lary 8.6, and Corollary 10.4 hold for fu,ﬁ and ', 5, no matter what is the particular
value of 3. Thus I'-spectra give an alternative to the T-spectra.

I'-spectra do not have to be bi-Lipschitz invariant.

Bubbling—based spectra. Let 3 > 0. For a finite Borel measure u, ¢ € R and
r > 0 put

Mg(r) = sup{z uB2 : {B,} is a (8, r)-bubbling of sptu}

. 7 log M(r) M (r)
- — log M4(r . log M4(r
A =lim ————~, A = lim ——~=
w8(0) 0% [logr| *“’ﬁ(Q) 7% [log 7|
So A, 2 = A, as defined in 8.3. One can also replace (2, r)-bubblings with (3,7)-

bubblings in Definition 9.2 thus obtaining parameterized coarse spectra F ;S 5 and
-

When § < 1, then the balls in (3, r)-bubblings can overlap.

When g is large, then (5, r)-bubblings are sparse. One would thus expect the
corresponding spectra to be small. Inspection of the proofs however shows that we
still have, for any 3 > 0 however large,

—L

C
F# < Fuﬂ < Auﬂ?
C L
fu < fuﬁ S Ay

so the bubbling-based spectra obey the “multifractal formalism”.
Techniques of the proofs of Lemma 8.4 and Proposition 11.1 yields

Proposition 11.2. (i) A, 5(¢) = T,(q) for each 8> 0 and ¢ < 0,
(ii) A p(q) < T,(q) for each B> 1 and q € R,

(i) Rpp(9) > Tyus(q) > Tulg) for cach < 1/2 and g € R,
and likewise for the lower spectra.

Bubbling—based spectra however have one important flaw: Their values at ¢ = 1
do not seem to have to be 0. And there is no known proof for the bubbling-based
analogue of Theorem 8.5 in a general metric space.. As well as I'-spectra, A-spectra
do not have to be bi-Lipschitz invariant.

The most common pair of spectra in literature is A, ; and A1 As (L)-
bubbling is nothing but disjoint family of balls of radius r, the definition of these
spectra is particularly simple.

Euclidean spaces. Using Besicovitch covering lemma it is not difficult to show
that if p is a finite Borel measure in R™, then

fu,ﬁ = K#ry = Tu

for each § < 1/2 and v < 1, and likewise for the lower spectra. See [4, 12, 16, 7]
for discussion, proofs and clues.

In particular, T, = A, 1. Thus Theorem 8.5, its Corollary 8.6, and Corollary 10.4
hold in R™ also for K,hl. As T learned from Lars Olsen, this result has been recently
proved in [6] and [8].



30 ONDREJ ZINDULKA

Integral-based spectra
12. INTEGRAL-BASED SPECTRA: ELEMENTARY PROPERTIES

We shall briefly discuss versions of Rényi spectra that are known as continuous
or integral-based spectra. The goal is to establish the counterparts of Theorems 7.1,
7.4 and 8.5 and Corollaries 8.6 and 10.4.

We shall make use of the L?(u)-norm for an arbitrary ¢ € R*. Recall that if f
is a measurable function on X, then

infess| f| if ¢ = —o0,
Ifllg = q exp [ log|f|du if ¢ =0,
supess| f] if ¢ = oo,

and otherwise || f||, is defined by the usual formula, i.e. || flly = ([5|f]?dp) e

Definition 12.1 ([5]). Let u be a Borel probability measure in X. The lower and
upper Hentschel-Procaccia spectra of p are defined by

log||pB(x, 7)[lg—1

Dy s = lonipt

logr ’
— 1 B _
D, 1 = limsup oglluB(, 1), L
r—0 logr

If ¢4 is merely finite, then we define D, =D, i and Dy p =D, ji. As well as with
Rényi spectra, the magnitude of y matters only when ¢ = 1.
The one-sided limits at ¢ = 1 are denoted

Diyp=1limD,pu, Di_p=1imD,u,
qll qT1

D =limD D =limD, u.

Div p qlfrllfq Hy Ly ql%rllfqli

The Rényi and Hentschel-Procaccia spectra are related as follows.

Proposition 12.2. (iLD‘J 1 ggq w and Dy pp < Ry p for all g € R¥,
(i) Dy p=Roo 1 and Doo pt = Roo 1,
(iii) D_op=R_pand D_oo it = R_o .

Proof. (i) This trick is well-known. If ¢ > 1, then for any r-partition {F,}

Suey =% [ weran< Y [ ubrran < [ b

Thus H,(pEy) > —log||pB(x,7)||q—1 and the rest follows from the definitions. The
proofs for ¢ = 1 and ¢ < 1 are similar. (ii) and (iii) are easily proved with the aid
of (5.2) and (5.3). O

The following obtains by straightforward calculation. For ¢ < 1 there is no
obvious monotonicity.

Proposition 12.3. Let v < p be finite Borel measures in X. If 1 < g < oo, then
qu/22q,u and Dgv 2= Dg .

Proposition 12.4. Let u be a finite Borel measure in X. Then the functions
q— D, p and g — Dy p have the following properties.

(i) R, p and Rq it are non—increasing on R*,
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(ii) (1 —q)R, p and (1 — q) Ry p are non-increasing on R*.

As to the continuity of Hentschel-Procaccia spectra, we have a somewhat weaker
analogue to Theorem 5.5. The proof is based on the same idea, using Proposi-
tion 15.2 in place of Proposition 8.2. The continuity at oo follows from that of
Rényi spectra and Propositions 12.2 and 12.3.

Proposition 12.5. Let y1 be a finite Borel measure in X. Putq,, = inf{q: D, u <
oo}t and g = inf{q: D, p < oo}.

(1) If Do < o0, then g <1,

(ii) if Deo < 00, then g, <1,

(iif) D, p s continuous at every point q ¢ [q_,qso] except possibly at ¢ =1,

)

(iv 5q W 18 continuous at every point q # G, except possibly at ¢ = 1.
13. INTEGRAL—BASED INFORMATION DIMENSION

The continuous information dimensions are defined by
[ log pB(xz,r)dp

D, p = lim

=0 log r ’
_ . log uB(x,r)d
B, = — IxlogpuB(z,r)du
r—0 log r

We establish the counterpart of Theorem 6.6, as it is needed below.
Theorem 13.1. Let u be a Borel probability measure in X.

() lo i <Dip

(i) If Di— p < oo, then Dy p < ||@1
(iii) If p is locally exact-dimensional and Di_ p < 0o, then Dy p =Dy pu = [Jayl1-
Proof. (i) Fatou Lemma will do, see (6.7).

(ii) Let € > 0. For each n € N put
E,={reX:en<a,(z) <e(n+1)}

If ||@,||1 = oo, there is nothing to prove. Otherwise u(|J,—, En) = 1. Hence there

is N € N such that u(UY_, En) > 1 — . By the definition of E, there is o > 0
and sets Ag, Aq,..., Ay such that

5
13.1 A, C By, pAn > pE, — ———,
(13.1) < pAn > p Nl
(13.2) log uB(z,7) = e(n+ 1) logr for each x € A, r < 19.

Put A= X\ ngo Ap. Then pA < 2¢ and

N
(13.3) /X log uB(z,r)dp = Z

n=0

We estimate the two terms on the right. Using (13.1) and (13.2)

/ log uB(z, ) d,u—i—/ log uB(z,r) dp.
An A

N N
Z/ log uB(x,r)dp > ZuAn-e(n—Fl) log r
n=0"4n

n=0

N
=logr (e p(X\ A)+ 3 pAy - en) > logr(e + @),
n=0
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By assumption there is ¢ < 1 such that D, u < co. For a Borel set B put v(B) =
w(BNA)/pnA, so that v is a probability measure.

/log,uB(x,r) d,u:uA/ log uB(x,r)dv
A A

1/(g—1)
> pAlog (/ pB(z,r)? ! du)
A

1/(g=1)
= pAlog (uAl/(q_l) (/ puB(x,r)? ! du) )
A

1
2 q—il'uA log pA + pAlog||pB(z,7)llg—1

Combine these estimates with (13.3) and pA < 2e to get

nAlog nA

[ tog Bz, dn > togr(e + ) + I 2z logl B, ).
; -

Divide by logr and pass to the limit.

— log uB(x,r)d
Dy p = limsup fX ognB(, )

n B _
< 142D
e log 7 @l +e(1+ a M)

and since D, pu < oo, (ii) follows by letting e — 0. (iii) follows right away from (i)
and (ii). O
14. INTEGRAL—BASED SPECTRA: CONTINUITY AT ¢ =1

We establish the counterparts of Theorem 7.1 and its consequences.
Theorem 14.1. Let p be a finite Borel measure in X. Then
(i) Dy, p<dimpg p <dimppu <Dy p
(ii) Diy pp <dimp p < dimpp < Dy—p

Proof. The left-hand inequalities are obvious consequences of Theorem 7.1 and
Proposition 12.2(i). The right-hand inequalities are proved in the exactly same
manner as those of Theorem 7.1, only 7.2 has to be replaced by the following
lemma. (]

Lemma 14.2. Letr >0, s > 0 and g < 1 be such that

1 B _
" gl B, ) g
logr

Then for each t > s there is a set E C X such that u(X \ E) < rt=)1-9 gng
log Ny, (E) < tlogr|.
Proof. Put E = {x € X : r* < uB(z,r)}. Then

/ pB(x,r)dy > / puB(x,r) 4 du > / rta=D dpy = (X \ E)rtlab),
b X\E X\E

< s.

On the other hand, (14.1) gives [y pB(z, )9 dp < r*@=Y. It follows that p(X \
E) < rt=90-9) a5 required. Let {B(x,,r) : n = 1,2,...,N} be a maximal
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disjoint family of balls centered at E. Then {B(x,,2r) : n = 1,2,...,N} is a
4r-cover of ¥ and, by the definition of F,

N
1> Z,uB(xn,r) >N -rt.
n=1

Thus log Ny, (E) < t|logr|. O

Theorem 14.3. Let pu be a finite Borel measure in X.
(i) If D, u is right-continuous at ¢ =1, then p is lower exact-dimensional and
Qu(f) =D, p for p-almost all x € X. B
(ii) If Dgp is left-continuous at ¢ = 1 and Dy p < oo, then p is upper exvact—
dimensional and @, (z) = Dy p for p-almost all z € X.
(iii) If Dy, p=Dy_ p, then p is ezact-dimensional and o, (x) =Dy pp =Dy p for
p-almost all x € X.

Proof. This is proved in the same manner as Theorem 7.4. One only has to use
Theorems 13.1 and 14.1 in place of Theorems 6.6 and 7.1. (]

Remark 14.4. Theorems 6.6, 7.1, 13.1 and 14.1 actually yield a common gener-
alization of Theorems 7.4(iii) and 14.3(iii): If Dy_ pu = Ry, i, then p is exact—
dimensional.

Pesin and Templeman [13] introduce a so called modified Hentschel-Procaccia
spectrum: Given a finite Borel measure g in X and ¢ # 1 put
lo B(z,r)i~td
limsup lim ngM (z,7) /1'

HPM, =
oH q— L uE—px r—o0 IOgT

We also consider a variation of the above

sup lim log [, uB(z,r)?~* du.

q—1pE>0r—0 log r

Pesin [12, §18] shows that if X is a bounded set in R™, then HPM, i equals to his
dim_ p for all ¢ > 1. We have the following theorem that remarkably improves and
generalizes corresponding results in [13] — in particular it implies that dim p is
independent of ¢. (In [13] this is established only for exact—dimensional measures
in R™ with a compact support.)

HPM i =

Theorem 14.5. Let p be a finite Borel measure in X. Then
HPM, p = dimg p, HPMj p = dimjy p for1 < q < oo,
HPM, p = dimp p, HPM; pu = dimp p for —oco < g < 1.

Proof. Assume that X = 1. Consider the case ¢ > 1. It is easy to see, with the
aid of Proposition 12.2 and its proof, that

HPM, u < inf R (ulE).
q ;gOMEsgy_fq(ul )

Thus Corollary 7.6(i) yields HPM, 1 < dimp p. As

1
=T
log (/ pB(x,r)* du) < log sup uB(x,r),
E xeFR
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using the argument around (7.15) from the proof of Corollary 7.6 it follows that
HPM, pp > dimp p. Thus HPM, p = dimg p1. The proof of HPMy pu = dimjy pu is
similar.

Now consider the case ¢ < 1. Straightforward calculation, Proposition 4.5(ii)
and Theorems 14.1 and 4.9 yield

HPM, 1 > su inf F su inf supesspQ,.
ai=zswp inf D Dy(ulE) > Zsup nf  supessp @y

It is a matter of routine to show that the rightmost term equals to supessy @,
= dimp p. Thus HPM, pu > dim}p p1. To prove the opposite inequality, note that as

1
7T
10g</ uB(x,r)"_ldu) > inf log uB(z,r),
E zeFE
we have

log uB
(14.2) HPM, p < sup inf lim sup M
§>0 nE>1-6r—=0,4¢cF logr

Assume that s > dimp g = supess@,. Then, for any § > 0, there is a set E and
ro > 0 such that uF > 1 —§ and sup, % < s for all r < rg. It follows
that the term on the right in (14.2) is estlmated by s, whence HPM, p < dim’p p.

The proof of HPM @ = dimp p is similar. O

15. INTEGRAL—BASED SPECTRA: MULTIFRACTAL FORMALISM

We shall show that the integral-based analogues of T-spectra satisfy the most
important theorems.

Definition 15.1. Let p be a finite Borel measure in X. For each g € R let
lo B(z,r)?1d
7,(g) =limsup & fX nB(x,r) H
r—0 [log r|

lo B(x,r)?71d
7,(¢) =liminf 8 Jx nB(w.) s
# r—0 [log r|

Y

It is obvious that

(15.1) 7ul) = {(lq)DM "

and likewise for 7,(g). Proposition 12.2 yields

(15.2) 7.(q) = Tu(q), 7,(¢) =2T,(q) for all ¢ > 1,
(15.3) 7u(q) <Tu(q), 71,(q) < T, (q) for all ¢ < 1.

The convexity of 7—spectra is, unlike that of T-spectra, trivial.

B

Proposition 15.2. (i) 7, is convez.
(ii) For allp,q € R and X € [0,1],

7, Ap+ (1= A)g) <Az, (p) + (1 = N)Tu(q).
We also have counterparts of Theorem 8.5, Corollary 8.6 and Corollary 10.4.

Theorem 15.3. Let p be a finite Borel measure in X. Then
—d7,(1) <, (7) <@u(r) < —d-7,(1) for p-a.a. z € X.
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Proof. Obviously d47,(1) = —D;, p and d_7,(1) = — Dy p. Thus the theorem
is a trivial corollary to Theorem 14.1 and Proposition 4.9. d

Corollary 15.4. If the derivative 7,,(1) exists (0o is allowed), then p is exact-
dimensional and o, (z) = —7,(1) for p-a.a. x € X. Also, the derivative 1,,(1)
exists and equals to T),(1).

Theorem 15.5. Let p be a finite Borel measure in X. Then

F‘li(a) < 7b(a) fOT o€ [Boo H?E—OO ,LL],

ful@) <1h(@)  fora € [Room R o]

Proof. We shall prove the first inequality, the second one is proved in the same
manner. As 7,(¢q) > T,(¢q) whenever ¢ > 1, we have only to show

Fu(a) <ag+T7u(q) forg<1.
So let ¢ < 1 and let s > 0 be such that

(15.4) aq+7,(q) < s.

Then for all » > 0 small enough

(15.5) / puB(x, )Tt dp < reas,
b's

Fix € > 0. For each k € N put
A ={z €sptp:r*te < uB(z,r) <r* ¢ for all r < 2/k}.
Let r < 1 and let {B(z;,7) : i € I} be a maximal disjoint family centered at Ay.

Then {B(x;,2r) : i € I} is a 4r-cover of Aj. Therefore Ny, (A) < |I].
On the other hand

/ pB(a,r) " dp > Z/ pB(a,r) " dp >
X ic1 Y B(zi,r)
S uB(en r)uBla, 2r)Tt 2 3 rete(2r) @ Do)
icl i€l
11| 2(a=D)(a—e)pagte(2—q) > Ny (A) 9(g—1)(a—¢) aqte(2—q)

Comparison with (15.5) gives
Ny (Ag) < 9(1-q)(a—e),.~(s+e(2—q))

It follows that o
dimp Ak < dimBAk < s+ 6(2 — q).
Proceed as in the proof of 9.3. (]
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