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Thin Sets

Definition
Aset X CRis thinif |E| = ¢ whenever X + E = R.

Lebesgue null vs. thin

e cov N = ¢ = All Lebesgue null sets are thin.

e non N < ¢ = All thin compact sets are Lebesgue null.

e non M < ¢ = There is a Lebesgue null set that is not thin.
e cov.M = ¢ = There is a Lebesgue co-null set that is thin.



Cantor set

Question (Ronnie Levy)
Is the Cantor middle-third set thin?

Answer (Gary Gruenhage)
Yes, it is.

Proof (Darji, Keleti)
X ...middle three-fifths set.
e dimy X% =In4/In5 < 1. Hence dimy X? x R < 2.



SetY={(x+ty+1t):x,ycX,tcR} CR2

Y is a o-compact Lipschitz image of X? x R
= dimy Y <2 =Y is meager.

Mycielski Thm: There is C C R perfects.t. Cx CNY C A.
Hence C is a witness:

(X+tH)NnC|<1forallteR

Hence X is thin.



Witness

Definition
A perfect set C is a witnessto X C R if

(X +t)n Cis countable for all t € R

Fact

Every set with a witness is thin.

Questions
e (Darji, Keleti) Does every compact null set have a witness?
e (Gruenhage) Is every compact null set thin?
e Does every compact thin set have a witness?



Compact Lebesgue null sets

Theorem (Elekes, Steprans 2004)
There is a compact set C C R such that
e C is Lebesgue null
e C does not have a witness
e cf N < ¢ = C is not thin
e covN = ¢ = C s thin



Compact sets with small dimension

Question (Dan Mauldin)
Is every compact set with Hausdorff dimension < 1 thin?

False lemma
If dimy C < 1, then dimy C" < n— 1 for some n.

True lemma
Replace Hausdorff dimension by packing dimension:
If dimp C < 1, then dimy C" < n — 1 for some n.

Theorem (Darji, Keleti 2003)

Let C C R be compact. Ifdimp C < 1, then C has a witness.
Consequently, C is thin.



Ingredients of the proof

e The dimension in use satisfies dimC" < n-dimC

e The dimension of the product C” x R is not much bigger
than that of C”

e The projection C" x R — R does not increase dimension
e Mycielski Theorem

Questions

e What other dimensions will fit?
e How large can the dimension of the set of parameters be?
e What is the réle of compactness of C?

Question
Is there a relation between dim C and dim(C + E) if |E| < ¢?



Lower packing dimension

Definition (Lower packing dimension)

e dimgX ... lower box dimension
o dimpX = inf{sup; dimgX; : {J; X; = X}

Productivity

« While dimg(X x Y) < dimgX + dimg Y fails. ..
e dimg X" < n-dimgX holds

Example
A compact C C R with dimpC = 0 but dimy C" = n— 1 for all n.



General theorem

Notation
dimpX < s... X =J, X, with dimp X, < s

Theorem

Letp: X x T — Y be o-Lipschitz, Ex:p(x,y)=x+t
o dimp T < 00
e dmpX < s

If A C Y is analytic, then
e eitherdmpA < s

e or there is a witness: A perfect set C C A such that
o(X x {t}) N C is countable forallt € T.



Corollaries

Notation
AC*B=|B\A <¢

Corollary
LetSCT,|S| <c.
If A C* ¢(X x S) is analytic, then dimpA < s.
Corollary
There is a set B C Y such that
e AC* Banalytic — dimpA< s
e p(X x{t})C*Bforallte T



Applications

Corollary

Let X CR,dimpX < 1. Let P be a family of polynomials,
[Pl < c. Then Upep P(X) # R.

Corollary

Let X CR", dimpX < n. Less than ¢ affine copies of X do not
cover R".

Corollary

Let X, Y be analytic spaces, dimp X < dimp Y. Let L be a linear
space of mappings X — Y that has a countable base
consisting of o-Lipschitz functions.

IfS C L, [S| <«¢, thenUses P(X) # Y.



What about Hausdorff dimension?

Example
(non M < ¢) X C R such that: dimy X = 0 but X is not thin

Definition (Productive Hausdorff dimensions)

o dim,y X = lim I dimp X"
e dimpy X = inf{sup; dim,y X; : U; Xi = X}

Theorem
Assumedimp T < c0. LetSC T, |S| <.
If AC ¢(X x S) is analytic, then dim_y A < dim,y X.



The Last Slide

This presentation available at
mat.fsv.cvut.cz/zindulka/ws2006.pdf

Conclusion
That’s it
Greeting

Have a nice day



