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Podékovani

Chtél bych podékovat svému skoliteli doc. RNDr. Jozefu Bobokovi, CSc.
za pratelské a inspirativni vedeni v celém priubéhu mého doktorského studia.



Prohlaseni

Prace byla vypracovana béhem doktorského studia na Katedfe matema-
tiky Fakulty stavebni Ceského vysokého uceni technického v Praze. Kapitola
2 a kapitola 3 obsahuje piehled doposud znamych vysledkt z oblasti jedno-
rozmérnych dynamickych systému souvisejich s odhady topologické entro-

vvvvv

puvodni vysledky jsou predmétem nasledujicich odbornych ¢lankt

1. Bobok J., Soukenka M., Irreducibility, infinite level sets and small en-
tropy, submitted to Real Analysis Exchange, 12 pp., 2009,

2. Bobok J., Soukenka M., On piecewise affine interval maps with coun-
tably many laps, submitted to Discrete and Continuous Dynamical
Systems, 12 pp., 2009,

uvedenych zde v plném znéni v anglickém jazyce.



Motto: ,, Existuje obecny princip, podle néhoZ i hlupdk mize poloZit otdzky,
na které ani sto ucencu neni schopno odpovédét. V souladu s timto princi-
pem nyni zformuluji nékteré problémy.

Viadimir Igorevich Arnold



Predmluva

V. L. Arnold ve své knize Teorie singularit a jeji aplikace uvadi: ,Mate-
maticky popis svéta spociva v jemné souhie mezi spojitymi a nespojitymi
objekty“. Jiny slavny matematik John v. Neumann kolem roku 1950 pozna-
menal ([42], str. 221), ze dynamické systémy lze rozdélit do dvou tiid: stabiln{
systémy, jejichz vyvoj lze predikovat pomoci pocitacu, a nestabilni systémy,
které vykazuji citlivou zavislost na pocateénich podminkach, a proto je lze
snadno stabilizovat a fidit pomoci pocitacu.

Idea dynamického systému spocCivé ve snaze popsat mechanismus, skrze
néhoz stav systému (fyzikdlniho, chemického, biologického, ekonomického,
sociologického) piejde v novy stav béhem jednotky casu. Zaklady moderni
teorie dynamickych systému polozil na poc¢atku 20. stoleti francouzsky u¢enec
Henry Poincaré. Zajimavy historicky piehled zdsadnich vysledku v oblasti
dynamickych systému od dob Keplera lze nalézt v [38]. Pod pojmem dyna-
micky systém dale rozumime spojité zobrazeni X — X, kde X je kompaktni
metricky prostor.

V souvislosti s rozvojem vypocetni techniky v pribéhu 70. a 80. let obraci
¢ést matematické obce (napf. Y. Sinai, O. Sharkovsky, R. Bowen, W. Szlenk,
M. Misiurewicz, Z. Nitecki, F. Przytycki, B. Weiss, E. Glasner, J. Yorke a
mnoho dalsich) pozornost ke studiu méalorozmérnych a diskrétnich dyna-
mickych systému! véetné konceptu mérové-teoretické a topologické entro-
pie. Jednim z duvodu byla skute¢nost, ze jednorozmérné systémy (dim X =
1) poskytovaly dobré modely mnoha problému ve fyzice, biologii, mecha-
nice, elektrotechnice a dalich oborech a soucasné umoznovaly uziti nu-
merickych experimentu s ndzornymi grafickymi vystupy (napi. slavny bi-
furka¢ni diagram logistického zobrazeni). Dalsim duvodem popularity jed-
norozmérnych systému byla celkova situace v teorii dynamickych systému.
Mnoho problémi, které byly povazovany za dulezité, bylo bud vyfeseno,
nebo byly tyto problémy povazovany za pftili§ obtizné. Proto byla pozor-
nost obracena k jednodussim systémum, které jsou vsak natolik komplexni,

muze byt napi. chaoticnost, resp. deterministickd chaoticnost systému.

1Spojitou analogii diskrétnich systémui jsou diferencidlni a parcidlni diferencidlni rov-
nice: je-li f spojitd funkce, pak evoluce proménné r € X muze byt ddna predpisem
Znt+1 = f(zn), na ktery lze pohlizet také jako na diferenéni rovnici £p+1—2n = f(Zn) —2Zn-
Definujeme-li funkei g(x) pfedpisem g(x) := f(x) —x, lze pfedchozi rovnici zapsat ve tvaru

Tnt1 — Tn = g(Tn),

kterou lze ¢ist jako ,,zméni-li se n o jednicku, zméni se o hodnotu g(x)“. Toto je diskrétni
analogie diferencidlni rovnice

pro spojitou proménnou ¢



Jako ilustraci redlnych déju a procesu, ve kterych byla pozorovana takova
komplexita - deterministicky chaos - uvedme aspori nasledujici ([42], str.
2): lasery a nelinedrni optika, tekutiny blizko vzniku turbulence, plasma,
chemické reakce, klasicky problém t¥i téles, urychlovace c¢éstic, biologické
modely popula¢ni dynamiky, stimulace srdec¢nich komor, epidemiologické
modely, finan¢éni ¢asové fady.

Diskrétni dynamické systémy poskytuji dostateéné zajimavy predmét
vyzkumu, v némz lze studovat vSechny dilezité pojmy dynamickych systému,
jakymi jsou napf. periodicita, rekurentnost apod.

Zavérem tohoto ivodu okomentujme pojem entropie, ktery je ustiednim
stran historie a aplikaci tohoto pojmu od Tomasze Downarowizce na inter-
netovych strankach [19].

Pojem entropie prvné pouzil v roce 1865 némecky fyzik Rudolf Clausius
z feckého en- = v + trope = obréaceni. Podle etymologu slovo oznacuje formu
energie, ve kterou libovolna energie neodvratné piejde - v neuzitecné teplo.
Idea byla inspirovdna Carnotem a tim, co je dnes znamo jako druhy ter-
modynamicky zdkon. Kolem roku 1875 Ludwig Boltzmann a Willard Gibbs
pouzili pojmu entropie v pravdépodobnostnim pozadi statistické mechaniky
a tato idea byla pozdéji rozvinuta Maxem Planckem. V roce 1932 John von
Neumann zobecnil entropii do kvantové mechaniky. Koncept entropie v dy-
namickych systémech predstavil Andrei N. Kolmogorov a precizoval Yakov
Sinai (tzv. Kolmogorovova-Sinaiho entropie).

Pojmu entropie se dnes pouziva v mnoha jinych oblastech (jako je napt.
sociologie), kde jiz nepfedstavuje rigorézni kvantitativni charakter jako v
matematice ¢i fyzice. Obycejné se v téchto oborech entropii mini nepotradek,
chaos, ¢i rozklad k diverzité. V pfenesené analogii lze energii ve fyzikdlnim
systému srovnat s mnozstvim vody v jezerech, fekach a motich. Pouze voda,
kterd je nad hladinou mofi, muze byt pfeménéna na uzite¢nou praci (tj.
pohanét turbinu). Entropie predstavuje vodu, kterd je obsazena v motich.

V dynamickych systémech pojem topologické entropie méii exponencidlni
rychlost rustu poctu rozlisitelnych orbit délky n pfi n jdouci nade vSechny
meze. O odhadech topologické entropie v pfipadé nékterych jednorozmérnych
dynamickych systému pojednava tato préace.
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Kapitola 1
Topologicka entropie

Topologicky dynamicky systém (dale jen dynamicky systém) je zpravidla
tvoten dvojici (X,T), kde X je kompaktni metricky prostor a T': X — X
spojité zobrazeni. V dynamickém systému uvazujeme trajektorie a orbity
bodu, prostoru X: pro z € X, trajektorie t,: K — X je ddna vztahem
t.(k) = T*z, k € K, kde T* znaéi k-nasobné slozeni zobrazeni T a K = Z
(invertibilni pifpad!) nebo K = N U {0}2. Pod orbitou bodu x rozumime
obor hodnot zobrazeni t,.

V konkrétnim dynamickém systému koexistuji (ruzné) typy trajektorii
a orbit. Napiiklad v nejjednodussim piipadé identického zobrazeni T' jsou
vSechny trajektorie konstantni, tedy orbity vsech bodt jsou jednobodové. Na
druhé strané existuji piiklady dynamickych systému vykazujicich zna¢nou
miru komplexity?, ve kterych lze detekovat vedle koneénych orbit také orbity
husté v nekoneéném metrickém prostoru X. Pounym je v tomto sméru
dulezity ptiklad symbolického dynamického systému.

Piiklad 1.0.1 Pro pfirozené &islo m > 2 a K = Z nebo K = N U {0}

uvazujme mnozinu X, g = {0,1,...,m — 1}K opatfenou metrikou
_ |lzi — il
o(z,y) = Z Tl
ieK

Je znamo, ze (XmK,g) tvoii kompaktni metricky prostor [22]. Zobrazeni
T definované na meK vztahem

(Tg)i = Tit1

jena X, x spojité; dvojice (X,, k,T) tedy tvoif dynamicky systém?, tzv.
oboustranny posun, resp. jednostranny posun pro K = Z, resp. K = NU{0}.
Neni obtizné nahlédnout, ze:

7= yna&i zobrazeni inverzni k T

2trajektorie je iteraéni posloupnosti bodu z vzhledem k zobrazeni T
3slozitosti

4symbolicky dynamicky systém na posloupnostech m symboli
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e Orbita bodu z € X, 7 je konetnd, pravé kdyz je posloupnost x perio-
dickd, a tedy mnozina bodu s kone¢nou orbitou je hustd v (sz, 0).

e Orbita bodu z € X, 7 je hustd v (X,, 7, 0), prave kdyz kazdy prvek
mnoziny (J,cn1{0,...,n — 1}* tvoif tsek Ty = xi...x5, 0 < i < g,
posloupnosti x, a tedy mnozina bodu s hustou orbitou je G husta v
(Xm,Z7 0).

e Ke kazdému z € X, 7 a kazdému kladnému ¢ existuje y € X, 7

takové, ze®

o(z,y)<e & supo(Tjz,Tyy) > 1.
k>0

Existuje dulezitd metoda, umoziujici odligit dynamické systémy s vy-
sokou komplexitou. Spociva v uréeni tzv. topologické entropie (déle casto
jen entropie) daného systému. Puvodni definici topologické entropie publi-
kovali autoii Adler, Konheim a McAndrew v roce 1965 [1] jako topologicky
protéjsek jiz tehdy znamé Kolmogorovovy mérové-teoretické entropie®. V
tomto textu pouzijeme Bowenovu definici z roku 1971 [15] 7.

Definice 1.0.2 Bud (X,T) dynamicky systém s metrikou p. Rekneme, ze
pron € Nae > 0 je mnozina E C X (n,e)-separovand, jestlize pro kazdé
dva riazné body z,y € E plati

Trz TFy) > e.
Ogrggfilg( x,T"y) > ¢

Ozna¢me s(n,e) maximélni kardinalitu (n,e)-separované mnoziny v X a
polozme s(¢) = limsup,, . (1/n)log s(n,¢c). Veli¢ina

hrop(T) = lim s(c)

se nazyva topologickd entropie dynamického systému (X,T), nebo rovnéz
topologickd entropie zobrazeni T

Poznamka 1.0.3 V této pozndmce uvadime zakladni vlastnosti topolo-
gické entropie [43]. Bud (X,T) dynamicky systém. Pak:

o hiop(T) € [0, OO]S.

o hiop(T) = hiop(TIQT)), kde Q(T) je mnozina nebloudivych bodu’
dynamického systému (X, 7).

kazdy bod = € Xz je tedy “citlivym” vychozim stavem
Sviz Apendix

"téz Dinaburg [18]

8entropie mtize nabyvat hodnot 0 a oo

9viz Apendix
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e Je-li X konecny, hiop(T) = 0.
® hiop(I) =0, kde T' = I znaci identické zobrazeni na X.

e Pro kazdé k € K, hiop(TF) = |k| - htop(T). Je-li tedy K = Z, pak
hiop(T) = hiop(T 7).

o hiop(T) > hiop(S), jestlize pro dynamické systémy (X, T') a (Y, S) plati
poT =Sopna X, kde ¢ : X — Y je spojité surjektivi zobrazeni.
Specialné tedy plati hop(T") = hiop(S), je-li ¢ homeomorfismus.

o Jeli (X xY,T x S) soucinovy dynamicky systém dany predpisem
TxS: XxY—->XxY,TxS(zx,y)=(Tz,Sy),

pak htop(T X S) = htop(T) + htOP(S)‘

K Bowenové definici topologické entropie.

Piiklad 1.0.4 Bud (X, g,Tk) posun z Piikladu 1.0.1. Ukazme, ze

htop (TZ) = htop (TN) = log m.

Diikaz. Zvolme € € (0,1); dvaprvky z,y € X, s riznymi tseky zo ... 21,
Yo - - - Yn—1 jsou (n,e)-separované. Plati tedy s(n,e) > m™. Ke zvolenému e
existuje ig € N takové, ze

m—1
>0

13



odtud plyne, Ze je-li pro n > ip mnozina £ C X, g (n,e)-separovand a
x,y € E jsou ruzné, musi existovat index 7 € {0,...,n — 1+ iy — 1}, pro
ktery x; # y;, tj. s(n,e) < m" 1+ a tyrzeni snadno plyne z Definice 1.0.2.

V zévéru této ivodni kapitoly uvedme (za vSechny) pomérné neddvny
dulezity vysledek, ze kterého plyne, ze v dynamickém systému s kladnou to-
pologickou entropif je nespoc¢etné mnoho bodi, které jsou “citlivym” vycho-
zim stavem.

Véta 1.0.5 [4] Bud (X,T) dynamicky systém s metrikou o. Je-li topolo-
gickd entropie hiop(T') kladnd, ezistuje nespocetnd mnozina S C X takouvd,
ze pro libovolné rizné body =,y € S plati'®

(1.1) limsup o (T*z, T%y) >0 & liminf o (T%z, T*y) = 0.

k—oo k—o0

Dusledek 1.0.6 Za predpokladu Veéty 1.0.5 existuje nespocetnd mnozZina
So C S s vlastnosti:

(1.2) Ve >0VzeSy: Blx,e) NSy je nespocetnd,

kde B(z,e) ={y € X;0(x,y) < e}.

1%dynamicky systém obsahujici nespoéetnou mnozinu S s vlastnosti (1.1) je tzv. Li-Yorke
chaoticky

14



Kapitola 2

Entropie versus kardinality
urovinovych mnozin

Bud (X, T) dynamicky systém. Urovitovou mnoZinoubodu z € X (zobra-
zeni T') minime tiplny vzor T~ !(z) bodu x. Zobrazeni T je surjektivni, resp.
homeomorfismem na prostoru X, pravé kdyz je kazda uroviiovd mnozina
neprazdnad, resp. jednobodova. V této kapitole se budeme vénovat presnéjsim
(dolnim) odhadtum topologické entropie dynamického systému (X,7T") od-
vozenym z kardinalit droviiovych mnozin zobrazeni 1. Pomoci piikladu a
vysledku pfevzatych z citované literatury ukazeme, ze tento vztah je zasadné
podminén volbou prostoru X a také dalsich vlastnosti' zobrazeni 7T

2.1. Prehled vysledkt ukazujicich na souvislost en-
tropie s kardinalitami trovinovych mnozin

Zcela zékladni je z hlediska naseho predmétu zajmu pojem m-podkovy? v
dynamickém systému (X, T):

Definice 2.1.1 Soubor Ji, Js, ..., Jp po dvou disjunktnich uzavienych
podmnozin X tvoii m-podkovu dynamického systému (X, T), jestlize

(2.1) 77> %

Pt#imo z Definice 1.0.2 plyne

Véta 2.1.2 Md-li dynamicky systém (X, T) m-podkovu, pak hiop(f) > logm.

kromé spojitosti
Zneinvertibilni obdoby takzvané Smaleovy podkovy [40]

15



Dikaz. Vlastnost (2.1) zarucuje, ze pro kazdy prvek ¢ € {1,...,m} a libo-
volné z € J; existuje vzor z; € J; N T~1(z). Je tedy mnozina

n—1 )
ﬂ T,
j=0

neprazdna pro libovolnou n-tici Ji,, Jg,, ..., Ji, , mnozin souboru Ji, Jo,
ooy Jm. Odtud dostéavame, ze pro

€ < min diSt(.]i, J]’)
0<i<j<m

plati pro ¢isla s(n,e) z Definice 1.0.2 odhad s(n,e) > m™, a tedy i tvrzeni
hiop(f) > log m dokazované véty. O

1

0

0 Ji o Js Ji 1

Obrézek 1. Intervaly Ji, Jo, J3, Jy tvoii specidlni 4—podkovu pro g.

Poznamka 2.1.3 Predchézejici véta je tedy pfimym dusledkem Definice
1.0.2. K jejimu dikazu jsme specidlné pouzili nerovnost

Va e Xo: card T (z) > m,

kde Xo = (/2 T=(U, J;) je kompaktni{ podmnozina X a (Xo,7|Xo) je
dynamicky systém.

V souvislosti s podkovami uvedme vysledek Misiurewicze [27], podle
kterého pro spojité zobrazeni intervalu je kladna topologicka entropie ekvi-
valentni s existenci specidlnich podkov.

Véta 2.1.4 [27] Bud (X,T) dynamicky systém, kde X je interval [0,1] a
hiop(T') > 0. Pak existuji posloupnosti {k,}5°; a {sp}>>, kladnych priroze-
nych cisel takové, Ze limy,_ oo ky = 00, pro kazZdé n zobrazeni Tk md s,,-
podkovu a

1
lim — log sy, = hiop(T).

16



Véta 2.1.4 ma mnoho dulezitych dusledku pro (dolni horni) odhady en-
tropie intervalového zobrazeni. Uvedme alespoii

Dusledek 2.1.5 Bud X = [0,1] v dynamickém systému (X,T). Necht md
tiroviiovd mnozina T~ (z) nejuise M < oo prvki pro kaidé v € X. Pak
htop(T) < IOgM

Dikaz. Pro posloupnosti {k,}o° 1, {sn}>2, z Véty 2.1.4 a ¢islo M plati pro
kazdé n € N, s, < M*n; Véta 2.1.4 pak ddva odhad hiep(T) < log M. O

Diusledek 2.1.6 Bud X = [0,1] v dynamickém systému (X,T) s entropii
hiop(T) > 0. Ke kaZdému kladnému e existuje kladné 6 takové, Ze podminka
SUPgcpo] | Tz — Sz| < & implikuje hiop(S) > hiop(T) — €.

Diikaz. Zvolme dostatecné velké ¢leny ky,, s, posloupnosti {k,}2% 1, {sn}52
tak, aby spliiovaly nerovnost (s, — 2)Y/*» > eftor(T)=¢ Vime, ze T** m4 s,,-
podkovu; je-li sup,epo 1) |72 —Sz| <  pro dostatecné malé §, ma Skn (5, —2)-
podkovu. Z Véty 2.1.2 a Poznamky 1.0.3 pak plyne hiop(S*n) > log(s, — 2)
a hiop(S) > 1og(sn —2)Y*n > hiop(T) — €. O

2.1.1. C'-zobrazeni T' na kompaktni varieté

V roce 1977 Misiurewicz a Przytycki publikovali vysledek davajici do sou-
3

vislosti topologickou entropii s topologickym stupném zobrazeni®.
Véta 2.1.7 [28] V dynamickém systému (X,T) budte X kompakini orien-
tovatelnd varieta a C'—zobrazeni* T : X — X. Pak

(2.2) hiop(T) > log deg T.

V Priikladu 2.2.5 ukazeme, ze poruseni vlastnosti spojité diferencovatelnosti
zobrazeni T' v jediném bodé muze vést k neplatnosti odhadu (2.2).

Jak ukazali Bobok a Nitecki v [11], stupen zobrazeni lze v (2.2) nahradit
dolnim odhadem kardinalit mnozin 7~!(x) pro libovolnou reguldrni hod-
notu® x zobrazeni T. K piesné formulaci jejich vysledku budeme potiebovat
nasledujici definici.

Definice 2.1.8 Zobrazeni T' dynamického systému (X,7") se nazyvd m—
ndsobné na podmnoziné Y C X, jestlize pro kazdé x € Y obsahuje iroviiova
mnozina T~!(z) alesponn m bodi. Je-li Y = X, nazyva se T globdlné m—
ndasobné.

3viz Apendix

4C1-zobrazeni (hladké zobrazeni) je spojité zobrazeni, jehoz derivace je také spojité
zobrazeni.

5Bod ¢ je reguldrni hodnotou zobrazeni f, jestlize derivace ve viech bodech p mnoziny
f'(q) je riizna od nuly.
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Véta 2.1.9 [11] V dynamickém systému (X, T) bud'te X kompaktni varieta
a Ct'—zobrazeni T : X — X m-ndsobné na mnoziné reguldrnich hodnot.
Pak

htop(T) > 10g m.

2.1.2. C"—zobrazeni T na jednorozmérném prostoru (intervalu,
kruznici, stromeé)

Ozna¢me symbolem C([0,1]) mnozinu vsech spojitych zobrazeni intervalu
[0, 1] do sebe. V roce 1994 formuloval Coven [16] problém nejlepsiho dolniho
odhadu topologické entropie globédlné 2-ndsobného zobrazeni z C([0, 1]).
Tato otdzka byla vyfesena Bobokem v [8], pozdéji tentyz autor dokdzal
obecnéjsi vysledky tykajici se m—nasobnych zobrazeni z C([0, 1]) [10], a spo-
le¢né s Niteckim také kruznice [11] a kone¢ného topologického stromu [12].
Tyto vysledky postupné uvadime ve vétach 2.1.11, 2.1.15 a 2.1.18.

Definice 2.1.10 [11] Podmnozina Y C X se nazyvéd kospocetnd, je-li jeji
komplement X \ Y (nejvyse) spocetnd mnozina. Rekneme, ze pro m € N,
m>1jeT: X — X kospocetné m-ndasobné, jestlize je globalné 2-nasobné
a zaroven m-ndasobné na néjaké kospocetné podmnoziné ¥ C X.

Véta 2.1.11 [10] Pro topologickou entropii kospocetné m-ndsobného T €
C([0,1]) plati hiop(T) > logm.

0
0 1

Obrazek 2. Zobrazeni s nulovou entropii.

Piiklad 2.1.12 Obrézek 2 ukazuje graf zobrazeni T' z C([0,1]) s vlast-
nostmi: card 771(0) = 2, card T7!(1) = 1 a T je 3-ndsobné na mnoziné
(0,1). Zéroven mnozina nebloudivych bodua Q(7') = {0,1}, a tedy dle Poz-
namky 1.0.3 plati hop(77) = 0.
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Definice 2.1.13 Bud (X, T) dynamicky systém. Rekneme, Ze zobrazeni T
nemd malou droviiovou mnoZinu, jestlize existuje o > 0 takové, ze pruameér
libovolné troviiové mnoziny T~ (z), € X, je vétsi nez a.

Poznamka 2.1.14 V Definici 2.1.13 pozadujeme, aby ke kazdému = € X
existovaly dva body 2/, 2" € X takové, ze Ta' =Tax" =x ao(2',2") > a. Z
této podminky pfimo plyne, ze T je globdlné 2-ndsobné a hiop (1) > log2,
nebot pro e < « plat{ s(n,e) > 2" pro kazdé n € N.

Véta 2.1.15 [11] Bud (S,T) dynamicky systém, kde S je kruznice. Je-li
T kospocetné m-ndsobné zobrazeni, které nemd malou droviiovou mnozZinu,
platt hiop(T') > log m.

Poznamka 2.1.16 M&-li zobrazeni T' ve Vété 2.1.15 stupen d a |d| > 2,
nemd 7T malou droviiovou mnozinu. Véta 2.1.15 d4v4 novou informaci v
piipadé, ze m > |d|.

Priklad 2.1.17 Bud S := R\ Z kruznice. Ztotoznénim koncovych bodu
intervalu [0,1] v Pifikladu 2.1.12 obdrzime globédlné 2-nasobné zobrazeni
kruznice T: S — S s nulovou topologickou entropii (pro kazdé « > 0 exis-
tuje droviiovd mnozina o pruméru mensim nez «). Analogicky lze sestrojit
globédlné m-nésobné (m € NU{oo}) zobrazeni kruznice s nulovou topologic-
kou entropii.

Konecné v neddvno publikovaném ¢lanku [12] autofi rozsitili vysledky
Véty 2.1.11 z intervalu na libovolny koneény strom.

Véta 2.1.18 [12] Bud (X, T) dynamicky systém, kde X je koneény strom.
Je-li zobrazeni T kospocetné m-ndsobné, plati hiop(T) > log m.

2.2. Neékteré vysledky ukazujici, ze souvislost ent-
ropie s kardinalitami dirovinovych mnozin nema
obecnou platnost

Piiklad 2.2.1 [43] Bud (X,,7,77) oboustranny posun. V Piikladu 1.0.4
jsme ukézali, ze hiop(T7) = log m. Soucasné lze snadno nahlédnout, ze zob-
razeni 17, je homeomorfismem na prostoru X, 7.

Existuje jiny pro nase ucely dulezity vysledek, jehoz autorem je Hochman
[20].

Piiklad 2.2.2 [20] Bud ([0, 1]N9{% T) dynamicky systém, kde zobrazeni
T je dano predpisem (Tz); = zijt1, © € [0, 1]NU{0}6. Ke kazdému m € N
existuje X, C [0, 11N} s vlastnostmi:

Stakzvany Bebuttv dynamicky systém
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(i) (Xm,T =T|Xym) je dynamicky systém,
(ii) prokazdé z € X,,, mnozina T~ !(x) obsahuje alespon m riznych prvki,
(iii) topologicka entropie (X,,,T") je rovna nule,

(iv) zobrazeni T: X,, — X,, méa dvé ergodické borelovské invariantni
miry na Xp,, tj. E(T) = {1, p2}, kde supp p1 = {wo} (Tzo = o) a
supp pz = X"

. . . - . 8 . ’
ms m-
(v) Existuje x € X,y, jehoz orbita® je hustd v X

Poznamka 2.2.3 Piiklad 2.2.2 je v nésledujicim smyslu nejlepsi mozny:
existuje-li v dynamickém systému (X, 7T) bod = € X, jehoz orbita je hustd
a &(T) = {p} (systém ma jedinou ergodickou invariantni miru), existuji v
X body, jejichz uroviiové mnoziny jsou jednobodové.

Piiklad 2.2.4 [12] Ke kazdému m > 2 existuje dynamicky systém ([0, 1], T")
s vlastnostmi:

(i) T je globélné 2-nésobné,

(ii) T je m—néasobné na mnoziné ¥ = [0,1] \ K, kde K je Cantorova
mnozina,

(ili) hop(T') = log2.

Obrazek 3. Dynamicky systém (X,T") na Riemannové sféfe X; hyop(1T') = 0.

"viz Apendix
8viz Kapitolu 1
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Piiklad 2.2.5 [41] (Obrazek 3) Zobrazeni T' Riemannovy sféry na sebe s 0
a oo jako pevnymi body, kde pro 0 < |z| < 0o (a pevné zvolené m > 2)

Zm
Y —
o olzm—1
mé topologicky stupen® m; pro 0 < |z| < oo plati [Tz| = |2|/2, a tedy

mnozina nebloudivych bodu sestava pravé jen z pevnych bodu 0, co, tj. v
souladu s Pozndmkou 1.0.3, hop (1) = 0. Zobrazeni T' neni spojité diferen-
covatelné v odpuzujicim pevném bodé oco.

2.3. Otazky resené v clanku “Irreducibility, infinite
level sets and small entropy”

Bud (X,T) dynamicky systém. V Definici 2.1.8 jsme zavedli pojem m-—

ndsobného zobrazeni T na podmnoziné Y C X. Vznika pfirozena otézka,

jak vhodneé volit v zavislosti na (X,7") mnozinu Y, aby m-ndsobnost na Y,

doplnénd globalni 2—nasobnosti, byla postacujici pro dolni odhad topologické

entropie hyop(T") > log a(m), kde limsup,,,_, o, a(m) = oo.

V pifpadé C-zobrazeni intervalu z citovanych vysledkii plyne:
- volba kospocetné mnoziny Y je postacujici - Véta 2.1.11

- volba Y, pii které je X \ Y fidka, neni postacujici - Piiklad 2.2.4
2.3.1. Hlavni vysledky v ¢lanku “Irreducibility, infinite level

sets and small entropy”

Pted formulaci hlavnich vysledkil pfipomenme, ze uzlovym bodem zobra-
zeni T: [0,1] — [0,1] minime bod, pro ktery D¥T(z) = D" T(z) = c© a
D T(x) = D_T(x) = —oo'V.

Véta 2.4.12 Ke kazdému ¢ > 0 existuje dynamicky systém ([0,1],T), ve
kterém:

(i) T neni monotonni na Zddném podintervalu [0,1] a T zachovdvd Lebe-
Squeovy, miru,

(ii) uzlové body T tvori hustou podmnozinu [0, 1] a pro G§ hustou mnozinu
Y C [0,1], droviiovd mnoZzina T~'(y) je nekoneénd pro kazdé y € Y,

(iil) htop(T) < e+ log?2.

g . .
9viz Apendix
Djiniho derivace jsou nekoneéné

21



Dausledek 2.4.13 Ke kazdému e > 0 existuje dynamicky systém ([0,1],T),
ve kterém:

(i) T je topologicky mizujict,

(ii) pro Gs hustou mnozinu Y C [0,1] piné Lebesgueovy miry, droviiovd
mnozina T~ (y) je nekoneénd pro kazdé y € Y,

(ili) htop(T) < € +log 2.
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2.4. Irreducibility, infinite level sets and small ent-
ropy - uplna verze ¢lanku

2.4.1. Introduction

For a set X, we call a subset Y C X cocountable if its complement X \ Y is
(at most) countable, and say that a map f: X — X is cocountably m-fold
if it is globally 2-fold and m-fold on some cocountable subset ¥ C X.

In [10] the author proved the following estimate on topological entropy:

Theorem 2.4.1 The topological entropy of any continuous cocountably m-
fold map f: [0,1] — [0,1] satisfies hop(f) > logm.

This result is rather delicate, as there is a simple Raith’s example of a
continuous map f: [0,1] — [0, 1] that is m-fold (for an arbitrarily chosen
m € N) except at y = 1, which has a single preimage point, but its non-
wandering set consists of the fixed endpoints, so that the entropy is zero (see
[11] for more detailed information). It is a folklore knowledge that analogous
examples can be constructed on any n-dimensional manifold (orientable or
non-orientable, also with boundary).

Moreover, in [12] the authors showed that the set of points, where the m-
fold conditions fail in the hypotheses of Theorem 2.4.1, cannot be allowed to
be uncountable, even if it is nowhere dense. Namely, for each integer m > 0
there exists a continuous map f: [0,1] — [0, 1] such that f is globally 2-
fold, f is m-fold on a set Y = [0,1]\ K, where K is a nowhere dense, closed
(uncountable) set and at the same time hyop(f) = log 2.

Despite Theorem 2.4.1 and related examples, the problem of understan-
ding of relationship of two characteristics of an interval (or a tree) map - its
topological entropy and cardinalities of level sets - is not completely solved.
On the one hand the proofs used in [10], [12] are rather difficult with many
technicalities, on the other hand all known (counter)examples work with
a “poor” set of non-wandering points. Thus, one could expect some stren-
gthened version of Theorem 2.4.1 stated for a class of irreducible interval
maps (transitive, with a dense set of periodic points) proved by essentially
simplified methods.

As a canonical expression of mentioned insufficient grasp of the subject
we can introduce the following conjectures:

Conjecture 2.4.2 Any continuous nowhere differentiable interval map pre-
serving the Lebesgue measure has infinite topological entropy.

We recall that by a knot point of function f we mean a point x where
Dt f(x) = D™ f(x) = 0o and D4 f(x) = D_f(z) = —oc.

Conjecture 2.4.3 Any continuous interval map preserving the Lebesgue
measure A and with a knot point A-a.e. has infinite topological entropy.
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Note that the existence of continuous interval maps used in hypotheses
has been proved in [7].

The goal of this paper is to provide more sophisticated examples related
to Conjectures 2.4.2, 2.4.3. To this goal we investigate continuous piecewise
affine interval maps with countably many laps and preserving the Lebesgue
measure. We construct such maps having finitely many knot points and
estimate their topological entropy. As the main result of this paper stated
in Theorem 2.4.12 we obtain the following: to any ¢ > 0 we construct a
continuous interval map g = g. such that (i) g is nowhere monotone and
preserves the Lebesgue measure (irreducibility); (ii) knot points of g are
dense in [0,1] and for a Gs dense set of z’s, the set g~!({z}) is infinite
(infinite level sets); (iii) htop(g) < € + log2 (small entropy). Two possible
applications are presented in Corollary 2.4.13 and Theorem 2.4.14.

The paper is organized as follows. In Section 2.4.2 we give some basic no-
tation, definitions and known results (Theorems 2.4.5, 2.4.6, 2.4.8). Section
2.4.3 is devoted to the both local and global perturbations and the map g
cited above is constructed.

Finally, in Section 2.4.4 we prove the main results - Theorem 2.4.12
and its Corollary 2.4.13. We also present one possible application on the
n-dimensional case - Theorem 2.4.14.

2.4.2. Definitions and known results

As general references one can use [3] and [21]. In particular, one can find an
introduction to both measure-theoretic and topological entropy there.

Let f: [0,1] — [0,1] be a continuous map, for short often called an
interval map. By 9([0, 1]) we denote the set of all Borel normalized measures
on [0,1]. The weak* topology on M([0,1]) is defined by taking the sets

Vu(fl,...,fk;sl,...,ek):{u: ‘/fjdu/fjdu‘qj, j:l,...,k}

as a basis of open neighborhood for € 9M([0,1]) with e; > 0 and f; being a
continuous function defined on [0, 1]. The map f transports every measure
p € M([0,1]) into another measure f.pu € M([0,1]). In what follows if we
say “measure” we in fact mean Borel normalized measure and if we measure
some set then we assume that it is measurable. The support of u is the
smallest closed set S = suppp such that u(S) = 1.

If w = fop then p is said to be invariant (p is preserved by f). It is
equivalent to the condition u(f~1(S)) = pu(S) for any measurable S C [0, 1].
Let 9M(f) be the set of measures preserved by f. A measure u € 9M(f) the
suppp of which coincides with one periodic orbit (cycle) is said to be a CO-
measure and the set of all CO-measures which are concentrated on cycles is
denoted by B(f).
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We say that S C [0, 1] is f-invariant if f(S) C S. A measure u € IM(f)
is called ergodic if for any f-invariant set S C [0,1] either u(S) = 0 or
p(S) = 1. We denote the set of all f-invariant ergodic measures by E(f). If
p is ergodic then either suppu = orb(p) for some periodic point p € Per(f)
or suppy is a perfect set.

For an interval map f preserving the Lebesgue measure A\ the set of
all its periodic points is dense in [0, 1]. It is a consequence of the following
statement.

Theorem 2.4.4 [5] Let f: [0,1] — [0,1] be an interval map preserving the
Lebesgue measure. The set B(f) is dense in M(f) (in the weak® topology).
U

Moreover we have following ergodic decomposition.

Theorem 2.4.5 [35] Let pn € MM(f). Then there is a measure m on E(f)
such that u(S) = fs(f) A(S)dm for any measurable set S.
g

Fix f: [0,1] — [0,1] and x € [0,1]. The Lyapunov exponent, As(x), is
given by

.1
Ap(z) = lim —log|(f")'(x)
n—oo N
if the limit exists. The Lyapunov characteristic x: [0, 1] — [0, o] is defined
as

= wl = { 4 o

The following known theorem (its one-dimensional version) will be one
of the key results when proving Theorem 2.4.12.

Theorem 2.4.6 (the Margulis-Ruelle inequality) (see [26, pp. 281-285]). Let
f:[0,1] — [0,1] be a piecewise Lipschitz map, let v be an invariant measure
for f, and assume that f is differentiable p-a.e. Then

ha(f) < / X du.
suppp

O

For a pair (T, g) with T C R closed set and continuous map g: T — T,
gr: convl — convT is a piecewise affine “connect-the-dots” interval map
given by (7, g). An interval map f: [0,1] — [0, 1] has a subsystem (7, g)
if T'C [0,1] is closed, g = f|T and g(T") C T. A subsystem (7, g) of f is
piecewise monotone, resp. strictly ergodic if g7 is piecewise monotone, resp.
if there is exactly one measure p € M(f) such that suppp =T
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Proposition 2.4.7 Let f: [0,1] — [0,1] be piecewise affine possibly with
countably many laps and having a piecewise monotone strictly ergodic sub-
system (T, g) supporting an invariant measure p with h,(f) > 0. Then for
each x € T,

M) = /[0 sl e 0.20).

Proof. We have
1 1 n—1 _ 1 n—1 4
“1og|(/")| = —1og (TTIF/U)) = = > tog /()
=0 =0

and the right-hand sums converge on the set 1" uniformly to a constant
Ay = f[o,l] log | f'| dp - see [43, Theorem 6.19, p.160]. The value A\, is posi-
tive by (2.3), our assumption h,(f) > 0 and Theorem 2.4.6. Since (7, g) is
piecewise monotone, the number A, is less than oo.

The Variational principle represents a basic relationship between measure-
theoretic and topological entropy. In the context of interval maps one can
restrict attention to the subset of strictly ergodic piecewise monotone pairs
and corresponding invariant measures.

Theorem 2.4.8 [9] Let f be an interval map. Then

hiop(f) = sup hu(f),

(T,9)

where the supremum is taken over all strictly ergodic piecewise monotone
subsystems (T, g) of f and corresponding invariant measures p.

0

2.4.3. Constructions
Local perturbation

In the first subsection of this section we describe a specific local perturbation
of an interval map, i.e. a change of definition of a map on a “small” subset
of its domain. All is summarized in Definition 2.4.9.

For n > 1, the maps a5 are “connect-the-dots” maps with the dots (see
Figure 4(a))

{(0,0),(1/5,1),(2/5,0), (3/5,1), (4/5,0), (1, 1) }.

In order to describe how we will perturb maps we start with a map
k: [0,1] — [0,1] defined as the uniform limit of a sequence {r,}n>1: fix

26



a sequence {0y },>1 of positive real numbers with d; = 1/2 and such that
100,41 < dp; then the intervals K, = [1/2 — d,,1/2 + ;] satisfy

(2.4) 0,1] =K, DKy D K-+, 10A(Kpp1) < A(Ky).

1

12

0 : :
0 1/5 2/5 1/2 3/5 4/5 10

(a)

Figure 4. (a) The map as; (b) The map k3.

We construct maps k,: [0,1] — [0, 1] inductively:
(n=1): kK1 = as.
(n > 1): If the map k,_; is already defined, we put (see Figure 4(b) for
n =3) kp = kp_1 on [0,1]\ K, and x, = hoasoh,' on K,, where hy,
resp. h is affine, preserves orientation and maps the unit interval onto K,
resp. fin—1(Ky).

Clearly, each x, is continuous and it preserves the Lebesgue measure.
Moreover, by our construction and (2.4)

55

sup |I€n($) — Iinfl($)| S SnA(Kn) < W = F,

z€[0,1]
hence the map x = lim,, k,, exists, it is continuous and the Lebesgue measure
preserving again. Since the map s depends on the sequence A = {0y, }n>1,
we will sometimes use the notation x = k[A].
Let f: [0,1] — [0, 1] be an interval map, consider a point z € (0,1) and
af>0suchthat 0 <z - <z+p<1and f(x—B) < f(z+ ), let K[A]
be as above for some A.

Definition 2.4.9 By an increasing (x, 3, A)-perturbation of f we mean a
continuous map f: [0,1] — [0,1] given by f = f on [0,1] \ [z — 8,z + £]
and f = T2, 0 K[A] 0 d;lﬁ on [ — B,z + ], where dg g, resp. r, g is affine,
preserves orientation and maps the unit interval onto [z — 3,z + (], resp.
[f(z—0), f(z+P)]. If f(x—B) > f(z+), a decreasing (z, 3, A)-perturbation

of f is defined analogously by using the map 1 — k[A] instead of k[A].
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Global perturbation

In the second subsection we apply above local perturbation repeatedly to
obtain a global change of definition of a map on a dense subset of its domain.

For a piecewise affine map f (possibly with countably many laps) let
W(f) be the set consisting of all points in which f is not differentiable
and endpoints 0, 1. Let {Jp, }m>1 be the sequence of all rational subintervals
of (0,1). Consider the full tent map f : [0,1] — [0,1] given by f(z) =
1— |12z, 2 €[0,1].

Fix an € > 0. We inductively define maps gy,:

(m:O) go:f’ 550:17100:0-

(m > 0): Since by Theorem 2.4.4 the map g,,—1 has a dense set of periodic
points and each point from [0, 1) has at least two g,,—i-preimages, there is
a point z,, such that

(2'5) Tm € Im, Tm §é Per(gmfl)a gmfl(l'm) =DPm € Per(gmq),

m—1

(2.6) pm ¢ |J orb(p;), @m & W(gm-1) U{z0, -, Zm—1};
j=1

for a sequence {k]"},>1 of positive integers fulfilling

S~ 085" s (2m)) _ e

2.7
27) km+1 m’

n=1

there is a sequence A, = {07 },,>1 (of sufficiently small delta’s, shortly, suffi-
ciently small A,,) and a corresponding (increasing or decreasing) (Zy,, Bm, Am )-
perturbation g,, of g, —1 such that for each j € {1,...,m} and n > 1
(K7 =[1/2 = 6,1/2+ &1]),

(28)  weds, g (Kl) = {gh(@)}P Ndy g (KD) =10,
(2.9) max{)\(gfn(dxngj(K%)): i=0,...,kl}<1/n

and, in particular, for [, — Bm, Tm + Bm] = dy,, 8., ([0,1]),

(2.10) Ngm([Tm = Bms Tm + B])) < 1/m.
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0 X, A2 X, 10 X X 12 X 1
(a) (b)

Figure 5. (a) The map go; (b) The map gs.

We will argue the properties (2.8), (2.9) in more details.

Claim 2.4.10 If (2.8), (2.9) is true for j € {1,...,m — 1} and gm,—1 then
the sequence Ap, = {67 }n>1 fulfilling (2.8), (2.9) for j € {1,...,m} and
corresponding gn, also exists.

Proof. Since by (2.6)

m—1

orb(pm) N U orb(p;) =0,

Jj=1

the (2.9) applied on ¢,,,—1 means that for a sufficiently small A,, and corre-
sponding §,, the properties (2.8), (2.9) remain true for g, up to finitely
many n’s. Taking appropriately A, smaller than A,, (if necessary), we ob-
tain the map g, fulfilling (2.8), (2.9) for j € {1,...,m} and every n.

Claim 2.4.11 For any m € N and any invariant measure pn € M(gm),

o0
log(|5" g1 (xm)])

log |gy, | dp < .
/[xm_ﬂm,iﬂm‘i'ﬁm] " r; k:gl +1

Proof. By the representation Theorem 2.4.5 it is sufficient to assume that
p is ergodic. Let x € suppp be a generic point for p (see [43]). Putting
L, =d,, g, (K]"), from (2.8) we get

1

2.11 Ly) < :
(2.11) #ln) < p
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by our definition of (2, Bm, A )-perturbation (g, of gm—1)
(2.12) |9m| = 15" gm—1(zm)] o0 L \ Ly1.

Since [T — Bms Tm + Bm] = Upey(Ln \ Ly+1), from (2.11) and (2.12) we
obtain

o0
/ log |gr, | dp = Z/ log |grl dps <
[©m —Bm,Tm~+Bm]

log |5 Im—1(zm)|)
<z/ loglgm\du<z et

Notice that each gy, preserves the Lebesgue measure and by (2.10)

sup [gm(2) — gm—1(2)| < 1/m;
z€]0,1]

the reader can easily see that

(2.13) g = lim g,
m

is defined well and it preserves the Lebesgue measure again.

2.4.4. The main result

We recall that by a knot point of a function f we mean a point z where

DT f(x) = D™ f(z) = oo and D, f(z) = D_f(z) = —o0.

Theorem 2.4.12 The continuous interval map g defined by (2.13) has the
following properties:

(i) g is nowhere monotone and preserves the Lebesgue measure;

(ii) knot points of g are dense in [0,1] and for a Gs dense set Z of z’s, the
set g71({2}) is infinite;

(iii) htop(g) <e+ log 2.

Proof. The property (i) directly follows from our construction of g.

Let us prove (ii). It follows from (2.5) and our choice of the intervals
Jm that the sequence {z,,} is dense in [0,1]. We will show that g has a
knot point at every x,,. By the property (2.6) of our construction, for every
k > m hold true equalities

(2.14)  g(z) = gi(x) = gm(x) for every x € {zp,} Ud,,, 5, (W(k[Ap])).
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Since the map x[A,,] has a knot point at 1/2 and the maps r4,, 3,., dz,. 8.
are affine, Definition 2.4.9 and (2.14) give us that also each of the maps g, g,
k > m has a knot point at x,, = d,, 5,.(1/2). It means that each of the sets

Sm = {2 €[0,1]: #g7'({z}) >m}°

is open and dense in [0,1] hence Z = (), Sm is G5 dense.

(iii) Let us fix gpp,.

Using Theorem 2.4.8 let us fix a continuous strictly ergodic invariant me-
asure 1 € M(grm,) with hy,(gm) > 0, denote S = supppu. Then (S, = gm|S5)
is an infinite minimal subsystem of g,, and each point of S is (uniformly)
recurrent. The map g,, is piecewise affine with countably many laps accu-
mulated exactly in points x1, ..., zy,. By (2.5), SN {z1,...,z,} = 0 hence
the set S is a subset of finitely many laps of g,,. It implies that the map
ts is Lipschitz and since p measures any countable set by the zero, both
the piecewise affine maps g,,, tg are differentiable p-a.e. Applying Theorem
2.4.6, Proposition 2.4.7 and (2.3) we get

0 < hy(gm) = hples) < /[0 st = / log gl dyt.

)

Putting J = UL, [z; — Bj, 7; + B;], Claim 2.4.11 and the properties (2.5)-
(2.8) imply

/[ log |gp, | dp < Z/ log\g}!du+/ log |gy, | dp <

0,1] =B85, +8;] [0,1\J

Zzlog ’5 g] lx])| +10g2<z +log2

j=1n=1 kj+]‘

i.e., using Theorem 2.4.8 and the Variational principle (see [43]),
Uiy

(2.15) hiu(gm) < hiop(gm) < D o +log2.
k=1

Since the topological entropy is lower semicontinuous on the space of all
continuous interval maps equipped with the supremum norm (see [27]) and
g = limy, g, the conclusion hiop(g) < € + log 2 follows from (2.15).

It can be rather easily shown (and we let it to the reader) that the map
g satisfies: for every open subsets U,V of [0, 1] there is an ng € N such that
g"(U)NV # B whenever n > ng (g is topologically mixing).

Corollary 2.4.13 There is a continuous interval map f: [0,1] — [0,1]
such that
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(i) f is topologically mizing;

(ii) for some G5 dense Y C [0,1] of the full Lebesque measure, f~'({y})
is infinite for each y € Y;

(ifi) ftop(f) < € +1log2.

Proof. Let Z be the set satisfying the property (ii) of Theorem 2.4.12. There
is a homeomorphism h: [0, 1] — [0, 1] such that A(Y = h(Z)) = 1. Then for
f=hogoh ! and each y € Y we get

#£7 ({y}) = #h((g7 (W7 (A(2))) = o,

i.e. the property (ii) is fulfilled. The properties (i), (iii) remain preserved for
the conjugated map f. O

As a direct consequence of Theorem 2.4.12 we will let to the reader the
proof of the following natural generalization.

Theorem 2.4.14 Let us consider the map G: [0,1]" — [0,1]" defined as
the product map G =g x g X --- x g. The map G fulfils:
—_—

n—times
(i) G is topologically mizing and preserves the Lebesque measure;
(ii) for a Gs dense set of 2’s, the set G~1({z}) is infinite;

(ili) htop(G) < e+ nlog2.
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Kapitola 3

Entropie specialnich typu
zobrazeni

V této kapitole uvazujeme vyluéné intervalovy dynamicky systém (X, T),
kde X = [0,1]. Casto tedy bude postacujici mluvit pouze o zobrazeni T.

Intervalem wvlastnosti V (monotonie, diferencovatelnosti, apod.) zobra-
zeni T rozumime jakykoliv uzavieny podinterval I C [0, 1], pro ktery ma
zazeni T|I vlastnost V.

Definice 3.0.1 Rekneme, ze zobrazeni T je po Gastech vlastnosti V, jestlize
Ize [0, 1] vyjadiit jako sjednoceni koneéné mnoha intervalu vlastnosti V zob-
razeni T

Definice 3.0.2 Rekneme, ze zobrazeni T je spocetné po ¢astech vlastnosti
V, jestlize lze [0, 1] vyjadiit jako sjednoceni spocetné mnoha intervalu vlast-
nosti V) zobrazeni T

Hlavnim cilem této kapitoly je srovnéni vybranych vlastnosti po ¢dstech
monotonnich, resp. spocetné po ¢astech monotonnich zobrazeni.

3.1. Po ¢astech monotonni zobrazeni

V roce 1980 publikovali Misiurewicz a Szlenk ¢lanek [29], vysledky kterého
umoznily 1épe rozumét topologické entropii po ¢astech monotonniho zobra-
zeni, a v nékterych piipadech ji i vypocitat.

Oznacme ¢, minimélni pocet intervalit monotonie zobrazeni T, jejichz
sjednocenim je cely interval [0,1], V(T™) necht znaéf variaci zobrazen{ T"
na intervalu [0, 1].

Veéta 3.1.1 [29] Bud T po édstech monotonni zobrazend. Pak

1 1 1
hiop(T) = lim — logc, = inf —logc, = lim max (0, — log V(T”)).
n n

n—oo n n n—oo
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Specidlné tedy, hiop(T) < (1/n)logcy, pro kazdé n.

Definice 3.1.2 Rekneme, Ze zobrazeni T md konstantni sklon «, jestlize
je T po tastech monotonni a na kazdém intervalu monotonie je T" afinni se
sklonem v absolutni hodnoté rovnym a.

Véta 3.1.1 umoziuje snadno uréit topologickou entropii zobrazeni s kon-
statnim sklonem.

Dusledek 3.1.3 Bud T zobrazeni s konstantnim sklonem o. Pak hiop(T) =
max(0, log «).

Diikaz. Pro kazdé n prirozené plati V(T™) = o™. O

Priklad 3.1.4 Bud S stanové zobrazeni, Tx = 1 — |1 — 2z|, z € [0,1].
Plati ¢,, = V(T™) = 2", a tedy podle Véty 3.1.1, hiop(T') = log 2. Ziejmé je
T zobrazenim s konstantnim sklonem 2. Pouzitim tohoto faktu lze snadno
oveérit, ze ke kazdé oteviené mnoziné U C |0, 1] existuje n piirozené takové,
ze T"U = [0, 1.

Definice 3.1.5 Rekneme, ze dynamicky systém (X, T'), resp. zobrazeni T je
tranzitivni, jestlize pro kazdé dvé neprazdné oteviené podmnoziny U, V C X
existuje n pFirozené takové, ze T"U NV # 0.1

Poznamka 3.1.6 Tranzitivita dynamického systému (X, T') je tedy jistym
jevem nerozlozitelnosti: lze ukazat, ze v tranzitivnim dynamickém systému
existuje G hustd Xg C X takova, ze kazdy prvek z € Xy ma orbitu hustou
v prostoru X; trajektorie bodu z Xy je tedy (nekone¢nékrat) ovliviiovdna
kazdou restrikei T'|U, kde U je libovolné oteviend podmnozina X.

Poznamka 3.1.7 V Piikladu 3.1.4 jsme ukézali, Ze stanové zobrazeni T je
tranzitivni.

Klasicky vysledek, ktery souvisi s nasim vykladem, pochazi z roku 1947
od von Neumanna a Ulama .

Piiklad 3.1.8 (Obrézek 6) Dynamické systémy ([0,1],7") a ([0,1],S), kde
T je stanové zobrazeni a S je tzv. logistické zobrazeni, Sz = 4z(1 — z), = €
[0, 1], jsou topologicky konjugované - viz Pozndmku 1.0.3. Lze snadno ovérit,
ze homeomorfismem spliujicim vztah hoT = S o h na [0, 1] je zobrazeni

h(z) = sin® (%)

Specidlné je tedy dynamicky systém ([0,1],S) tranzitivni - viz Pozndmku
3.1.7.

Ltato definice je platnd pro obecny kompaktni metricky prostor X
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0 112 10 112 1
Obrézek 6. Topologicky konjugované dynamické systémy.

Pozorovani z Prikladu 3.1.8, objevené von Neumannem a Ulamem, je,
jak se v roce 1966 ukazalo, specidlnim ptipadem zajimavého vysledku, jehoz
autorem je Parry.

Véta 3.1.9 [34] Je-li ([0,1],T) po édstech monotonni tranzitivni dynamicky
systém, je tento topologicky konjugovany s dynamickym systémem (]0,1],.5),
kde zobrazeni S md konstantni sklon e'ver(T),

Pro tplnost uved me také Blokhtiv dolni odhad topologické entropie tran-
zitivniho dynamického systému ([0, 1], 7).

Véta 3.1.10 [6] Je-li ([0,1],T) tranzitivni dynamicky systém, pak

heop(T) > (1/2)log 2
Shrnuti vysledku 3.1.11 Bud ([0, 1],T) po ¢dstech monotonni po ¢dstech
C? tranzitivni dynamicky systém. Bud )\ Lebesgueova mira na [0,1] a i
absolutné spojitd (vzhledem k \) invariantni mira. V dalsim shrnujeme

vysledky, které se vztahuji k uvedenému dynamickému systému:

(i) Je-liinf|T'| > 1, pak existuje mira f [23], tato mira je jedind, ergodickd
a s kladnou hustotou A-s.v. [25].

(ii) Topologickd entropie T je kladnd [6].
(iii) Zobrazeni T je konjugované se zobrazenim s konstantnim sklonem [34].

(iv) Pro kazdou ergodickou invariantni miru p plati b, < f[o,l] log |T"| dp
[39], [31].

(v) Plati hiop(T') = limy, 00 (1/n) log V(T™) [29].
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(vi) M&-1i T konstantni sklon m, pak |T”| je po ¢dstech monotonni a protoze
dimenze miry fi je 1, plati h;(T) = f[o 1 log |T"| dii = logm. Z druhé
strany jest hiop(1) = logm, a proto mira ji ma maximdlni entropii
[24].

K nésledujicim tvrzenim postaéi piedpoklad, ze ([0,1],T) je po ¢astech C!:

(vii) Pro m > 1, je-li |[T’| < m a na podintervalu J C [0,1] plati |T"| < m,
pak hiop(T') < logm [36].

(viii) Pro m > 1, je-li |T’| > m a na podintervalu J C [0, 1] plati |T'| > m,
pak hiop(T') > logm [36].

3.2. Spocetné po c¢astech monotonni zobrazeni

V uvodu pfipomenme potiebné definice z predchazejicitho odstavce. In-
tervalem wvlastnosti V (monotonie, diferencovatelnosti, apod.) zobrazeni T'
rozumime jakykoliv uzavieny podinterval I C [0,1], pro ktery mé zizeni
T|I vlastnost V.

Definice 3.2.1 Rekneme, 7e zobrazeni T je spocetné po ¢astech vlastnosti
V, jestlize lze [0, 1] vyjadiit jako sjednoceni spocetné mnoha intervalu vlast-
nosti V zobrazeni T'.

Jak jsme se jiz zminili v tvodu této kapitoly, nasim cilem je srovnani
vybranych vlastnosti po ¢astech monotonnich, resp. spocetné po ¢astech
monotonnich zobrazeni. V kazdém piipadé lze konstatovat, ze soustavny
vyzkum spocetné po ¢astech monotonnich zobrazeni se nachazi na pocatku.

Véta 3.2.2 [32] (Obrazek 7) Existuje dynamicky systém ([0,1],T) s vlast-
nostmi:

(i) ([0,1],T) je spocetné po cdstech afinnt,

(i) |T'z| < 5 ve vsech bodech x € (0,1) s vyjimkou bodi obratu?,

(iii) T je tranzitivng, navic plati, Ze pro kaZdou neprazdnou otevirenou mno-
zZinu U C [0, 1] existuje n prirozené takové, ze T™(U) = [0, 1],

(iv) [T'z| =4 pro z € (0,1/3)U(2/3,1) a |T'z| =5 pro z € (1/3,2/3)

(V) hiop(T') = logb.

2body, v nichz m4 zobrazeni lokalni extrém
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Obréazek 7. Zobrazeni T'.

)\ / A
ATy \/

0 1N 1

Obréazek 8. Zobrazeni S.

Véta 3.2.3 [32] (Obrazek 8) Pro kazdé N\ > 2 a kazdé o > log?2 existuje
dynamicky systém ([0, 1], .5) s vlastnostmi:

(i) ([0,1],S) je spocetné po cdstech afinnt,

(ii) |S"z| = X ve vsech bodech x € (0,1) s vyjimkou bodi obratu,
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(iii) S je tranzitivni; navic plati, Ze pro kaZdou neprazdnou otevienou mno-
Zinu U C [0,1] existuje n prirozené takové, ze S™(U) = [0, 1],

(iv) hiop(S) < a.

(v) Pro kazdou ergodickou S—invariantni borelovskou pravdépodobnostni
miru md rozklad do useki zobrazeni S koneénou entropii.

V dalsim uvaddime neddvné zobecnéni Véty 3.1.9 pro spocetné po ¢astech
monotonni zobrazeni. K presné formulaci jsou nezbytné nasledujici definice.

Definice 3.2.4 Dynamicky systém ([0, 1],T) patii do tiidy .4, jestlize:

e existuje dvojice (P, ¢) takova, ze P C [0,1] je spocetnd, uzaviena,
obsahujici body 0, 1,

e zobrazeni ¢: P — P je spojité

e T je monotonni na kazdém P-intervalu?,

o T|P =,

e existuje L > 0 takové, ze pro kazdé y € [0, 1] plati card T~(y) < L.

Pro dynamicky systém ([0,1],7") € A dany dvojici (P, ¢) definujeme matici
M (T') indexovanou P-intervaly: prvek m ;g matice M (T') je roven 1, jestlize
TJ D K, a0 jinak.

Poznamka 3.2.5 Lze ukézat, ze pro ([0,1],T") € A matice M (T') reprezen-
tuje jisty spojity linedrni operator Ml na prostoru E}; vSech absolutné kon-
vergentnich posloupnosti indexovanych P-intervaly; tuto skute¢nost strucné
zapisujeme M (T) ~ M na (L,

OznaCme IC; kuzel v8ech nezapornych posloupnosti v prostoru E}g.

Definice 3.2.6 Bud ([0,1],T) € A dany dvojici (P, ¢). Rekneme, 7e limitni
body mnoziny P slabé ovliviuji topologickou entropii, jestlize existuje k
piirozené takové, ze M*(T) lze vyjadiit ve tvaru souétu matic Cy, + By, kde

o (), ~C, By, ~Bna E}D a operatory C, B zachovavaji kuzel ICJIS,
e C je kompaktni,
e M(T)~ M na (5 a r(MF) > |[B]|.
Véta 3.2.7 [13] Bud ([0,1],T) € A dany dvojici (P, ). Je-li ([0,1],T)

tranzitivni a limitni body mnoZiny P slabé ovlivniugi topologickou entropii,
pak r(M) > elor(T) o dynamicky systém ([0,1],T) je topologicky konju-
govany s dynamickym systémem ([0,1],S), kde zobrazeni S md konstantni
sklon r(M).

3(a,b) je P-interval, jestlize a,b € P a (a,b) NP =0
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3.3. Otazky resené v clanku “On piecewise affine
interval maps with countably many laps”

Zékladnim predmétem vyzkumu je otdzka, které vlastnosti Shrnuti 3.1.11
(ne)zustavaji v platnosti pro spocetné po ¢astech monotonni dynamicky
systém. Zachovame-li strukturu zminovaného odstavce, lze konstatovat:

Shrnuti vysledku 3.3.1 Bud ([0,1],7") spocetné po ¢dstech monotonn{
tranzitivni dynamicky systém.

(i) Existence/pocet absolutné spojitych invariantnich mér zustéava otevie-
nym problémem.

(ii) Topologicka entropie T' je kladna [6].

(iii) Zobrazeni T je konjugované se zobrazenim s konstantnim sklonem -
¢astecné vyteseno [13].

(iv) Pro kazdou ergodickou invariantni miru g plati b, < f[O,l] log |T"| dp -
¢astecne vyteseno [13].

(v) Plati hiop(T) = limy, 00 (1/n) log V(T™) - neplati [32],[14].

(vi) M&-1i T konstantni sklon m, pak |T”| je po¢dstech monotonni a protoze
dimenze miry fi je 1, plati hy(T) = f[O,l] log |T'| dji = logm. Z druhé
strany jest hiop(1') = logm, a proto mira ji ma maximalni entropii -
neplati [32],[14].

(vii) Pro m > 1, je-li |T'| < m a na podintervalu J C [0, 1] plat{
pak hiop(T') < logm - neplati [32],[14].

T'| < m,

(viii) Pro m > 1, je-li |[T'| > m a na podintervalu J C [0, 1] plat{
pak hiop(T') > logm - zustava otevienym problémem.

T'| > m,

3.3.1. Hlavni vysledky v ¢lanku “On piecewise affine interval
maps with countably many laps”

Véta 3.4.5-6 Existuji spocetné po castech monotonni tranzitivni dynamické
systémy ([0,1],Ty), o > 9, takové, Ze:

(i) ([0,1],Tn), ([0,1],Tp) jsou topologicky konjugované pro kaZdou dvojici
a,>9

(ii) htop(Ta) =log9 pro kazdé o > 9,
(iii) zobrazeni T, md konstantni sklon o pro kazZdé o > 9.
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Uzlovym bodem zobrazeni T': [0,1] — [0,1] minime bod, pro ktery
D™T(z) =D T(x) =cc a DyT(x) = D_T(z) = —oc.

Véta 3.4.11 Trida F obsahuje zobrazeni T s vlastnostms:
(i) T zachovdvd Lebesgueovu miru,
(i) huop(T) = log.
(iii) T md uzlovy bod v 1/2.
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3.4. On piecewise affine interval maps with coun-
tably many laps - tiplna verze ¢lanku

3.4.1. Introduction, main results

In their interesting article [32] the authors showed, among other results, that
laws ruling piecewise monotone interval maps do not work when we admit
countably many pieces of monotonicity. They showed

Theorem 3.4.1 [32] For A\ > 2 and every a > log2 there exists a continu-
ous map Tx: [0,1] — [0, 1] with the following properties:

(i) f has countably many turning points.
(ii) f is locally eventually onto (leo).
(iii) |T%(z)| = X for all x € (0,1), except at the turning points of T

(iv) htop(Th) < cv.

(v) For every ergodic Tx-invariant Borel probability measure the partition
into the laps of T has finite entropy.

That is, for piecewise affine interval leo maps with countably many pie-
ces of monotonicity and a constant slope £\, the topological (measure-
theoretical) entropy is not given by A.

In Section 5 of the same work they also gave an example of a continuous
(not piecewise monotone) locally eventually onto map satisfying

sup |T'(z)| <r, sup|T'(z)| <r
z€[0,1] zel

for some interval I C [0, 1], but hop(T) = logr.

In this paper we provide one specific completion of the results cited above
(we do not discuss the item (v) of Theorem 3.4.1). We show, roughly spe-
aking, that all maps under consideration can be taken from one conjugacy
class (with common entropy value log9) containing an “optimal representa-
tive”, i.e., the map f such that |f'(z)| = 9 for all z € (0,1), except at the
turning points of f.

As a by-product of our construction we show that there is an element
of our conjugacy class preserving the Lebesgue measure and having a knot
point (a point & where DV f(z) = D™ f(x) = oo and D, f(z) = D_f(z) =
—00) in its fixed point 1/2.
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3.4.2. Definition of class F

In what follows we introduce a conjugacy class F. Later on, this class will
be used to demonstrate several interesting features of piecewise monotone
maps with countably many laps.

We will call a pair of real increasing sequences V = {v;}i>_1, X =
{zi}i>0 of points from (0,1/2) admissible if

e V, X converge to 1/2
e 0=v 1 =20=1 <21 <V <Ta <V <axz<vg<---.
Using admissible sequences V, X we define a continuous map
f=rV,X):[0,1] —[0,1]
by (see Figure 9)
(a) flvzim1) =1 —wv2i-1,12>1, f(v2i) = vay, i >0,
(b) f(x2i-1) =1 —woi-3,i>1, f(wz) =v2i2, i > 1,

- > 1 for each interval [u,v] C [x;, ziy1],

(©) fun = |02

(d) f(1/2) =1/2 and f(t) = f(1 —t) for each t € [1/2,1].

The property (c) can be satisfied since for admissible V, X by (a),(b),
fai w0 > 2 for each i > 0.

0 ux, ViU, XVoXg 1/2 1

Figure 9. A map from the class F.
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We denote by F(V, X) the set of all continuous interval maps fulfilling
(a)-(d) for a fixed admissible pair V, X. Finally, we put

F= | Fwx.
V,X admissible

Proposition 3.4.2 Fach f € F is locally eventually onto, i.e., for every
nonempty open set U C [0, 1] there is an n € N such that f™(U) = [0, 1].

Proof. Let f € F. The points v, f(x2;41), 1 > 1, resp. 1 —v9;_1, f(1—x9;),
i > 1 are fixed and by (a)-(d)

PP (oasywaia]) = P = w20, = vaica]) = [0,1]

fori > 1 and f([0,z1]) = [0, 1]. Let U be a nonempty open set in [0, 1]. From
the property (c) follows that there is ng such that either f0(U) D [va;, T2i+1]
or f1(U) D [1 — @9, 1 — vg;_1] for some i > 1. Thus fro+2+4(U) = [0,1].0

Let f € F. For i > 1 denote ug;_1, resp. ug; the unique solution (because
of (¢)) of the equation

(3.1) f(zr)=1—=z, € (x2i-2,%2-1), resp. f(x) =z, © € (x2;_1,T2).

Put U = {u;}i>1. For a subset Y C [0, 1] its symmetric extension Y U(1—-Y)
is denoted by s(Y). Let

(3.2) DU, V):=s(U)Us(V)u{0,1}.

An open interval (a, b) with a,b € D and (a,b)ND = () will be called D-basic

(for f). N o
For two maps f, f € F and sets D(U, V), X and D(U, V), X there exists
the unique increasing bijection

(3.3) 7 D(U,V)Us(X)— D(U,V) U s(X).
Two basic intervals (a,b) and (7w(a), 7(b)), resp. two points ¢ and 7 (¢) will
be then called corresponding.

3.4.3. F is a conjugacy class

As we have already announced in Introduction, in Theorem 3.4.5 of this
section we prove that any two elements of the class F are topologically
conjugated.

Definition 3.4.3 Fix f(V,X) € F and D = D(U,V), let J denote the
set of all D-basic intervals. An interval K € J is in preimage P(J) of
an interval J € J if I = I(J,K) = f~%(J)N K # 0. If I consists of one
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connected component that is a subset of an interval of monotony (z;, z;11) of
f, then K will be called increasing, resp. decreasing for P(J) in accordance
with the type of monotony of f|I. Otherwise, if I consists of two connected
components that are subsets of interval of monotony (z;—1,x;), (z;, zi+1) of
f, then K will be called nonmonotone for P(J).

One can see that by our construction
(34)  (VFeR) e\ {1/2}): 1<#f(1) < .

In what follows, for f € F we will need the complete backward orbit O(f, )
of a point t € [0,1]\({1/2} U D(U,V)). Since f(D(U,V)) C D(U,V) we get
O(f,t) N D(U,V) = (. For ig = 1 we formally put t = t(ig) € f~°({t}) and

(3.5) O(f,t) = {tlio. i1, . in)}uo.
where t(ig, i1,...,1n) € fT"({t}) satisfies
(3.6) F(tGio, i1, .. yin)) = t(io i1, .. in—1), n > 1;
if k= #f"1({t(ig,i1,...,in_1)}) then
£(i0, i1, -+« yin—1,1) < L(30y 01, -+ yin-1,2) <« < t(i0y 1, . s in_1,k).

By J(t) € J we denote the D-basic interval that contains a point t.

Lemma 3.4.4 Let f, f€ F. The following is true.

(i) If D-basic intervals J, J, resp. K € P(J), K € P(j) are corresponding
then K is increasing, resp. decreasing for P(J) if and only if K is
increasing, resp. decreasing for P(J).

(ii) For every J € J and corresponding Je j, the preimages P(J), P(j)
contain corresponding intervals.

(iii) For every J € J, the preimage P(J) contains either 0 or 2 nonmono-
tone D-basic intervals.

(iv) For any two corresponding intervals J, J and points t € J, t € J and
tm = t(i0, %1, -« yim), tm = t(i0,11,...,9m), the intervals

J(tm); J(tm)

are corresponding.

(v) For every points u,v € s(X) and corresponding u,v € s(X), sgn(um—
Up) = Sg0(Upy, — Up).
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Proof. The properties (i), (ii) directly follow from the definition of functions
f, f and the corresponding intervals.

(iii) There are no nonmonotone D-basic intervals in P(J) for any J of
type (u,v), (1—v,1—u). All other types (0,u), (1—u,1), (v,u), (1—u,1—v)
have 2 nonmonotone D-basic intervals in their preimage.

(iv) Number from the left to the right all intervals Ky, Ko, ..., Ky € J
that are in preimage P(J) of J, i.e. P(J) ={K1 < K3 < ... < K}}. Using
(iii) assume that ¢ € {0,2} of them are nonmonotone. Then for every ¢t € J
we have

) = {t1 <ta < ... < trae),

where each monotone K, resp. nonmonotone K corresponds to one t; € K,
resp. to two consequent t;,t;11 € K with (¢;,ti+1) N s(X) = {«}. Thus, the
coordinate iy € {1,2,...,k + £} of t(ip,?1) uniquely determines an interval
K from P(J) with t(ig,71) € K and, if K is nonmonotone, also the position
of t(ip,41) with respect to {z} = s(X) N K. Using this fact repeatedly for
f.t, resp. f,t, we get the conclusion.

Let us show (v). We will proceed by induction.

Arguing as in (iv) we can see that the conclusion is correct when m = 0
(or by the symmetry, n = 0), since then uy € s(X) and uy € s(X) is
corresponding.

Let m,n > 1 and m > n, consider points u,, = u(ip,...,im), Un =
a(’io, ceey Zm), Up = ’U(jo, cee ,jn), /1771 = 5(j0, ce ,]n)

Assume that for some k € {1,2,...,n} the equality

(3.7) sen(Upm—k — Vp—k) = SEN(Um—k — Up—k)
holds true. By (iv), if J(um—g+1) 7# J(Vn—k+1) then
SEN(Um k41 — Vn—k+1) = SEN (U k41 — Vp—kp1)-

Let K = J(um—k+1) = J('Unfkﬂrl)'

If K is monotone for P(J(up—x)) and also for P(J(v,—)) then by (i)~
(iii) the corresponding K has the same type of monotony for P(J (U, 1)) and
P(J(Un—k)), hence we get sgn(umm—g+1 — Vn—g+1) = SEN(Um—k+1 — Un—k+1)-

If K is nonmonotone for P(J(uy,—k)), resp. P(J(v,—k)) (K can be non-
monotone for one of them only), the last coordinates i, g1, jn—r+1 deter-
mine the effective connected components of f~(J(um—¢)) N K (containing

Um—kt1), Tesp. f1(J(vp_k)) N K (containing v, ;1) and for f the order
of effective component is the same. Thus,

SEN (U —k4+1 = Vp—k41) = SEO(Um—k41 — Un—k41)-
Since we have shown at the beginning of this part that a
ke{l,2,...,n}

satisfying (3.7) has to exist, our proof is finished. O
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Theorem 3.4.5 The set F is a conjugacy class, i.e., for any two functions
[, f € F there exists a homeomorphism H of the unit interval such that
f=H'lofoH.

Proof. Put

of)= |J o).

z€s(X)

From Proposition 3.4.2 follows that both the sets O(f), O(f) are dense in
[0, 1]. Moreover, using Lemma 3.4.4 (v) we get that there is an increasing
bijection h : O(f) — O(f) coinciding with the 7 from (3.3) on the set s(X)
and defined by h(x(ig,i1,...,in)) = Z(ig,i1,-.-,in) for z(ig,i1,...,i,) €
O(f). Since by the property (b) the f, ]7 images of corresponding points
from s(X),s(X) are corresponding and (3.6) holds true, we get for each
e o(f),

(ho f)(x) = (f o h)(x).

Finally, we know that both the sets O(f), O(f) are dense in [0,1]. In such
a case h can be (uniquely) extended to the homeomorphism H of the unit
interval such that f = H Yo fo H.

3.4.4. Maps with constant slope in F

In this section we will check if the class F contains piecewise affine maps with
constant slopes, i.e., to a given A > 1 amap f = fy such that |f}(x)| = X for
all z € (0,1), except at the turning points of fy (clearly, if it exists, then it
is unique). The reader can easily verify by standard computation that such
amap f) would be uniquely determined by a sequence V' = {v;};>1 fulfilling
the two-dimensional difference equation

) ) n 2 1?

-2
—= 1
n+3 —1 —1 Un+1

with the initial condition (vi,v2) = (327, v27)-

> >
[ o] =
=] =

Proposition 3.4.6 The map fy exists if and only if X > 9.

Proof. By our construction we are interested in increasing solutions {w, =
(Van—1,v2n) tn>1 of (3.8) (wpy1 > w, for each n € N) and such that
limy, 00 wy, = (1/2,1/2).
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Figure 10. (a) The map fo; (b) The map foo.

Denote by A()) the matrix from the equation (3.8).
Direct computations show that:

An increasing solution of (3.8) that converges to the (1/2,1/2) exists
if and only if A > 9 and it is if and only if all eigenvalues of A()\) are
real positive.

For A = 9 the matrix A(9) has the unique eigenvalue 1/4 of multiplicity
two; the solution of (3.8) is then given by the explicit formula

1 4n+21 2n+42
(3.9)  (von—1,v2n) = (5 Rt W)’ n > 2,
as one can easily check substituting (3.9) into (3.8). O

Since the topological entropy is a conjugacy invariant (see [43]) and

Theorem 3.4.5 holds true, we can speak about entropy value hiop(F) of the
class F. We know that fg € F and f9 is 9-Lipschitz hence by [21, Theorem
3.2.9], htop(F) < log9. In order to show that it equals to log9 we will use
standard tools developed for interval maps.

Let f: [0,1] — [0, 1] be a continuous interval map, and Q@ = {¢1 < ¢2 <

-+ < ¢n} be a finite subset of [0, 1] (Q need not be f-invariant). The matrix
of @ (with respect to f) is the (n — 1) x (n — 1) matrix Ag, indexed by Q-
basic intervals and defined by Ak is the largest non-negative integer ! such
that there are [ subintervals Ji,...,J; of J with pairwise disjoint interiors
such that f(J;) = K, i = 1,2,...,l. An interval map f: [0,1] — [0,1] is
called transitive if for some point x € [0, 1] its orbit is dense in [0, 1].

The following lemma is needed in the proof of Theorem 3.4.9.

47



Lemma 3.4.7 [17] Let f: [0,1] — [0,1] be transitive, Q be a finite subset
of the ambient interval, and let Ag be the matriz of Q with respect to f.
Then hiop(f) > logr(Ag), with equality if Q is f-invariant and contains the
endpoints of the ambient interval, and f is monotone (but not necessarily
strictly monotone) on each Q-basic interval.

One of well-known results from one-dimensional dynamics is the following.

Theorem 3.4.8 [34],[33] Any continuous, transitive, piecewise monotone
map G: [a,b] — [a,b] is topologically conjugate to a piecewise affine map
m: [0,1] — [0, 1] which has slope £ (log 3 is the topological entropy of G)
on each affine piece.

Theorem 3.4.9 The entropy value hop(F) is equal to log9.

Proof. By the previous, hiop(f9) = htop(F) < log9. In what follows we will
use Lemma 3.4.7 and Theorem 3.4.8 to show that even hiop(fo) = htop(F) =
log9.

Let us formally denote A, = {ag,ai,...,a,}. Using two admissible
sequences V, X (introduced in Section 3.4.2) corresponding to the map fo,
put for k € N

Qr = 5(Xogp U Vap—1) U{L — 2o11}, gk = folQk,

where as before, s(Y') denotes the symmetric extension Y U (1 —Y) of Y.
Let Gi be “connect-the-dots” map given by the pair (Qy, gx). One can use
a similar way as in Proposition 3.4.2 to show that Gy is locally eventually
onto hence also transitive. Since the set Qi is Gi-invariant and G, is affine
on each Qp-basic interval, Lemma 3.4.7 applies. From that lemma we get

(3.10) logr(Ag,) = hop(Gr) < hiop(fo) = log 3;

the topological entropy is lower semicontinuous on the space of all con-
tinuous interval maps equipped with the supremum norm (see [27]) and
fo = limy, Gi. This fact together with (3.10) imply

(3.11) lin huop (Gi) = log .

Let ai be a map guaranteed by Theorem 3.4.8, i.e., a piecewise affine map
from [0,1] into itself which has slope +efor(G%) on each affine piece. From
above we know that limy, etor(Gr) = ehior(fo) — 3 < 9; by our definitions of
a}s and the class F,

111?1 arp = fgeF,

where f3 is piecewise affine which has slope 3. Using Proposition 3.4.6 we
get B =29, i.e., hop(fo) =10g9 = hiop(F). O
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Figure 11. The maps g and f.

Theorem 3.4.10 There is a map f € F and a union of two intervals I C
(0,1) such that if f'(x) exists then either |fy(z)] =9 whenx & I or |fi(z)| =
23/7 forx € 1.

Proof. To the map fg correspond the sequences V' and U introduced in
Section 3.4.2. In particular, from (3.8),(3.9) we get ug = 3/10 and vz =
11/32. Define a continuous map g: [1/4,3/4] — [1/4,3/4] by

fo(x), @ €[1/4,1/2]\ (us,vs),

B 3/4, x =29/92,
(3.12) g(z) = affine on laps [u3,29/92], [29/92,v3],
g(1 —z), z € [1/2,3/4].

Put f = r~' o g or, where r is affine, preserves orientation and maps the
unit interval onto [1/4,3/4] - see Figure 11. The reader can verify by direct
computations that f and I = 7~ *(s([us, v3])) satisfy the conclusion. O

3.4.5. Maps preserving the Lebesgue measure in F

The class F contains also maps preserving the Lebesgue measure. One possi-
ble way how to see it follows from Figure 12. It shows a piecewise affine
map with countably many laps which is uniquely determined by a sequence
{ki}i>1 of reals from the interval (2,00). One can easily verify that such a
map preserves the Lebesgue measure if and only if

> 1 11 i 1
3.13 =, 00— +Y ——=-,j=12_...
( ) ; |k2i—1| 2 |k23‘ ZZ:; |k2i—1| 2 J
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Figure 12. A map from F preserving the Lebesgue measure.

We recall that by a knot point of a function f we mean a point z where
Dt f(z) = D™ f(x) = oo and D4 f(x) = D_f(z) = —oo. It was discussed
in Section 2.4 that for the problem of understanding of relationship of two
characteristics of an interval (or tree) map - its topological entropy and
cardinalities of level sets - it could be useful to understand the role of knot
points of Lebesgue measure preserving maps, for example, to evaluate the
topological entropy of such a map having a knot point at its fixed point.
The best estimate is not clear at all, but using elements of the class F we
obtain the following.

Proposition 3.4.11 The class F contains a map f with the following pro-
perties.

(i) f preserves the Lebesgue measure.
(ii) htop(f) =log9.
(iii) f has a knot point at 1/2.

Proof. By Theorem 3.4.9 it is sufficient to find a sequence {k;};>1 fulfilling
(3.13) and (iii). Denote f,, = ‘f(u)_f(v) . With the help of Figure 12, we

uUu—v
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briefly explain how to ensure
hm fxi,l/Q = 00,
1—00

which implies (iii).

Choose k1 > 2 to satisfy f,, 1/o > 1; then by (3.13), k2 = (% — k—ll)_l.
One can choose k3 > k2 (but close to k2) such that f,, 1/ > 2; similarly as
before, by (3.13), ks = (5 — lc% - é)_l. We choose k5 > k4 (close to k4) such
that f,,1/2 > 3; if have already defined numbers ki, ..., k2,1, the number

ko, satisfies ko, = (% -y k;_l )~1. We can choose ko, 11 > ko, (close to

kan) such that f, . 1/5 >n+1; etc. O

o1
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Apendix

I. Mérové—teoreticka entropie, nebloudivé body

Definice 1 Bud X mnozina a B(X) necht je o—algebra borelovskych pod-
mnozin mnoziny X. Bud dile p koneénd mira na (X, B(X)). Rekneme, Ze
trojice (X, B(X), u) je pravdépodobnosti prostor (nebo normalizovany pro-
stor s mirou), jestlize u(X) = 1. Rikdme pak, Ze p je pravdépodobnosti mira
na (X, B(X)).

Definice 2 Bud (X, B(X),u) pravdépodobnosti prostor. Rozkladem pro-
storu (X, B(X),u) rozumime mnozinu podvou disjunktnich prvka B(X),
jejichz sjednocenim je X.

Definice 3 Bud ((A) = {41, As,..., Ay} rozklad prostoru (X, B(X), u).
Entropit rozkladu ((A) nazyvame ¢islo H(C(A)) = — > i, 11(A;) log pu(A;).

Definice 4 Bud (X1, B1(X1), u1), (X2, B2(X2), u2) pravdépodobnostni pro-
story. Zobrazeni T': X; — X5 se nazyva

(i) méritelné, jestlize plati implikace : By € Ba(X2) = T 1By € Bi(X1).

(i) miru zachovdvagici, jestlize T' je méFitelné a pu1 (T~ 1 Bs) = ua(Bsa) pro
kazdé By € Ba(X2).

Definice 5 (mérové—teoretickd entropie) Je-li 7': X — X miru za-
chovévajici zobrazeni pravdépodobnostniho prostoru (X, B(X), 1), pak

hu(T) = sup h(T, C),

kde supremum se uvazuje ptes vSechny kone¢né rozklady ¢ prostoru (X, B(X),
), se nazyva mérové—teoretickd (Kolmogorovova) entropie zobrazeni T .

Definice 6 (nebloudivy bod) Bud (X,T) dynamicky systém. Bod = €
X se nazyva nebloudivy, jestlize pro kazdou otevienou mnozinu U C X
obsahujici bod z existuje n € N takové, ze T"U N U # (). Mnozinu vSech
nebloudivych bodu systému (X,7") budeme znacit Q(T).
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I1. Topologicky stupenn C'-zobrazeni
Definice 7 Spojité zobrazeni f se nazyva C'-zobrazeni (hladké zobrazent),
jestlize jeho derivace je také spojité zobrazeni.

Definice 8 Bod ¢ je regularni hodnotou zobrazeni f, jestlize derivace ve
véech bodech p mnoziny f~1(q) je rtznd od nuly.

Definice 9 Bud X kompaktni orientovatelns varieta a f: X — X budiz
Cl-zobrazeni. Necht p je reguldrni hodnota C'-zobrazeni f a f~l(p) =
{z1,22,...,2}. V kazdém bodé x; predstavuje f lokdlni difeomorfismus.
Je-li r pocet bodu z;, ve kterych f zachovava orientaci a s pocet bodu
x;, ve kterych f méni orientaci, pak r — s se nazyva topologickym stupriem
zobrazend f.

III. Topologicka entropie a variac¢ni princip

Poznamka 1 Bud X kompaktni metricky prostor s metrikou o. Symbo-
lem B(X) znacime, jako v predchozim odstavci, o—algebru borelovskych
podmnozin prostoru X. Symbolem 9t(X) zna¢ime mnozinu vSech pravdépo-
dobnostnich mér definovanych na prostoru (X, B(X)). Prvky mnoziny 9t(X)
nazyvame borelovské pravdépodobnostni (normalizované) miry na X.

Poznamka 2 Bud X kompaktni metricky prostor a T' : X — X spojité
zobrazen{. Ozna¢me M(T) = {p € M(X); wW(T™'B) = puB, B € B(X)}.
Mnozina 9M(T") obsahuje tedy vSechny miry p € M(X), které zobrazeni T
zachovava. Prvky mnoziny 9(T') se nazyvaji invariantni miry pro T (téz
T —invariantni miry).

Zakladni vlastnosti 1 Uvazujme invariantni miru p, tj. u € (7). Pro
miru u pak plati

(i) SUPDPA = suppp,

(ii)  T'supp p = supp p.

Véta 1 (Variaéni princip) [43] Bud' T : X — X spojité zobrazeni kom-
paktniho metrického prostoru X. Pak hyop(T) = sup{h,(T); p € M(T)}.
IV. Ergodicka mira

Definice 10 Bud (X, g) kompaktni metricky prostor a T : X — X spojité
zobrazeni. Mnozina A C X se nazyva T—invariantni, jestlize TA C A.
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Definice 11 (ergodickd mira) Necht p € 9M(T). Rekneme, Ze mira p je
ergodickad, jestlize jedinymi invariantnimi mnozinami v X jsou mnoziny miry
nula nebo jedna. Mnozinu vSech ergodickych T-invariantnich borelovskych
pravdépodobnostnich mér na X budeme znacit £(T').

Véta 2 (Birkhoffova ergodicka véta) Bud (X,B(X),u) pravdép. pro-
stor, f € LY(u) a p invariantni mira pro T : X — X (neboli T zachovdvd
miru ). Potom existuje f* € L'(u) tak, Ze plati

iy F@) 4+ f(T2) + f(T%2) + ..+ f(T"'a)

n—00 n

= f*(z)
pro skoro vSechna x € X. Navic, je-li i ergodickd, plati

lim f(x) + f(Tz) + f(T?x) + ...+ f(T" '2) :/ Fdu
X

n— oo n

pro skoro vsechna x € X.

0

0 I I, 1

Obrézek 1. K invariantnosti Lebesgueovy miry pro stanové zobrazeni:
AI) = A1) + A(12).

Poznamka 3 Necht € E(T), f = x5, B € B(X). Pak

n—1

o1 i
Jim > xs(T x):/ xpdp = pu(B), p—s.v.
i=0 X

Tato rovnost fika, ze stfedni hodnota poctu navstév c¢lena orbity bodu
x € B v této mnoziné B (tj. stfedni hodnota ¢asu straveného v B) je rovna
mife této mnoziny. Bod = € B, pro ktery plati pravé uvedend identita se
nazyva genericky bod.
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Piiklad 1 Bud T : [0,1] — [0, 1] dané predpisem Tz = 1— | 1 — 2z | (tzv.
stanové zobrazeni - obr. I.) a X Lebesgueova mira na [0, 1]. Pak lze dokézat,
ze A € E(T), tj. A je ergodickd mira pro T'.

1

0
0 1

Obrazek II. Rotace na kruznici a jeji aditivni reprezentace.

Pi#iklad 2 Uvazujme jednotkovou kruznici S' a zobrazeni T, : [0,1) —
[0,1) dané predpisem Tz = = + o (mod 1) (jednd se o tzv. aditivni zapis
rotace na kruznici - viz obr. I1.). Pak lze dokazat, ze Lebesqueova mira A na
S1 je ergodicka pro T pravé tehdy, kdyz « € (0,1) je iracionlni.

V. Sardova véta

Definice 12 (Vnéjsi Hausdorffova mira). Necht (X, g) je metricky prostor
a p nezaporné redlné ¢&islo (dimenze). Necht A C X. Oznacme

H,(A,8) = inf { > (diamA;)?; | 45 5 A, diamA; < 5} pro &> 0,
7j=1 7j=1
Hpy(A) =supH,(A,0) = lim H,(A,0).
§>0 0—0+

Potom mnozinovou funkci A — H,(A) nazveme p-dimenzionalni (vnéjsi)
Hausdorffovou mirou.

Véta 3 (Sardova véta). Necht G C R* je oteviend a f: G — R"™. Necht
E je mnoZina vsech bodi t € G takovych, Ze f'(t) existuje a mecht hodnost
matice f'(t) je mensi nez k. Potom Hy(f(E)) = 0.
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VI. Seznam znaceni a symboli

N mnozina pfirozenych ¢isel

Z mnozina celych ¢isel

R mnozina realnych ¢isel

cP ttida funkci spojitych az do p—té derivace véetné

X mnozina nebo prostor

dim X dimenze X

ACX mnozina A je podmnozinou X

re A z je prvkem A

B(X) o—algebra mnozin mnoziny X

I pravdépodobnostni mira

A Lebesgueova mira

w(A) mira mnoziny A

f(A),fA  obraz mnoziny A pii zobrazeni f

1A vzor mnoziny A, pii zobrazeni f

fm n-té iterace zobrazeni f (f° = f, f> = fo f)

Tz n-ty obraz prvku x

¢(A) rozklad prostoru

log 2 logaritmus dvou pfi zédkladu a > 0

(X,0) kompaktni metricky prostor s metrikou g

hu(T) meérové—teoretickd (Kolmogorovova) entropie zobrazeni T

hiop(T) topologické entropie zobrazeni T

M(X) mnozina borelovskych pravdépodobnostnich
(normalizovanych) mér na X

M(T) mnozina invariantnich mér pro zobrazeni T’

B(f) mnozina C'O-mér koncentrovanych na cyklech

supp nosi¢ miry p

Supp uzaver nosice miry p

E(T) mnozina ergodickych T-invariantnich borelovskych

pravdépodobnostnich mér na X
feL'(n) fjekonecné integrovatelnd podle miry p

XB charakteristicka funkce mnoziny B
St jednotkova kruznice (tj. kruznice o obvodu 1)
L(2,1) mnozina spojitych zobrazeni intervalu I do sebe

takovych, ze kazdy bod y € I ma nejméné dva vzory
Lf(m,I)  podmnozina mnoziny L(2,1)

|deg f] absolutni hodnota stupné funkce f

orb(p) orbita bodu p

Per(f) mnozina periodickych bodu zobrazeni f

#A kardinalita mnoziny A

V(y) variace funkce ¢

e sklon funkce f (absolutni hodnota derivace funkce f)
sgn T signum x
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